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1. A new comprehensive six degrees-of-freedom lump mass model of drill-string suitable for 

horizontal wells was proposed. 

2. The models aims to investigate instabilities caused by cutting rock formations and frictional 

effects within a Bottom Whole Assemble (BHA) and a drill-string. 

3. We have observed all types nonlinear effects including stick-slip, bit bounce and whirling. 
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Abstract

We develop a dynamic model of a drill-string in a horizontal well having six degrees-of-freedom, which

accounts for longitudinal, lateral and torsional motions. In this model, nonlinearities that arise due

to intermittent contacts of a drill-pipe with a borehole wall and complex interactions between a drill-

bit and a rock formation are all considered. The lateral motions of the drill-bit are restricted and its

interactions with a borehole generate an interlaced force being result of a friction and a cutting that

has a regenerative effect. In the cutting process, a state-dependent time delay is introduced to couple

the axial and torsional motions of the drill-bit. The dynamic model established in this article is tested

where the friction and cutting effects are gradually switched on, which shows that the model is robust.

Subsequently, the complex whirling of a horizontal drill-string are analyzed and a particular attention

is given to the influence of driving rotation speed and dynamic friction coefficient. The study should

help us to better understand nonlinear dynamic effects of drill-strings in horizontal wells, which will lay

a foundation for optimizing drilling parameters.
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1. Introduction

Horizontal wells drilled along oil and gas reservoirs may increase production by as much as seven times

when compared to vertical ones as reported in [1]. Therefore, the horizontal well drilling technology is

being developed rapidly allowing to reach reserves which may not be possible for conventional wells, for

example see [2]. Horizontal drilling is complex and requires many specialized equipment and processes

to be in place. A drill-string plays a key role, and as it is schematically shown in Fig. 1a, it is used

to deliver a rotary motion applied at the surface and an axial force to a drill-bit. In general, a drill-
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string is composed of many pipes connected through joints reaching a length even of several kilometers.

A diameter of borehole is larger than that of a drill-pipe, and this results in an annulus space, which

is primarily filled by drilling fluids. Such well configurations are prone to strong nonlinearities arising

from a large deformation of a drill-string, its intermittent contacts with a borehole wall and complex

interactions between a drill-bit and a drilled formation, as schematically depicted in Fig. 1b. These

effects can generate dangerous dynamic phenomena including stick-slip, bit-bounce and whirling, which

in turn are the root cause of wear and even catastrophic failures of drilling tools [4].
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Figure 1: Schematics of (a) a typical rig used to drill horizontal wells adopted from [3], including main
components of drill-string: drill-pipes and a Bottom Hole Assembly (BHA) comprised of a drill-bit and
drill-collars; (b) a drill-string in a horizontal well showing main sources of nonlinearities.

For this reason, Measurement While Drilling (MWD) tools have been developed to gather downhole

data and monitor vibration (see e.g. [5]), which in principle should provide some data for mathematical

modelling and analysis of the complex dynamic interactions mentioned above. Especially in directional

and horizontal drilling control, drilling dynamics play a vitally important role [6]. These problems have

stimulated research in this area, most of which are dynamic analysis of longitudinal, torsional and lateral

vibration of drill-strings in vertical wells (see e.g. [7, 8]). The interactions between a rotating drill-string

and a borehole wall have also been researched in many works including [9–15]. In addition, vibration of

a horizontal drill-string has attracted attentions of so many researchers, which will be briefly discussed

next.
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Tian et al. [16] conducted an experimental study of a drill-string to analyze its dynamic behaviour in

a horizontal well, and developed a modeling approach to describe randomness of wellbore friction. Lian

et al. [17] and Lin et al. [18] established an experimental rig to study the kinematic characteristics of

a horizontal drill-string, and a particular attention was paid to its lateral vibration. Ritto et al. [19]

proposed a dynamic model with stochastic frictional coefficient to study the axial and torsional motions

of a horizontal drill-string, and introduced a simplified exponential model to describe the interaction

between the drill-bit and rock. Cunha Jr. et al. [20] analyzed nonlinear dynamics of a drill-string in

a horizontal well based on a beam theory, and considered interactions between a drill-bit and rock as

a parametric probabilistic function. Wilson and Heisig [21] established a three-dimensional nonlinear

dynamic model with fully coupled effects and studied the axial and lateral vibration of a drill-string in

a horizontal well exhibiting friction induced vibration. Sarker et al. [3] proposed a bond graph dynamic

model of a horizontal drill-string to predict its coupled longitudinal and torsional motions. Liu and Gao

[22] established a dynamic model with 4 DOF to describe the dynamics of a drill-string in a deviated

well, in which the stick-slip, lateral and torsional vibration of a drill-string and fluid damping effects

were considered. Han et al. [23] established a nonlinear model of a drill-string in a horizontal well based

on geometrically exact beam theory and quadrature element method, but just considered the geometric

nonlinearity of a drill-string and its nonlinear contact with a borehole wall. As can be seen from this

review, there is a lot of interest in modelling dynamics of drill-strings in horizontal wells, however we feel

that some of the simplifications went too far. Specifically, the contact of a drill-pipe with a borehole wall,

the interactions between a drill-bit and a drilled formation are over simplified and the couplings between

axial, torsional and lateral vibration are largely neglected.

The aim of current work is to develop a simple drill-string dynamic model in a horizontal well ac-

counting for all essential mechanisms and couplings, which are nonlinear. For this purpose, a new six

degrees-of-freedom (6-DOF) model of a horizontal drill-string is developed in Sections 2 and 3, where both

interactions of a drill-pipe with a borehole wall and a drill-bit with a rock formation are considered. In

Section 4, the developed dynamic model is tested, where the effects of friction, cutting and regeneration

are gradually switched on. Subsequently, whirling research of a horizontal drill-string is given in Section

5. Finally, some conclusions are drawn in Section 6.

2. Model description

The physical model of a drill-string in a horizontal well has two essential parts as shown in Fig. 1b: (i)

a long pipe which is formed by many drill-pipes connected one to each other through screw threads,
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and (ii) a BHA which is composed of drill collars, stabilizers and a drill-bit [24]. These two parts have

different operational conditions, so their dynamic behaviour will be discussed separately. The geometry

and physical parameters of the drill-string discussed here are given in Table 1. Li, Di1 and Di2 are the

respective length, outer and inner diameters, in which the subscript i = p represents the drill-pipe and

i = c denotes the drill collar. Db is the diameter of the drill-bit. E, G and ρ are the elasticity modulus,

shear modulus and density of the drill-pipe, respectively.

Table 1: Typical geometry and physical parameters of a horizontal drill-string [25].

Parameter Value Unit Parameter Value Unit

Lp 1000 m Lc 200 m

Dp1 0.127 m Dc1 0.152 m

Dp2 0.108 m Dc2 0.057 m

Db 0.216 m E 200 GPa

ρ 8×103 kg/m3 G 77 GPa

2.1. Model Simplifications

For an idealized drill-string under consideration, we assume: (i) the borehole is straight and its diameter

is equal to that of the drill-bit, (ii) the damping effects of drilling fluid are neglected, and (iii) the

lateral motions of the BHA and the left of the horizontal drill-string are restricted [16]. Based on these

assumptions, a lumped mass model composed of two disks is proposed, as shown in Fig. 2. In this system,

the inertial properties of the drill-pipe are represented by Disk 1 and those of the BHA by Disk 2, and

these two disks are linked to each other by means of an elastic shaft.
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Figure 2: Physical model of a discrete drill-string in horizontal well section, where upper panel shows the
lumped mass model of the drill-string and lower panel shows the contact of drill-pipe with borehole wall.

According to this physical model of the drill-string, the dynamics of Disk 1 are described by 4 DOF,
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one longitudinal, one torsional and the other two lateral. Because the lateral motions of the BHA are

limited by a stabilizer, the dynamic properties of Disk 2 are only described by 2 DOF for longitudinal

and torsional motions. The system is driven from top by a constant axial velocity V0 and a constant

angular speed ϕ̇t = ϑ. Meanwhile, the effective weight on bit (WOB) W0 acts as a control parameter and

is directly applied on Disk 2.

2.2. Equations of motion

In order to establish the dynamical model, a coordinate system (x− y− z−ϕ), in which ϕ is the positive

rotation direction about the z axial, was chosen. Hence, the spatial locations of Disk 1 and Disk 2 can

be determined by coordinates (x1 − y1 − z1 − ϕ1) and (z2 − ϕ2), respectively. The contact between the

drill-pipe and borehole wall is modeled as linear elastic, as illustrated in Fig. 3. To model the planar

motion of the drill-pipe, a linear eccentricity e associated with Disk 1 is introduced [9]. Ow and Op are

the geometric centres of the borehole and drill-pipe, respectively. β is the radial offset distance of Op

relative to Ow. υ is the radial clearance between the drill-pipe and borehole wall.

β =
√
x21 + y21 , υ = (Db −Dp1)/2. (1)
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Figure 3: Schematic to model the lateral motions of drill-pipe, represented as drill-pipe rotating around
its centroid Op with velocity ϕ̇1 inside the borehole of radial clearance υ.

By substituting the expressions for kinetic energy, potential energy and energy dissipation function

given in Appendix A into the Lagrange equation, the equations to describe the motions of the horizontal

drill-string system as shown in Fig. 2 can be written as Eq. (2), in which the values of the involved

characteristic parameters are listed in Table 2.
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m1ẍ1 + cbẋ1 + kbx1 = F1x +m1eϕ̇
2
1 cosϕ1,

m1ÿ1 + cbẏ1 + kby1 = F1y +m1eϕ̇
2
1 sinϕ1 −m1g + Fu,

m1z̈1 + caż1 + ka (2z1 − z2 − V0t) = 0,

J1ϕ̈1 + ctϕ̇1 + kt (2ϕ1 − ϕ2 − ϕt) = −T1,

m2z̈2 + caż2 + ka (z2 − z1) =W0 −Wb,

J2ϕ̈2 + ctϕ̇2 + kt (ϕ2 − ϕ1) = −Tb.

(2)

where ka, kb and kt are the respective longitudinal, bending and torsional stiffness coefficient, and they

are listed in Appendix A. F1x, F1y and T1, which arise from the interaction between the drill-pipe and

borehole wall, are the forces along x and y directions and torque acting on the drill-pipe, respectively. Fu

is the buoyancy force acting on the drill-pipe generated from the effect of drilling fluid. Wb is the WOB

and Tb is the torque on bit (TOB), which are caused by the interaction between the drill-bit and rock.

Three damping coefficients are written in corresponding dimensionless forms as follow [26].

η =
ca

2
√
kam1

, κ =
cb

2
√
kbm1

, ξ =
ct

2
√
ktJ1

. (3)

Table 2: Typical parameters in the governing equations.

Parameter Value Unit Parameter Value Unit

m1 2.8×104 kg kb [8] 2.6×105 N/m

m2 2.5×104 kg kt 938 Nm/rad

J1 97.5 kgm2 η 0.02 /

J2 83 kgm2 κ 0.02 /

e 8×10−3 m ξ 0.02 /

ka 7×105 N/m Fu 1.2×105 N

3. Contact scenarios

During a drilling process, essential nonlinearities of the drill-string dynamics primarily arise from inter-

mittent contacts of a drill-pipe with a borehole wall and complex interactions between a drill-bit and a

rock (see for example, [15], [26], [27]). To improve the predictive capabilities of our dynamic model, both

of these two factors are modeled in this section.

3.1. Contact of a drill-pipe with a borehole wall

Contact conditions between a drill-pipe and a borehole wall depend on the motion state of the drill-pipe,

so that we must establish a common model to simulate an intermittent contact. In general, the contact
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force acting on a drill-pipe can be decomposed to two parts: a normal force Fn and a tangential force Ft

arising due to friction, as shown in Fig. 4. In order to calculate the normal contact force, a penetration

of a drill-pipe into borehole wall δ can be defined as
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Figure 4: Schematic to model contact of a drill-pipe with a borehole wall, showing kinematics and forces
generated when a drill- pipe penetrates into a borehole wall (red area).

δ = β − υ. (4)

Subsequently, a parameter λ is defined to determine whether the contact of the drill-pipe with borehole

wall has occurred or not. When δ ≤ 0, a drill-pipe has no contact with a borehole wall and consequently

there is no contact force, hence λ = 0, otherwise, λ = 1.

λ =

 0, δ ≤ 0,

1, δ > 0.
(5)

Based on the simplifying assumptions, the contact is described by a linear elastic model. So, the

normal force Fn can be defined as

Fn = λ (kpδ + cpvn) , (6)

where kp and cp represent the contact stiffness and damping between a drill-pipe and a borehole wall,

respectively. vn is the normal velocity of the drill-pipe and can be given by

vn = ẋ1 cosψ + ẏ1 sinψ, (7)
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where ψ is the angle describing a drill-pipe whirling around the borehole axis, which can be determined

from the geometries depicted in Figs. 3 and 4.

If a contact occurs, a drill-pipe motion relative to a borehole wall may be described as either pure

rolling or sliding, but their co-existence has yet reported [9]. In this article, the relative velocity between

the two contact surfaces vr, which is expressed as Eq. (8), is introduced to decide whether there is sliding

or not. When vr ̸= 0, it means that there is only relative slipping. Conversely, when vr = 0, it indicates

that there is no relative slipping but only pure rolling. The tangential force Ft is often approximated by

Eq. (9) on the basis of regularized Coulomb friction model in [28, 29].

vr = −ẋ1 sinψ + ẏ1 cosψ +
Dp1

2
ϕ̇1, (8)

Ft = µr

[
tanh

(
Vr
χ

)
+

Vr/χ

1 + (Vr/χ)
2

]
Fn, (9)

where µr is the dynamic friction coefficient. χ is the steepness parameter and it determines the range of

static friction behaviour. The effect of χ on the friction coefficient between drill-pipe and borehole wall

is depicted in Fig. 5. It can be seen that the increase of χ will improve the accuracy of approximation,

especially for vr close to 0. However, a large χ will make the system differential equation numerically

stiff, which will increase computational cost. Therefore, χ=0.5 is employed in this article.

Figure 5: Relationship between the relative velocity vr and friction coefficient under different steepness
parameter χ, where the partial diagram from -2 to 10 m/s highlights the effect of χ.

Based on Fig. 4, F1x and F1y can be calculated by the vector superposition of the contact force

components along the respective x and y directions, as expressed in Eq. (10). When the contact between

the drill-pipe and borehole wall occurs, the friction torque on the drill-pipe can be written as Eq. (11).
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F1x=− Fn cosψ + Ft sinψ,

F1y = −Fn sinψ − Ft cosψ.
(10)

T1 =
1

2
FtDp1 , (11)

3.2. Interaction between a drill-bit and a rock

In downhole operations, a drill-bit penetrates into a rock formation with axial and angular velocities (see

Fig. 6a), forming a typical bottom hole morphology shown in Fig. 6b (for more details see [30]). In

order to better describe this complex behaviour mathematically, an idealized drill-bit of radius a = Db/2,

which consists of N identical radial blades spaced by an angle 2π/N , is employed in this paper, as shown

in Fig. 6c. Each blade is characterized by a sub-vertical cutting surface and a wear flat of constant length

ℓN orthogonal to the cutting surface [31], as shown in Fig. 6d. Because the lateral motions are restricted,

the instantaneous depth of cut for each blade dN (t) is identical and can be represented as

dN (t) = z2(t)− z2 (t− tn (t)) , (12)

where a state-dependent delay tn (t) denotes the time requested for the drill-bit to rotate an angle 2π/N

to its current angular position at time t. It can be obtained from the geometry that tn (t) is the solution

of the following implicit equation

ϕ2(t)− ϕ2 (t− tn (t)) = 2π/N, (13)

It can be assumed that the equivalent wear flat length of the drill-bit is ℓ = NℓN and its combined

depth of cut is simply d = NdN (t). According to the previous efforts [31–35], both Wb and Tb can be

decomposed into a cutting component and a friction component as follow

Wb =Wbc +Wbf , Tb = Tbc + Tbf . (14)

where the subscripts bc and bf denote the cutting component and friction component, respectively.

Therefore, the cutting components of WOB Wbc and TOB Tbc can be given by

Wbc = εaζd, Tbc =
1

2
εa2d. (15)

Meanwhile, the friction components of WOB Wbf and TOB Tbf can be written as follow
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Wbf = aℓσ, Tbf =
1

2
µcda

2γℓσ. (16)

In the above equations, ε is the intrinsic specific energy of rock, which denotes the required energy

to fracture a unit volume of rock. σ is the contact strength between the drill-bit and rock. ζ is a

parameter characterizing the inclination of cutter face. µcd represents the dynamic friction coefficient

for the interaction between the drill-bit and rock. γ is a drill-bit geometry parameter characterizing the

spatial distribution of wearflat.
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Figure 6: (a) Schematic of a drill-bit penetrating into a rock formation; (b) bottom hole morphology
formed by bit-rock interaction; (c) structure and distribution parameters of drill-bit blades; (d) sketch
to model regenerative effect at the borehole in bit-rock interaction using profile between two successive
blades of drill-bit.

The interaction laws between a drill-bit and a rock formation are complex as they involve friction,

plastic deformation, fracture, dynamics and uncertain boundary conditions. In order to facilitate the

analysis, it is assumed that friction torque Tbf will not promote backward whirl of the drill-bit [25, 34].

So, the different interaction modes between a drill-bit and a rock can be classified into one of five modes:

• Mode 1 (ϕ̇2 > 0, d ≥ 0 and ż2 > 0) is the normal cutting mode, in which a drill-bit moves forward

and penetrates into a rock.

• Mode 2 (ϕ̇2 > 0, d ≥ 0 and ż2 < 0) is considered as the retracting cutting mode. In this mode, a
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drill-bit cuts a rock but moves backwards, which leads to the loss of contact between its wearflat

and a rock.

• Mode 3 (ϕ̇2 > 0, d ≥ 0 and ż2 = 0) is defined as the no progression mode, in which the axial velocity

of the drill-bit is zero.

• Mode 4 (d < 0) is corresponding to be the bit bouncing mode. In this mode, a drill-bit completely

separates from a rock.

• Mode 5 (ϕ̇2=0 and d ≥ 0) is the stick mode. In this mode, the angular velocity of the drill-bit is

zero, and during this phase the elastic energy in a drill-string builds up leading to a so-called slip

and potentially to the dangerous stick-slip phenomenon. The slip can manifest itself in either Mode

1, 2 or 3.

In this paper, all parameters are chosen for a typical deviated, and even a horizontal borehole config-

uration as reported in [22]. The rock cutting model parameters can vary in a large extend but are chosen

as shown in Table 3 for the sake of comparison with the existing literature [25].

Table 3: Parameters used to determine contact mechanics models.

Parameter Value Unit Parameter Value Unit

kp 1×108 N/m ℓ 3.8×10−3 m

cp 5×103 Ns/m γ 1 /

χ 0.5 / ζ 0.6 /

µr 0.01-0.6 / ε 60 MPa

µcd 0.6 / σ 60 MPa

4. Model verification under various conditions

In order to investigate the robustness of the overall dynamic model established in Sections 2 and 3, the

friction and cutting effects are gradually switched on and even Disk 1 and Disk 2 are treated as one, as

explained below. In this section, we pay more attention to open or closed of the contact scenarios, so

that both the constant gravity m1g and buoyancy force Fu are neglected, just like the dynamic model

of drill-string in a vertical well. The Euler-forward finite difference numerical integration technique (see

Appendix B), is used to compute dynamic responses.

Case I: No drilling with Disk 1 and Disk 2 as an integral part. The axial and lateral motions

of the drill-string are switched off, so that it can be considered as a torsion pendulum with 1 DOF. Under
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this circumstance, rock cutting is not accounted for, so just the friction effect is considered. For this case,

the dynamic model can be written as

Jϕ̈+ c̃tϕ̇+ k̃t (ϕ− ϕt) = −Tb, (17)

where J is the total moment of inertia of the drill-string. Tb is the friction torque. k̃t is the torsional

stiffness of the drill-string for Case I and is expressed by Eq. (18) by referring to the method explained

in Appendix A. c̃t is the torsional damping calculated from damping ratio ξ̃.

k̃t =
GI0
Lp

, ξ̃ =
c̃t

2
√
k̃tJ

. (18)

Specifically, Tb is determined by a combination of the switch model and the dry friction model [24],

as expressed by Eq. (19), which makes the dynamic model discontinuous and causes complex dynamical

phenomena, such as stick-slip.

Tb =


Teb = k̃t (ϕt − ϕ)− c̃tϕ̇,

∣∣∣ϕ̇∣∣∣ < Dv and |Teb| ≤ |Tsb| ,

Tsbsgn (Teb) = µsdaW0sgn (Teb) ,
∣∣∣ϕ̇∣∣∣ < Dv and |Teb| > |Tsb| ,

aF0

[
µcd + (µsd − µcd) exp

(
−γb/vf

∣∣∣ϕ̇∣∣∣)] sgn(ϕ̇) , ∣∣∣ϕ̇∣∣∣ ≥ Dv,

(19)

where Teb is the reaction torque arising from the twist of the drill-pipe, µsd is the static friction coefficient,

Dv is a constant used to determine whether the drill-bit is in the stick phase, γb is a constant defining

the decay rate of Tb whit velocity, vf is introduced to keep the units unified.

In Fig. 7 we present example dynamic responses of the drill-string for two different values of static

friction coefficient µsd. A sinusoidal driving rotation speed ϕ̇t = ϑ0+A0 sin (w0t) is used to avoid getting

free oscillation responses due to the effect of torsional damping. It can be seen that adopting different

values of static friction coefficient µsd will arise different dynamic responses of the drill-string. When

µsd = 0.61 is employed, the drill-string experiences a stable vibration without stick-slip behaviour (see

Fig. 7a), however its torsional motion reveals typical features of stick-slip when the value of µsd is set

equal to 0.7, as shown in Fig. 7b.

Case II: No drilling with Disk 1 and Disk 2 as two parts. In this case, the axial motions of

both Disk 1 and Disk 2 are switched off on the basis of the overall model described by Eq. (2). Therefore,

just the friction behaviour is considered and a sinusoidal driving rotation speed ϕ̇t = ϑ0 + A0 sin (w0t)

is also employed, which are similar with the pertinent setups in Case I. Likewise, the external force load

W0 is acted on Disk 2 directly, and the friction torque arising from the interaction between the drill-bit
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Figure 7: Time-history responses of drill-string obtained from Case I, for the parameter values k̃t = 469
Nm/rad, J = 180.5 kgm2, W0 = 75 kN, Dv=1 × 10−6, γb=0.9, vf=1, ϕ̇t = 1.5π+π sin (πt) rad/s and

ξ̃ = 0.02. (a) µsd = 0.61; (b) µsd = 0.7.

and rock is modeled by using Eq. (19).

The first step is restricting the lateral motions of Disk 1, so that the dynamic model is translated into

an universal model for reproducing the torsional vibration of the drill-string. The remaining parameters

keep same with these adopted in the overall model. By referencing the results obtained from Case I, we

employ different values of static friction coefficient µsd, as shown in Fig. 8. It can be seen that the static

friction coefficient µsd has clear implications for the dynamic responses of the drill-string. For example,

both the drill-pipe and drill-bit experience periodic torsional vibration with no stick-slip when µsd = 0.61

is employed, as shown in Fig. 8a. Meanwhile, the torsional vibration of the drill-bit is more intense than

that of the drill-pipe under the same conditions, which is consistent with previous studies [36]. When

the static friction coefficient is increased to µsd = 0.82, the torsional vibration of the drill-string is also

periodic but the rotation of the drill-bit has typical features of stick-slip, as shown in Fig. 8b. More

interestingly, when the value of µsd is equal to 0.7, the phase spaces of both the drill-pipe and the drill-bit

have strange attractors, so that their motions are chaotic, as shown in Fig. 8c.

Subsequently, the lateral motions and whirling of Disk 1 are considered comprehensively on basis of

the model in the first step. It should be noted that the model would be modified as that in the first step

if the offset of the drill-pipe e is equal to 0, so that this situation will not be discussed further in current
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Figure 8: Drill-string responses obtained from Case II without considering the lateral motions of the
drill-pipe, for the parameter values W0 = 75 kN, Dv=1 × 10−6, γb=0.9, vf=1, ϕ̇t = 1.5π+π sin (πt) /6
rad/s and ξ = 0.02. (a) µsd = 0.61; (b) µsd = 0.82; (c) µsd = 0.7.

work. The drill-string responses under different values of the dynamic friction coefficient µr between the

drill-pipe and borehole wall are depicted in Fig. 9, which indicates that the magnitude of µr plays a

crucial role in determining the drill-string responses.

When the dynamic friction coefficient µr is 0.01, as can be seen in Fig. 9a, the torsional motions of

both the drill-pipe and drill-bit are periodic, and meanwhile the latter experiences a typical stick-slip.

In addition, it can be observed that the drill-pipe might loss contact with the borehole wall and the

random collisions occur. When the dynamic friction coefficient µr is increased to 0.3, the drill-pipe has

both the mitigated random collisions with the borehole wall and the backward whirling, as shown in Fig.

9b. Due to the opposite sign between the slopes of ϕ1 and ψ, the whirling direction of the drill-pipe is

different with its rotation direction [15], which is depicted in panel (b) for backward whirling. Under this

circumstance, the torsional motions of both the drill-pipe and the drill-bit are chaotic. With an increase

in the dynamic friction coefficient µr to 0.6, the drill-pipe always stays in contact with the borehole wall

and the random collisions between these two parts almost completely disappear. At this moment, the

drill-pipe has a stable backward whirling (see Fig. 9c). The interesting thing, however, is that both the

drill-pipe and the drill-bit rotate periodically again.

Case III: Drilling with Disk 1 and Disk 2 as an integral part. Compared with the previous

two cases, the most immediate improvement is that the coupled axial-torsional vibration of the drill-string

system is simulated by considering the regenerative cutting effect of the drill-bit, which are similar to
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Figure 9: Drill-string responses obtained from Case II with considering the lateral motions of the drill-
pipe, for the parameter valuesW0 = 100 kN,Dv=1×10−6, µsd = 0.75, γb=0.9, vf=1, ϕ̇t = 1.5π+π sin (πt)
rad/s, κ = 0.02 and ξ = 0.02, where purple and red colours represent chaotic motions and backward
whirling of the drill-pipe on its cross section, respectively. (a) µr = 0.01; (b) µr = 0.3; (c) µr = 0.6.

metal machining [37–39]. Due to the complexity and high nonlinearity arising from the varying time

delay, even a constant driving rotation speed ϕ̇t would excite excessive vibration, so that a constant ϕ̇t is

employed in this case. The top end of the drill-string is assumed to move down at a constant velocity V0,

which can be regarded as the steady-state drilling rate. However, the lateral motions of the drill-string

system are switched off. Based on these, the dynamic model in this case is similar with that established

in [26], which can be written as follow

Jϕ̈+ c̃tϕ̇+ k̃t (ϕ− ϕt) = −Tb,

mz̈ + c̃aż + k̃a (z − V0t) =W0 −Wb.
(20)

where J = J1 + J2 and m = m1 +m2 are the respective total moment of inertia and mass of the drill-
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string. Tb and Wb are determined by the bit-rock interaction model (see Section 3.2). k̃t and k̃a represent

the torsional and axial stiffness of the drill-string for Case II respectively, and are expressed as Eq. (21)

by the method provided in Appendix A. c̃t and c̃a are the respective torsional and axial damping, which

can be calculated from the damping ratios listed in Eq. (22).

k̃t =
GI0
Lp

, k̃a =
EA

Lp
. (21)

ξ̃ =
c̃t

2
√
k̃tJ

, η̃ =
c̃a

2
√
k̃am

. (22)

The torsional and axial responses of drill-string under different driving rotation speeds are shown in

Fig. 10. When the driving rotation speed ϕ̇t is 5.92 rad/s, both the rotational and axial motions of the

drill-string are periodic and the former shows typical stick-slip characteristics, as shown in Fig. 10a. With

the increase of the driving rotation speed ϕ̇t, the stick-slip effect of the drill-string gradually weakens and

finally disappear completely. When the driving rotation speed ϕ̇t is increased to 9.9 rad/s, the rotation

and axial motions of the drill-string are also periodic but have no stick-slip phenomenon, as shown in

Fig. 10b. However, the drill-string responses may be chaotic, for example, these under ϕ̇t=7.85 rad/s, as

shown in Fig. 10c. Interestingly, the average rates of penetration obtained from both this three scenarios

are equal to the value of V0 (5.9 mm/s).

Figure 10: Drill-string responses obtained from Case III, for the parameter values k̃t = 469 Nm/rad,
k̃a = 3.5 × 105 N/m, ξ̃ = 0.02, η̃ = 0.02, m = 5.3 × 104 kg, J = 180.5 kgm2, W0 = 75 kN and V0 = 5.9
mm/s. (a) ϕ̇t=5.92 rad/s; (b) ϕ̇t=9.9 rad/s; (c) ϕ̇t=7.85 rad/s.
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Case IV: Drilling described by the overall model. In this case, the axial, torsional and lateral

motions of the drill-string are coupled to each other, with considering both the regenerative cutting effect

of the drill-bit and the intermittent contact of the drill-pipe with the borehole wall. Meanwhile, the

whirling of the drill-pipe can also be observed. The values of corresponding parameters are listed in

Tables 1, 2 and 3. In the overall model, the effects of both the axial, torsional and lateral damping are

considered (η=0.02, κ=0.02 and ξ=0.02).

In the first step, we still just consider the axial and torsional motions of the drill-string, so that the

eccentricity of the drill-pipe e is taken as 0 under this circumstance. Fig. 11a shows the obtained axial

and torsional responses of the drill-string. It can be seen that even a constant excitation can also cause

violent vibrations of the drill-string due to the regenerative cutting effect. Meanwhile, both the axial and

torsional vibration of the drill-bit are more intense than these of the drill-pipe, which is consistent with

the conclusions obtained from Case II (see Fig. 8).

Then, the lateral motions and whirling of the drill-pipe are introduced into the model in the first step.

When the driving rotation speed ϕ̇t is decreased to 3π rad/s, the torsional vibration and axial vibration

of both the drill-pipe and drill-bit become more intense than these obtained from the model in the first

step, as shown in Figs. 11b and 11c. Meanwhile, the motions of the drill-bit have obvious stick-slip

features, and the stick phase will become more durable as the dynamic friction coefficient µr increasing.

In addition, when the dynamic friction coefficient µr is set to 0.01, the random collisions between the

drill-pipe and borehole wall occur, and the loss of contact is significant, as can be seen in Fig. 11b.

When the dynamic friction coefficient µr is increased to 0.6, the drill-pipe always keeps contact with the

borehole wall and a stable backward whirling occurs, as shown in Fig. 11c. This trend is consistent with

that obtained from Case II.

In summary, the results obtained from the above four cases are always stable. By comprehensively

examining the physical behaviors for all these four cases, we can say that the proposed dynamic model

is robust, so that it can be used to further investigations into the nonlinear dynamic behaviors of a

drill-string in a horizontal well.

5. Whirling of a horizontal drill-string

In this section, we will further investigate the complicated whirling of a horizontal drill-string during

drilling operations by using the overall model, which is expressed as Eq. (2). It should be noted that the

constant gravity m1g and buoyancy force Fu of the drill-pipe are applied on Disk 1 in y direction, which

is different with the models in Section 4.
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Figure 11: Drill-string responses obtained from Case IV under different conditions, for the parameter
values W0 = 45 kN and V0 = 12 mm/s, where purple and red colours represent chaotic motions and
backward whirling of the drill-pipe on its cross section, respectively. (a) ϕ̇t = 4π rad/s and e = 0;
(b)ϕ̇t = 3π rad/s, e = 0.008 and µr = 0.01; (c) ϕ̇t = 3π rad/s, e = 0.008 and µr = 0.6.

18



5.1. Influence of driving rotation speed

The obtained trajectories of drill-pipe center for different driving rotation speeds are illustrated in Fig.

12. When the driving rotation speed ϕ̇t is set to 5π/3 rad/s, the drill-pipe is always at the bottom

left (the third quadrant) of the borehole and its range of motion never exceeds the borehole center, as

shown in Fig. 12a. On this occasion, the drill-pipe has a small-scale revolution around the borehole axis

but whirling does not occur. With the increase of the driving rotation speed ϕ̇t, the climbing distance

of the drill-pipe along the borehole wall increases. When the driving rotation speed ϕ̇t is increased to

8π/3 rad/s, the contact area between the drill-pipe and borehole wall has a significant increase, and the

drill-pipe can reach the second and forth quadrant of the borehole, as shown in Fig. 12b. We say that

the drill-pipe experiences a local whirling. When the driving rotation speed ϕ̇t is 4π rad/s, the motion

locus of the drill-pipe almost fills up the whole borehole. In this situation, global whirling and contact

occur, accompanied by random collisions, as shown in Fig. 12c. With an increase in the driving rotation

speed ϕ̇t to 5π rad/s, the drill-pipe always keeps contact with the borehole wall and experiences a stable

whirling, as seen in Fig. 12d.

Figure 12: Trajectories of drill-pipe center for the parameter values µr = 0.3, W0 = 45 kN and V0 = 6
mm/s under different driving rotation speeds. (a) ϕ̇t = 5π/3 rad/s; (b) ϕ̇t = 8π/3 rad/s; (c) ϕ̇t = 4π
rad/s; (d) ϕ̇t = 5π rad/s.

19



Fig. 13 shows the whirling speeds of drill-pipe under different driving rotation speeds. As can be

seen from Figs. 13a and 13b, when the driving rotation speed ϕ̇t is from 5π/3 to 8π/3 rad/s, the drill-

pipe experiences forward whirling together with backward whirling, and its forward whirling speed is

approximately equal to backward whirling speed. When the driving rotation speed ϕ̇t is increased to

4π rad/s, the drill-pipe experiences backward whirling for the majority of time, and its instantaneous

forward whirling is caused by random collision with the borehole wall, as shown in Fig. 13c. When the

driving rotation speed ϕ̇t raises to 5π rad/s, the stable whirling of the drill-pipe is always backward (see

Fig. 13d), and the maximum whirling speed even can reach to 1.5 times of the driving rotation speed ϕ̇t,

which indicates that a very intense backward whirling will occur under a high driving rotation speed. As

a result, the risk of drill tools damage will be greatly improved.

Figure 13: Whirling speeds of drill-pipe for the parameter values µr = 0.3, W0 = 45 kN and V0 = 6
mm/s under different driving rotation speeds, where the black dotted lines represent ψ̇ = 0 rad/s. (a)
ϕ̇t = 5π/3 rad/s; (b) ϕ̇t = 8π/3 rad/s; (c) ϕ̇t = 4π rad/s; (d) ϕ̇t = 5π rad/s.

5.2. Influence of dynamic friction coefficient

The dynamic friction coefficient µr is another parameter that can influence the trajectory of drill-pipe

center. Fig. 14 depicts the dependence of trajectory of drill-pipe center on the dynamic friction coefficient

µr. When the dynamic friction coefficient µr is 0.01, the drill-pipe collides with the borehole wall randomly

and its trajectory apparently fails to reach the top of borehole due to the effect of gravity, as shown in

Fig. 14a. However, the friction force arising from the borehole wall is too small to support the climb

of the drill pipe in this situation, so that whirling doesn’t occur. When the dynamic friction coefficient
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µr is 0.15, the random collisions between the drill-pipe and borehole wall are essentially erased and the

friction force drives the drill-pipe to climb along the borehole wall, as shown in Fig. 14b. Likewise, the

small-scale revolution of the drill-pipe at this point is also too far from whirling. With the increase of the

dynamic friction coefficient µr, the drill-pipe can gradually climb to higher altitudes, as shown in Figs.

14c and 14d. For example, the drill-pipe has a local whirling when the dynamic friction coefficient µr is

set to 0.3 (see Fig. 14c), and a global whirling appears with the dynamic friction coefficient µr increased

to 0.6 (see Fig. 14d), even though random collisions still happen from time to time.

Figure 14: Trajectories of drill-pipe center for the parameter values ϕ̇t = 8π/3 rad/s, W0 = 45 kN and
V0 = 6 mm/s under different dynamic friction coefficients. (a) µr = 0.01; (b) µr = 0.15; (c) µr = 0.3; (d)
µr = 0.6.

Moreover, referring to the previous analysis results of Figs. 12a, 12b, 13a and 13b, it can be concluded

that the forward and backward whirling of the drill-pipe coexist and appear alternately when the dynamic

friction coefficient µr is set from 0.15 to 0.3. However, Fig. 15 indicates that the global whirling of the

drill-pipe is essentially backward when the dynamic friction coefficient µr is increased to 0.6, which is

similar with the results obtained from increasing the driving rotation speed ϕ̇t (see Fig. 13c). Likewise,

the mutations of the whirling speed shown in Fig. 15 are also caused by the random collisions between
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the drill-pipe and borehole wall.

Figure 15: Whirling speed of drill-pipe for the parameter values µr = 0.6, ϕ̇t = 8π/3 rad/s, W0 = 45 kN
and V0 = 6 mm/s, where the black dotted line represents ψ̇ = 0 rad/s.

6. Concluding remarks

In this paper we have developed a 6-DOF dynamic model to investigate the axial, lateral and torsional

vibration of a drill-string in a horizontal well. This model involves the interactions of a drill-pipe with

a borehole wall and a drill-bit with a rock formation. A particular attention is devoted to the different

motion regimes and regenerative cutting effect of the drill-bit, which will introduce a state dependent time

delay into the governing equations, so that the motions in different directions are successfully coupled.

Subsequently, the established dynamic model is systematically checked where the friction and cutting

effects are gradually switched on, which highlights the critical roles of the regenerative cutting effect of

the drill-bit and friction behaviors between the drill-pipe and borehole wall in our model. Meanwhile,

the robustness of the dynamic model is verified. Therefore, we can use this model to further explore the

nonlinear dynamic characteristics of drill-string in horizontal wells, which will lay a theoretical foundation

for optimizing drilling parameters.

Finally, the validated dynamic model is used to study the whirling of a horizontal drill-pipe, and a

particular attention is given to the influence of driving rotation speed and dynamic friction coefficient on

whirling. The research results show that increasing driving rotation speed and dynamic friction coefficient

will increase the contact area between the drill-pipe and borehole wall, so that the climb distance of the

drill-pipe and its range of motion enlarge. In addition, when the driving rotation speed and dynamic

friction coefficient are at a low level, whirling does not occur. When these two parameters are increased to
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a special range, the drill-pipe experiences a local whirling, which is marked by the coexistence of forward

whirling and backward whirling. When the driving rotation speed and dynamic friction coefficient increase

to a threshold, a global whirling appears and its direction is mainly backward. If the driving rotation

speed keeps increasing, a drill-pipe can even experience a steady backward whirling.
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Appendix A. Derivation of Equations of Motion

As Fig. 2 illustrates, the kinetic energy of the horizontal drill-string system includes two parts, one is the

drill-pipe (Disk 1 ), the other is the BHA (Disk 2 ). Disk 1 has a mass m1 and a moment of inertia J1.

Disk 2 has a mass m2 and a moment of inertia J2. Hence, the kinetic energy of the drill-string system

can be written as

T =
1

2
m1

(
ẋ21 + ẏ21 + ż21

)
+

1

2
J1ϕ̇

2
1 +

1

2
m2ż

2
2 +

1

2
J2ϕ̇

2
2, (23)

where a dot over a parameter indicates its derivative with respect to time t. The potential energy V

of the drill-string system consists of two main elements: the gravitational potential energy Vg and the

elastic potential energy Ve, as shown below.

V = Vg + Ve = m1gy1 + Ve. (24)

In order to express Ve, the pipeline which is formed by screwing drill-pipes to each other, is modeled

by using a Euler-Bernoulli beam due to its small ratio diameter/length, approximately equal to 10−4.

Let w (z, t) and θ (z, t) be the respective axial and torsional displacements of the pipeline, u (z, t) and

v (z, t) be its lateral displacements at z ∈ [0, Lp] and at time t. We assume that pipeline deformation is

linearly elastic, so Ve can be constructed as
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Ve =
EA

2

∫ Lp

0

(w′)
2
dz +

GI0
2

∫ Lp

0

(θ′)
2
dz +

EIx
2

∫ Lp

0

(
(u′′)

2
+ (v′′)

2
)
dz. (25)

where a single prime and a double prime denote the first and second partial derivatives with respect to z,

respectively. A, I0 and Ix are the respective sectional area, polar moment of inertia and inertia moment

of the drill-pipe cross section, and can be determined as

A = π
4

(
D2

p1 −D2
p2

)
,

I0 = π
32

(
D4

p1 −D4
p2

)
,

Ix = π
64

(
D4

p1 −D4
p2

)
.

(26)

According to the simplified model depicted in Fig. 2, the pipeline is divided into two sections based

on the Finite Element Method (FEM). Therefore, the boundary conditions associated with axial motion

of the pipeline are of the form


w|z=0 = V0t,

w|
z=

L
−
p
2

= w|
z=

L
+
p
2

= z1,

w|z=Lp
= z2.

(27)

Meanwhile, we assume that the axial displacement w (z, t) of the pipeline versus z appears to be linear

at both z ∈ [0, Lp/2] and z ∈ [Lp/2, Lp]. Therefore, w (z, t) can be expressed as follow

w(z, t) =


z1−V0t
Lp/2

z + V0t, 0 ≤ z ≤ Lp

2 ,

z2−z1
Lp/2

z + 2z1 − z2,
Lp

2 < z ≤ Lp.
(28)

In addition, the boundary conditions associated with axial motion of the pipeline can be given by


θ|z=0 = ϕt,

θ|
z=

L
−
p
2

= θ|
z=

L
+
p
2

= ϕ1,

θ|z=Lp
= ϕ2.

(29)

Similarly, the angular displacement θ (z, t) also varies with z linearly at both z ∈ [0, Lp/2] and

z ∈ [Lp/2, Lp]. So, θ (z, t) can be written as follow

θ(z, t) =


ϕ1−ϕt

Lp/2
z + ϕt, 0 ≤ z ≤ Lp

2 ,

ϕ2−ϕ1

Lp/2
z + 2ϕ1 − ϕ2,

Lp

2 < z ≤ Lp.
(30)
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Furthermore, the bending deflection of the pipeline in x direction can be depicted in Fig. 16, in which

the pipeline experiences a symmetric bending caused by a concentrated load at z = Lp/2. As can be seen

in Fig. 16, the boundary conditions associated with bending deflection in x direction can be given by

 u|z=0 = u|z=Lp
= 0,

θ|
z=

Lp
2

= x1.
(31)
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Figure 16: Schematic of bending deflection of the pipeline in x direction.

On this basis, the deflection equation of the pipeline in x direction can be determined as Eq. (32). At

this moment, the angles of rotation of its left and right transverses can be given by ηA = ηB = 3x1/Lp,

which are always ignored due to small order of magnitude. Bending in y direction is symmetric to that

in x direction, so that v (z, t) can be obtained as Eq. (33).

u(z, t) =


x1

L3
p

(
3L2

pz − 4z3
)
, 0 ≤ z ≤ Lp

2 ,

x1

L3
p

(
3L2

p (Lp − z)− 4(Lp − z)
3
)
,

Lp

2 < z ≤ Lp.
(32)

v(z, t) =


y1

L3
p

(
3L2

pz − 4z3
)
, 0 ≤ z ≤ Lp

2 ,

y1

L3
p

(
3L2

p (Lp − z)− 4(Lp − z)
3
)
,

Lp

2 < z ≤ Lp.
(33)

By substituting Eqs. (25), (28), (30), (32) and (33) into Eq. (24) to reconstruct the potential energy

of the drill-string system, the result is

V =
EA

Lp

[
(z1 − V0t)

2
+ (z2 − z1)

2
]
+
GI0
Lp

[
(ϕ1 − ϕt)

2
+ (ϕ2 − ϕ1)

2
]

+
24EIx
L3
p

(
x21 + y21

)
+m1gy1.

(34)
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In order to describe the viscous damping influence of the drill-string system, the Rayleigh’s dissipation

function D is introduced and written as

D =
1

2

[
ca

(
ż21 + ż22

)
+ cb

(
ẋ21 + ẏ21

)
+ ct

(
ϕ̇21 + ϕ̇22

)]
, (35)

where ca, cb and ct are the respective longitudinal, bending and torsional damping coefficients.

Then we apply Lagrange’s Second Order Method, which can be expressed as follow

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
+
∂D

∂q̇i
= Qqi , (36)

where L = T − V is the Lagrange function. qi (x1, y1, z1, z2, ϕ1 and ϕ2) are the generalized coordinates

of the discrete system. Qqi denote the non-conservative generalized forces. By substituting Eqs. (23),

(34) and (35) into Eq. (36), we obtain the equations of motion as expressed by Eq. (2), in which ka, kb

and kt can be determined as follow

ka =
2EA

Lp
, kt =

2GI0
Lp

, kb =
48EIx
L3
p

. (37)

Appendix B. Numerical Algorithm

As can be seen from Eq. (2), the motions of the horizontal drill-string system are governed by 6 second-

order differential equations, which can be reduced to 12 first-order differential equations of the below

form

Mẋ (t) = b (t) (38)

where x =
(
ẋ1, x1, ẏ1, y1, ż1, z1, ϕ̇1, ϕ1, ż2, z2, ϕ̇2, ϕ2

)
is a state-space vector containing the longitudinal,

lateral and angular displacements and velocities of the drill-string system. In order to balance the calcu-

lation speed and accuracy, the equations of motion are solved by using a Euler-forward finite difference

technique [25, 34]. The solution procedure is advanced from time t to the next time step t + ∆t (∆t is

the time increment) following the three steps listed below.

(i) The new solution values of the state-space vector x are computed from x (t+∆t) = x (t) +

M−1b (t)∆t.

(ii) The state-dependent time delay tn (t) is calculated from Eq. (13) by an inverse interpolation among

two discrete ϕ2 (t).
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(iii) The instantaneous depth of cut dN (t) is determined from Eq. (12). Similarly, z2 (t− tn (t)) is

linearly interpolated between two discrete z2 (t).

Due to the existence of various motion regimes, including normal cutting, stick-slip and bit bounce, a

relatively small time increment (∆t = 10−510−4 s) should be adopted to acquire more accurate transition

features between different regimes.
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