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ABSTRACT

Nonlinear stochastic complex networks in ecological systems can exhibit tipping points. They can signify extinction from a survival state and,
conversely, a recovery transition from extinction to survival. We investigate a control method that delays the extinction and advances the
recovery by controlling the decay rate of pollinators of diverse rankings in a pollinators–plants stochastic mutualistic complex network. Our
investigation is grounded on empirical networks occurring in natural habitats. We also address how the control method is affected by both
environmental and demographic noises. By comparing the empirical network with the random and scale-free networks, we also study the
influence of the topological structure on the control effect. Finally, we carry out a theoretical analysis using a reduced dimensional model. A
remarkable result of this work is that the introduction of pollinator species in the habitat, which is immune to environmental deterioration
and that is in mutualistic relationship with the collapsed ones, definitely helps in promoting the recovery. This has implications for managing
ecological systems.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0036051

Ecologically complex networks can exhibit a tipping point due
to deteriorating conditions for species survival. It represents an
extreme decline in abundance of species in a habitat. A num-
ber of random perturbations in actual ecological networks, such
as demographic noise due to dynamic changes within popula-
tions and environmental noise due to external environmental
disturbances, have a major effect in the tipping point dynamics.
We propose a method to control the tipping point in pollina-
tors–plants networks by controlling the decay rate of selected pol-
linator species. In this work, we show that the control delays the
onset of the tipping point collapse, and, additionally, it advances
the recovery of species after the collapse. Our results are highly
relevant for ecological habitat management.

I. INTRODUCTION

Control is a timely and fundamental research topic in complex
systems,1–9 including applications in power systems,9 engineering
systems,10 health systems,11 and ecosystems.1 Exploring its general
theory in a quantitative way to control a weighted, directed net-
work is one of the most frequently encountered problems in phys-
ical systems,1,12,13 and methods for solving the controllability3,4 of

arbitrary network topologies and sizes have been extensively inves-
tigated. In ecosystem studies, the state of species within an effective
control system is important for habitat management. Control of real
ecosystems is often plagued by nonlinearity, high dimensionality,
and stochasticity,14–24 the latter both intrinsic to species popula-
tions and caused by external environmental perturbations. In this
work, we investigate control methods in high-dimensional nonlin-
ear stochastic complex ecosystems. In particular, we study the effec-
tiveness of controlling tipping points in ecosystems when subjected
to both environmental and demographic stochasticities.14,20,21,24 We
also address the effect of network structure on control effectiveness.

The mutualistic coexistence network of pollinators and plants
is the ecosystem addressed in this work. A mutualistic relation-
ship, often encountered in nature, is a close relationship between
two organisms of different species, where each species benefits from
the interaction with the other.25–29 A tipping point may occur in a
mutualistic system; it denotes a transition from a survival state to
an extinction state as a system parameter changes past the collapse
tipping point.28–40 There is also a recovery tipping point in a sys-
tem when the system parameter is reversed passing the tipping point
from an extinction to survival state. There are many reasons for
the change in system parameters, such as environmental degrada-
tion due to climate change,41 competition within the system between
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species, species reproduction and depopulation, and habitat loss due
to agricultural and urban developments.42,43

In this work, we propose a practical and effective control
method as external intervention to influence the ecosystem. We
require that one or more particular pollinators have their species
abundances kept at a certain survival state when environmental
parameters are altered,2 i.e., requiring the decay rate of these pollina-
tors to be zero. Due to mutualism, the abundances of the controlled
species affect the other species, achieving the goal of controlling the
entire mutualistic network. According to our simulations, includ-
ing stochastic effects, controlling the abundance of individual or
multiple species can delay the onset of the collapse tipping point,
while also allowing for an earlier recovery. By analyzing the con-
trol of empirical, random, and scale-free networks with this control
method, we find that the control effect is also affected by the struc-
ture of the network, depending on the ranking or degree of the
individual species being controlled. In addition, based on the previ-
ous work,14,24 noise can change the dynamic behavior of the system.
For instance, noise perturbations can contribute for the system to
make the transition from the survival to the extinction state. We
thus consider noise as one of the influencing factors and discuss
the strategies that should be used to determine the control tip-
ping point of a system under noise perturbations. We, therefore,
combine noise with control to explore the quantitative relation-
ship between control of species having specific rankings and noise
perturbations.

The structure of the paper is as follows. In Sec. II, we present
models of stochastic mutualistic networks, the types and empirical
data for simulation calculations and control methods, and provide
quantitative definitions for measuring control effects and network
structure. In Sec. III, we present the control effects of controlling
empirical, random, and scale-free networks under noise perturba-
tions during collapse and recovery processes. In Sec. IV, we pro-
vide a theoretical analysis and understanding of the tipping point
transition mechanism. In Sec. V, we conduct the discussion and
conclusions.

II. MODEL AND CONTROL

The mutualistic ecologically complex network we study in this
work can be modeled as a bipartite high-dimensional ODE model,
with each subset representing pollinators and plants, respectively.
The interactions are described by the Holling type II model.31,32

We numerically simulate the complex network with data from four
real-world empirical networks. In order to analyze how the struc-
ture affects the control, simulations are also performed with random
and scale-free networks to discuss the effect of nestedness and links
probability on the control of tipping points in different networks.

We introduce two important quantitative concepts, “control
effect” and “mutualistic number,” to quantify the control effective-
ness and the network structure. Since the system parameter that we
vary is the decay rate κ , we define the control effect of the collapse
process as 1κ = κ control

c − κc, where κ control
c is the value of the tip-

ping point at which one or more pollinators are controlled and κc

is the collapse tipping point without control. The control effect of
the recovery process is 1κ = κr − κ control

r , where κ control
r is the recov-

ery point of the controlled pollinators and κr is the recovery tipping

point without control. Mutualistic number L is the ranking of either
a pollinator or a plant in the mutualistic networks.

A. Model of stochastic mutualistic networks

The deterministic mutualistic complex network has been stud-
ied mathematically.27–29,40 We consider mutualistic complex net-
works under perturbations by environmental noise and demo-
graphic noise,24 which can be modeled as14
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where Xi and Yi are the abundances of the ith pollinator and the
ith plant, respectively. SX and SY are numbers of pollinators and

plants, respectively. α
(X)
i and α

(Y)
i are the intrinsic growth rates,

βii and βij (i 6= j) are parameters characterizing intraspecific and
interspecific competition, respectively, and the parameters µX & 0
and µY & 0 characterize species migration. For the pollinator–plant
system, intraspecific competition is typically stronger than inter-
specific competition: βii � βij.29 The saturation effect is quantified
by the half-saturation constant h of the Holling type II functional
response.32 The terms that involve the mutualistic interactions for

each species can then be written as29
∑SY
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γ

(K
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i )

ρ aijYj

and
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j=1 γ
(Y)
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γ
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(Y)
i )

ρ aijXj. The γ
(X)

ik and γ
(Y)

ik are the

strengths of the mutualistic interactions that depends on the degree
of the node as γij = aij

γ

(Ni)
ρ ,29 where γ is the normalized strength and

aij’s are the elements of the network adjacency matrix. The network
adjacency matrix is normalized as aij = 1 if there is an interaction
between pollinator i and plant j; otherwise, aij = 0. Ni is the num-
ber of mutualistic links associated with species i. ρ quantifies the
trade-off between the interaction strength and the number of inter-
actions. If there is no trade-off (i.e., ρ = 0), the network topology
has no effect on the strength of the mutualistic interactions. In con-
trast, a full trade-off (ρ = 1) means that the interaction strength is
weighed by the nodal degree so that the network topology affects

the species gain from the interactions. κ
(X)
i is the key parameter we

consider for controlling both tipping points, the collapse and recov-
ery processes, and it represents the rate of species decay due to, for
example, environmental degradation and other disturbances.

The two noise perturbations are understood as follows. dBi(t)
is Gaussian noise with a normal distribution with zero mean and
variance dt. For the effect of environmental noise,

N(Xi) = σ 2 and N(Yi) = σ 2, (3)
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where σ is the noise strength of environmental white noise. Demo-
graphic noise depends on the state variables and is modeled as

N(Xi) = ξ 2Xi and N(Yi) = ξ 2Yi, (4)

where the noise strength is ξ . The algorithm for simulating the
stochastic equations is in Appendix B of the supplementary material.

In order to study and compare the control effects of different
networks and to analyze how the structure affects the control, we
perform simulation calculations on four empirical networks, three
random networks, and two scale-free networks. The empirical net-
work A (SX = 61 and SY = 17 with the number of mutualistic links
L = 146) from empirical data from Hicking, Norfolk, UK; network
B (SX = 42, SY = 8, and L = 794) from Hestehaven, Denmark; net-
work C (SX = 38, SY = 11, and L = 106) from Tenerife, Canary
Islands, Spain; and network D (SX = 44, SY = 13, and L = 143)
from North Carolina, USA.

Nestedness is a measure of structure in an ecosystem28 that
describes the interactions between species in a mutualistic network.
By systematically varying the nestedness of the networks, we gener-
ate random and scale-free mutualistic networks by rearranging the
mutualistic interactions between each species until the desired nest-
edness value is reached.14,44 To be specific, we first randomly select
an edge, such as the connection between species i and j, and then
randomly select another species k. If i is a pollinator, then j and k
must be plants and vice versa. If species k has more mutualistic con-
nections than species j, we connect species i and k; otherwise, we do
not change the interactions between i and j. Finally, the nestedness
of the mutualistic network is denoted as14

Nest =
∑SX

i<j DX
ij +

∑SY
i<j DY

ij

SX(SX − 1)/2 + SY(SY − 1)/2
, (5)

where DX
ij =

dX
ij

min(dX
i ,dX

j )
and DY

ij =
dY

ij

min(dY
i ,dY

j )
, dX

ij represent the numbers

of plants that have a mutualistic interaction with both pollinators
i and j. dX

i and dY
i are the total numbers of plants species that

have a mutualistic interaction with pollinators i and j, respectively.
The three random networks we construct in this work have 25
pollinators and 25 plants with nestedness of 0.3, 0.5, and 0.7.

Links probability refers to the distribution of the number of
mutualistic links among species. Based on the growth network
model, we generate scale-free mutual networks. The network ini-
tially has n0 species, two of which are coupled. A new species is
added every unit of time afterward. The new species selects n ≤ n0

species from the current network to connect to it, and the probabil-
ity pi that a species i is selected as a mutualistic interaction partner is
proportional to the size of its degree di, shown as

pi =
di

∑

j dj

. (6)

The two scale-free networks have 25 pollinators and 25 plants with
links probabilities of 0.4 and 0.8.

B. Control method

The control method we use is to control single and multiple
pollinators we impose that the environmental decay of these con-
trolled pollinators is zero; i.e., κi = 0. An alternative control method

for this ecosystem would require a constant abundance of single
or multiple pollinators, but its practical feasibility in a habitat is
questionable.

In order to address the control effect with different controlled
species, we use the importance of control effect to mean the statis-
tical property of the importance of nodes when carrying out the
control of the nonlinear dynamical network.2 The collapse tipping
point of the network occurs under the condition that the abundance
of species in the network decreases to the extinction state when the
decay rate of species κ continues to increase and crosses its tipping
point κc; i.e., X and Y approach zero when κ ≥ κc. Conversely, when
the value of κ decreases continuously to the recovery point κr, the
abundance of species in the network returns to the survival state;
i.e., the values of X and Y are within a stable positive value range
for κ ≤ κr. We show that the value of the collapse point value of κ

is greater than κc and the value of recovery point κ is less than the
value of the original recovery point κr when applying control to the
network. Control delays the collapse of the system and also advance
the recovery of the species.

III. CONTROL EFFECTS FOR COLLAPSE AND

RECOVERY PROCESSES

A. Dependence on the ranking and number of

pollinators being controlled

As described in Sec. II, we use the method of controlling the
decay rate of one or more pollinators to influence the collapse and
recovery tipping points. The method is based on selecting polli-
nators in the survival basin, setting their decay rates to be zero
both for the collapse and recovery processes. Since pollinators have
different mutualistic interactions in each network and controlling
different pollinators have different control effects, we first rank the
pollinators according to their mutualistic numbers L. The pollinator
with the largest mutualistic numbers is ranked 1, and the remain-
ing pollinators are ranked in a descending order with the number of
mutualistic interactions they have. The greater the value of 1κ , the
more effective is the control.

The evolution of system collapse is such that as the value of κ

increases, the system has a transition from a high-abundance steady
state (survival) to a low-abundance steady state (extinction), indicat-
ing the occurrence of a tipping point. Figures 1(a)–1(d) shows the
collapse of the system when subjected to environmental noise. By
comparing the tipping point κ2 ≈ 2 (red curves) when the controlled
system collapses with the tipping point κ1 ≈ 1.75 (blue curves) when
the uncontrolled system collapses, the collapse of the controlled sys-
tem is significantly delayed. The value of the tipping point is larger
in the controlled system, the system being relatively more resilient.
In Fig. 1(a), pollinator 1 is controlled, while in Fig. 1(b), pollinator
5 is controlled. By comparing the difference between the red curves
in Figs. 1(a) and 1(b), the larger the mutualistic number, or higher
ranking, the controlled species has, it results in a better control
effect. In Fig. 1(c), pollinators 1 and 7 are controlled. By comparing
with Fig. 1(a), controlling multiple species is better than controlling
a single species; the more species that are controlled the better is
the control effect, as seen by comparing Figs. 1(c) and 1(d). There-
fore, the control effect depends on both the ranking and the number
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FIG. 1. Controlled collapse and recovery processes with environmental noise for empirical network A. (a)–(d) are the collapse process with additive environmental noise,
and (e)–(h) are the recovery process with additive environmental noise. The blue curves are the pollinators’ abundances of the recovery process without control and the
red curves are the pollinators’ abundances when controlling species 1, 5, combination of controlling 1 and 7, and combination of controlling 1, 7, and 20, respectively. The

parameters are set as α(X) = α(Y)=0.3, β
(X)

ii = β
(Y)

ii = 1, γ = 1, h = 0.2, ρ = 0.5, and µX = µY = 10−4. The noise strength is σ = 0.1.

of the pollinators being controlled. Figure 2 is analogous to Fig. 1,
but it shows the system perturbed by demographic noise. The con-
trol effect is again related to the ranking and number of controlled
pollinators. Figures 1(e)–1(h) and 2(e)–2(h) represent the recovery
process for the system affected by environmental noise and demo-
graphic noise, respectively. The factors influencing the control effect
are the same in the recovery process as in the collapse process. The
greater the number of mutualistic links L possessed by the control-
ling pollinators, the better the control effect is, which means that
the recovery process of species abundances can be advanced with
control. Furthermore, the effect of controlling multiple species is
more pronounced than that of controlling a single species. As shown
in Fig. 3, the higher is the number of mutualistic interactions of
the controlled pollinators, the more effective is the control effect,
regardless of the type of noise to which the system is affected.

Comparing Figs. 1(a)–1(d) and 1(e)–1(h) the two tipping
points for the system collapse and recovery without control, they
do not have the same value, resulting in a hysteresis. It means that
when species decay rates are not controlled, the value of κ required
for a full recovery is considerably less than the κ value at the collapse
tipping point, implying that the environment needs to be consid-
erably better than it was before the collapse in order for pollinator
abundances to recover. Importantly, abundance management and
control eliminate the hysteresis effect. According to Figs. 1(a)–1(d)
and 1(e)–1(h), after the system is controlled, the recovery of

species abundance is at the same κ as the tipping point for the
collapse.

A remarkable and important consequence of our work, as
depicted in Figs. 1(e)–1(h) and 2(e)–2(h), is that the introduction
of pollinator species in the habitat, which are in a mutualistic rela-
tionship with the collapsed ones, definitely helps by promoting the
recovery. This is an important habitat management result coming
out of this work.

B. Control effects at different strengths of noise

perturbations

According to previous studies,14,24 noise perturbations change
the tipping points for the system collapse and recovery, and differ-
ent strengths of noise can also cause a change of the tipping points,
which means that the conditions for advancing the system’s recov-
ery point are different under different noise strengths. Therefore, we
discuss next the different control effects when the system is affected
by different noises.

We simulate environmental noise in the stochastic networks
at noise strengths of 0.1 and 0.001 and find that there is a positive
correlation between the control effect and the number of mutualis-
tic links of the controlled pollinators for both environmental noise
strengths. Although the noise strength does not change the positive
correlation, it changes the control effect 1κ . Figures 3(a) and 3(b)
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FIG. 2. Controlled collapse and recovery processes with demographic noise for empirical network A. (a)–(d) are the collapse process with demographic noise. (e)–(h)
are the recovery process with demographic noise. The blue curves are the pollinators’ abundances of the collapse process without control and the red curves are the
pollinators’ abundances when controlling species 1, 5, combination of controlling 1 and 7, and combination of controlling 1, 7 and 20, respectively. The parameters are set as

α(X) = α(Y)=0.3, β
(X)

ii = β
(Y)

ii = 1, γ = 1, h = 0.2, ρ = 0.5, and µX = µY = 10−4. The noise strength is R = 4 and ξ = 1.

show that the control effect is more pronounced at higher noise
strengths. This correlation remains when the system is disturbed
by demographic noise, as shown in Figs. 3(c) and 3(d). Interest-
ingly, for the stochastic network, the higher the environmental noise
[Figs. 3(a) and 3(b)], the larger the control effect 1κ . This result is
consistent with our previous work,24 which discusses the influence
of noise in the collapse and recovery processes. Simulation results
for 1κ vs L of controlled species in empirical networks B, C, and D
are in Appendix C of the supplementary material.

In summary, the deterministic dynamic mechanism by which
the collapse tipping point occurs is a reverse saddle-node bifurca-
tion at κc as the value of κ increases as seen in Fig. 4. When the
value of κ decreases, the recovery tipping point occurs in a saddle-
node bifurcation at κr. Since κr < κc, hysteresis occurs in which the
environment has to improve substantially of the system to recover
as seen in Fig. 5.1 Noise of different strengths affects the tipping
point in both processes; thus, the control required to achieve the
desired effect is different for systems perturbed by different noise
strengths, which means that the individual species to be controlled
change the tipping point differently. According to the analysis in
previous works,1,14,24 when the value of κ decreases, the parameter
change or distance that needs to be overcome for the system to make
the transition to the survival state is smaller. Then, the noise can help
the system to make the transition. From a previous analysis,14 as the

value of κ increases, greater is the distance that the system has to
overcome to escape from a low-abundance steady state to a high-
abundance steady state. In this case, a combination of control and
noise can accomplish the recovery. For a larger distance, it is neces-
sary to control the decay rate of the pollinators, perhaps having more
mutualistic links and a larger noise strength. When we combine the
two, there is a relationship shown in Fig. 6 between the strength of
the noise perturbation for both collapse and recovery. For the col-
lapse process, demographic noise has a dominant effect, while for
the recovery, it is the environmental noise.24 We have performed cal-
culations for empirical networks, random networks, and scale-free
networks, shown in Figs. 6(a)–6(c), respectively, and find that this
conclusion applies universally to all three kinds of networks.

C. Control effects for different network structures

We address the issue of nestedness by comparing the recov-
ery dynamics of empirical stochastic mutualistic networks. Recent
studies suggested24 that, as networks become more nested, the val-
ues of collapse tipping point parameters become larger.14 Thus, we
study the control effect when different nesting is assumed. As shown
in Fig. 7, the relationship between the control effect and the mutu-
alistic number possessed by the controlled species in the random
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FIG. 3. Quantitative relationships between control effects and control species for
the empirical stochastic mutualistic network A. (a) and (b) represent the recov-
ery process and the collapse process with environmental noise, respectively. The
brown dots and its fitted line represent the noise strength σ = 0.1, and blue
dots and its fitted line correspond to σ = 0.001. (c) and (d) are the recovery
process and the collapse process with demographic noise. The brown dots and
its fitted line represent the noise strength ξ = 0.25, and blue dots and its fit-
ted line correspond to ξ = 0.1. The parameter values of the network A are

α
(X)

i = α
(Y)

i = 0.3, β
(X)

ii = β
(Y)

ii = 1, γ = 1, h = 0.2, ρ = 0.5, µX = 10−4,

and µY = 10−4. Each simulation has been calculated for T = 400, enough to
allow species abundances to make the transition to another stable state. The ini-
tial conditions are randomly chosen in the basin of a high-abundance steady state
for the collapse process and in the basin of a low-abundance steady state for the
recovery process. There are a number of pollinators in the empirical network that
have the same mutualistic numbers, but they are not all associated with the same
plants; therefore, some of the dots vary for the same mutualistic numbers.

FIG. 4. A schematic illustration of the dynamical mechanisms of the noise
induced collapse and recovery processes. The deterministic threshold corre-
sponds to the occurrence of the reverse saddle-node bifurcation, and the back-
ward recovery process is the result of the reverse saddle-node bifurcation.

FIG. 5. A comparison of the collapse process and the recovery process with or
without noise perturbations. (a) and (b) represent the collapse and recovery pro-
cesses with the environmental noise with the strength of σ = 0.1, respectively.
(c) and (d) represent the collapse and recovery processes with the demographic
noise with the strength of ζ = 1, respectively. All the blue curves represent
the transition without noise disturbance, and the red curves represent the tran-
sition disturbed by noise. Environmental noise changes the tipping point very
significantly during recovery and not so much during collapse.

network is consistent with the relationship obtained for the empiri-
cal networks. The results for other nestedess values are presented in
Appendix C of the supplementary material.

The scale-free network also provides a good description of
the growth and preferential attachment properties of real-world
networks. Scale-free networks have hubs with a large number of con-
nections. The distribution of connections between nodes follows a
power law, signifying a high degree of nestedness, where most of the
nodes have only a few connections, while a few nodes have a large
number of connections. As shown in Fig. 7, the scale-free mutualistic
network also follows the principle that the control effect is positively
correlated with the mutualistic numbers of the controlled species.

The value of the control effect 1κ is not the same for different
networks. For example, the value of the control effect in the empiri-
cal network A is generally smaller than the value of the control effect
in the random network. This is caused by the network structure.
The empirical network A, as shown in Fig. 3(a), is affected by envi-
ronmental noise σ = 0.1. The species with the greatest mutualistic
numbers has LA = 10, which corresponds to the control effect of
1κ = 0.4. Whereas in the scale-free network A of Fig. 7(a) subjected
to environmental noise σ = 0.1, the species with the highest mutu-
alistic numbers has Ls = 12, which corresponds to a control effect
of 1κ = 0.8. Under the same conditions, the control effect of con-
trolling the species with a large mutualistic numbers, Lr = 15, of the
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FIG. 6. The relationship of noise disturbance and controlling effects. (a), (b),
and (c) present empirical networks, random networks, and scale-free networks,
respectively. The red dots and its fitted line in (a) are network A, green dots and
its fitted line are network B, blue dots and its fitted line are network C, and orange
dots and its fitted line are network D. The green dots and its fitted line in (b) are ran-
dom networks when nestedness = 0.3, and the purple dots and its fitted lines are
random networks when nestedness = 0.5. The green dots and its fitted line in (c)
are scale-free networks when links probability = 0.4, and purple dots and its fit-
ted line are links probability = 0.6. Because we consider to control the decay rate
of species with larger mutualistic links, the system has a transition with a smaller
noise strength σ . We adjust the κ value of the uncontrolled species to the one
before the system did not recover. The smaller the number of mutualistic species
controlled, the larger the noise disturbance required for system transitions.

random network A is 1κ = 1.5. We compare the mutualistic num-
bers for each pollinator and their ranking for the three networks in
Fig. 8(a). Pollinators in the empirical network contain fewer mutual-
istic plants than pollinators in the random and scale-free networks,
and the empirical network is also less effective than the other two
networks in controlling equally ranked pollinators. For example,
when controlling the first ranked species of the three networks, the
empirical network has a smaller value of control effect 1κ than the
random and scale-free networks. In the random network that we
generated, most of the pollinators have the same number (4–6) of
mutualistic plants. In the scale-free network, the number of polli-
nators with large mutualistic numbers is small, with the majority of
pollinators having between four and six mutualistic plants, less than
half the number of pollinators with large mutualistic numbers. The
combinations of other empirical, random, and scale-free networks
can be seen in Fig. 8.

A previous work1,2 addressed the increase in the value of 〈γx〉
and 〈γy〉 to promote controllability. A greater strength of a mutu-
alistic interaction is also associated with a greater mutual influence
between species in the network. Since the mutualistic interaction is
very complex and varies from species to species, we use the reduced
model29 to quantify the complex stochastic dynamics. 〈γx〉 and 〈γy〉
denote the simplified γ

(X)
ij and γ

(Y)
ij , respectively, written as29

〈γx〉 =
∑SX

i=1 γ N1−t
Xi

× NXi
∑SX

i=1 NXi

, (7)

〈

γy

〉

=
∑SY

i=1 γ N1−t
Yi

× NYi
∑SY

i=1 NYi

, (8)

where NXi
and NYi

are the numbers of mutualistic interaction links
relevant to Xi and Yi in the full network. The ranking of pollina-
tors and plants is calculated based on the eigenvectors of maximum
eigenvalues associated with the respective projection networks.1

FIG. 7. Quantitative relationships between control effects and control species
for the random mutualistic network A whose nestedness is 0.2 and the
scale-free network whose links probability is 0.4. (a) and (b) represent the
recovery process and the collapse process with environmental noise, respec-
tively. The brown circle dots and its fitted line represent the noise strength
σ = 0.1, and blue circle dots and its fitted line correspond to σ = 0.001 for
the random network. (c) and (d) are the recovery process and the collapse pro-
cess with demographic noise. The blue circle dots and its fitted line represent
the noise strength ξ = 0.1, and brown circle dots and its fitted line correspond
to ξ = 0.25 for the random network. The brown triangle dots and its fitted line
represent the noise strength σ = 0.1, and blue triangle dots and its fitted line
correspond to σ = 0.001 for the scale-free network. (c) and (d) are the recovery
process and the collapse process with demographic noise. The blue triangle dots
and its fitted line represent the noise strength ξ = 0.1, and brown triangle dots
and its fitted line correspond to ξ = 0.25 for the scale-free network. The param-

eter values of the network A are α
(X)

i = α
(Y)

i = 0.3, β
(X)

ii = β
(Y)

ii = 1, γ = 1,

h = 0.2, ρ = 0.5, µX = 10−4, and µY = 10−4. The values of nestedness is
0.2. Each simulation has been calculated for T = 400, enough to allow the mutu-
alistic species abundances to make a transition to another stable state. The initial
conditions are randomly chosen in the basin of a high-abundance steady state
for the collapse process and in the basin of a low-abundance steady state for the
recovery process.

The projection matrices of pollinators and plants are expressed as
Mx = MT × M and My = MT × M, respectively. M is the m × n
matrix that describes the original binary network, and m and n
are numbers of pollinators and plants, respectively, and VX and VY

are components of the eigenvector corresponding to the maximum
eigenvalues of MX and MY, respectively. Then, we obtain

〈γx〉 =
∑SX

i=1 γ N1−t
Xi

× VXi
∑SX

i=1 VXi

, (9)

〈

γy

〉

=
∑SY

i=1 γ N1−t
Yi

× VYi
∑SY

i=1 VYi

. (10)
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FIG. 8. Comparison of pollinators ranking among three types of networks. The
blue, red, and yellow data points in (a) represent empirical A, random, and
scale-free networks, respectively. (b), (c), and (d) present empirical networks, ran-
dom networks, and scale-free networks, respectively. For pollinators with the same
ranking, the pollinators of the empirical network corresponded to the lowest num-
ber of mutualistic plants. In the three networks, some of the different pollinators
had the same mutualistic numbers, and we labeled them as ranked side-by-side,
after which the species were then ranked sequentially. There were 61 pollina-
tors in empirical network A and 25 pollinators in both the random and scale-free
networks.

According to the above proposed procedure, we obtain that
the mutualistic interaction strengths of the empirical network A are
〈γx〉 = 1.70 and 〈γy〉 = 2.21, the mutualistic interaction strengths of
the random network are 〈γx〉 = 2.83 and 〈γy〉 = 2.85, and for the
scale-free network are 〈γx〉 = 2.83 and 〈γy〉 = 2.83. The values of
mutualistic numbers of both the random network and the scale-
free network are greater than that of the empirical network A. The
scale-free structure shows that the control of a single hub species is
more pronounced since more species are affected by that species.
Our argument based on random networks and scale-free networks
applies to other empirical networks.

The control effect results in a stochastic complex network also
confirms the universal property of linear and nonlinear control—the
importance of node control. In linear node control, importance is the
probability that the node appears in the minimum control set. In our
study of nonlinear node control, importance is defined as the ability
of the node to return to the survival state after the system experiences
a sudden collapse at the tipping point. According to previous studies,
nonlinear and linear node control importance in the network shows
an opposite trend;2 i.e., the large degree nodes in the network tend
to be more important for nonlinear node control importance, while
the small degree nodes are more dominant for linear node control
importance. Our study shows that even in stochastic complex net-
works, controlling larger degree nodes has still larger importance

than smaller degree nodes, but larger noise intensities can affect the
control effect.

IV. THEORETICAL UNDERSTANDING OF THE

QUANTITATIVE RELATION

Based on the nonlinear dynamics described in Fig. 4, B is the
barrier height that the system must overcome to recover with the
help of noise. The barrier height B depends on the value of κ . To
explore the proportional relationship between B and κ , we perform a
stability analysis of the reduced model29 of the full high-dimensional
model (see Appendix A of the supplementary material), yielding
an algebraic relationship between pollinator and plant abundances
and κ . Figure 9 shows the numerical solution of the reduced model
showing the barrier height dependence of pollinators Bx and plants
By on κ as both are proportional to 1κr, where 1κr = |κ − κr|.
Under the influence of additive Gaussian distributed white noise,
this scale happens in principle for any small noise amplitude for
large time. In order for the system to recover in a finite time, the
probability of noise disturbance needs to exceed B. For additive
white environmental noise, this probability is expressed as14,45

P =
1

√
2πσ

∫ ∞

P

exp

(

−
x2

2σ 2

)

dx =
1

2
erfc(cB), (11)

where erfc(.) is the complementary error function and c = 1√
2σ

. The

error function can be rewritten as14

erfc(x) ≥
1

2

√

2e

π

√
φ − 1

φ
e−φx2

, (12)

where φ > 1 is a constant, and then,

1

2

√

2e

π

√
φ − 1

φ
e−φ(cB)2 . P (13)

or

e−φ(cB)2 &

√

2π

e

φ
√

φ − 1
P. (14)

This gives

(cB)2 &

∣

∣

∣

∣

∣

ln

(

√

2π

e

φ
√

φ − 1
P

)∣

∣

∣

∣

∣

. (15)

Since c = 1√
2σ

, then Eq. (15) is rewritten as

(

B
√

2σ

)2

&

∣

∣

∣

∣

∣

ln

(

√

2π

e

φ
√

φ − 1
P

)∣

∣

∣

∣

∣

(16)

or

B

σ
&

√

√

√

√2

∣

∣

∣

∣

∣

ln

(

√

2π

e

φ
√

φ − 1
P

)∣

∣

∣

∣

∣

. (17)

The right-hand side of Eq. (17) is greater than or equal to zero since
P is greater than or equal to zero.

From the previous explanation, the value of B is determined
by the value of 1κr. In order to investigate the specific relationship
between B and 1κr = |κ − κr|, we calculate the algebraic relation-
ship using the reduced model. From Fig. 9, we obtain that there
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FIG. 9. The quantitative relationship of B and1κ . Bx and By shown in (a) and (b),
respectively, are associated with the unstable steady state solutions with the value
of κp above the tipping point value, indicating a very clear positive correlation.

is a positive correlation B ∼ 1κr between B and 1κ . Substituting
B ∼ 1κr into Eq. (17), we have

1κ & σ

√

√

√

√2

∣

∣

∣

∣

∣

ln

(

√

2π

e

φ
√

φ − 1
P

)∣

∣

∣

∣

∣

, (18)

from which it yields 1κ ∼ σ .

V. DISCUSSION AND CONCLUSIONS

The control of ecological networks is an important topic for
species survivability and habitat management. We investigate the
role of controlling the decay rate of single or multiple pollina-
tor species in a stochastic mutualistic complex network system in
order to alter the collapse and recovery processes of the entire sys-
tem. We particularly study the influence of noises, environmental
and demographic, on the control of species abundances. Mutualis-
tic interaction networks, due to their mutualistic properties, allow
different species in the network to reach a mutually viable state
of coexistence. In particular, even if most of the species are close
to extinction, as long as one of the species with which they have
mutualistic relationships survives, they can in principle survive. In
this work, controlling the decay rate of a single pollinator or mul-
tiple pollinators means keeping the abundance of that pollinator or
pollinators within a defined viable range. Plants that have mutual-
istic relationship with it or with them can use that relationship to
survive. This in turn increases the survival rate of pollinators that
are in a mutualistic relationship with those plants and are on the
verge of extinction. We focus on how to control tipping points in
ecological networks, including the relationship between the control
method and the topological structure of the networks and under the
influence of environmental and demographic noises.

The mutualistic complex network is a bipartite, high-
dimensional ODE model representing pollinators and plants. The
tipping point corresponds to saddle-node bifurcations in the sys-
tem, exhibiting multistability46–51 as the system parameters vary. In
our case, it is a bistable system, as the two steady states with their
own basins correspond to the survival state, in which all species
coexist, and the extinction state, in which coexistence does occur.
The unstable state between the basins of the survival state and the
extinction state designates the basin boundary separating the two
stable steady states.43,52–57 There are two possibilities for a system to

achieve a transition between two steady states. The first is through a
change in the system parameters within the system. The second way
is noise. For example, during the collapse process, the system can
break through the basin of the extinction state across the unstable
state and successfully transition to the survival state with the support
of the noise.

In summary, in this work, we investigate the following: (1) A
quantitative relationship between control effects and the controlla-
bility of the pollinator species being controlled based on empirical
networks, random networks, and scale-free networks. (2) We ana-
lyze how noise perturbations affect the control effects and how to
adjust the control strategies in the presence of noise disturbances.
(3) We investigate the dependence of the topological structure of
the networks on control effects. The results provide a controlling
method for ecological systems with stochastic perturbations.

In ecosystems, controlling pollinators is more realistic than
controlling plants. First, the more pollinators species are available,
the more plants have the opportunity to benefit from the pollina-
tors, the greater the abundances of plant species that result by the
widespread presence of pollinators. Second, pollinators are more
likely than plants to be intervened by external means, such as artifi-
cial breeding and the introduction of new species. Third, pollinators
have a greater mobility and capacity for reproduction than plants.
Finally, the introduction in a habitat of pollinators that are insen-
sitive to environmental deterioration and that are in mutualistic
relationships with the ones already in the habitat presents as a real-
istic ecological management control. Besides the interactions with
pollinators, artificially interfering with plant abundances is also an
issue for future discussions. For example, artificial breeding of highly
resistant plants is used to stimulate the growth rate of the pollina-
tors, which is also a very effective way of controlling and protecting
ecosystems.

SUPPLEMENTARY MATERIAL

See the supplementary material for (i) the steady state solutions
and the stability analysis based on the reduced model, (ii) simulation
methods of the stochastic model, and (iii) numerical simulations for
empirical mutualistic networks B–D, random networks B and C, and
the scale-free network B.
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