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Abstract: In order to study the deformation displacement and the stress field of brittle rocks under
harmonic dynamic loading, a series of systematic numerical simulations are conducted in this paper.
A 3D uniaxial compression simulation is carried out to calibrate and determine the property parameters
of sandstone and a model of the cylindrical indenter intruding the rock is proposed to analyze the
process of elastic deformation. Four main parameters are taken into account, namely the position
on the rock, the frequency and the amplitude of dynamic load, the type of indenter and the loading
conditions (static and static-dynamic). Based on the analysis undertaken, it can be concluded that
both of the deformation displacement and stress field of the rock change in a harmonic manner under
the static-dynamic loads. The frequency and the amplitude of harmonic dynamic load determine the
period and the magnitude of the rock response, respectively. In addition, the existence of harmonic
dynamic load can aggravate the fatigue damage of the rock and allow a reduction in static load.
Our investigations confirm that the static-dynamic loads are more conducive to rock fracture than
static load.

Keywords: deformation displacement; stress field; harmonic dynamic load; FE simulation; brittle rock

1. Introduction

In order to improve the crushing efficiency of hard rocks or some unconventional resources [1],
some auxiliary rock-breaking tools, such as axial hydraulic impactor [2], and few emerging rock-breaking
methods, such as Resonance Enhanced Drilling (RED) [3,4] and ultrasonic drilling [5,6], have been
proposed. There is one thing in common in terms of the working principle that they all apply an
additional periodic dynamic load to the rock based on static load to achieve Rate of Penetration (ROP)
improvement. Moreover, compared to other kinds of periodic dynamic loads, the dynamic load in
the harmonic form which changes in a cosine (or sine) law with time has been proven to be the most
effective [7,8]. In short, the dynamic load plays an increasingly important role in rock fragmentation.

The intrusion of indenter into the rock is considered an ideal method to analyze the mechanical
problems during excavation, which has been widely used in various engineering fields including oil
drilling, mining, tunneling and so on [9–12]. The interaction between the rock and the indenter has
been studied mainly focusing on two aspects: deformation and stress field [13–15], and fracture and
fragmentation of the rock [16–19]. Both of them are of great significance to the mechanism research,
optimization of operation parameters and process of mechanical tools for rock fragmentation.

At present, a large number of studies on the indenter intrusion process have been proposed
for different geometries of indenters such as spherical, pyramidal, conical and flat-ended cylindrical
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indenters through theoretical, numerical and experimental methods [20–23]. Elastic mechanics is the
most common theoretical approach for studying the deformation and stress field of rocks [24–27].
The finite element method (FEM), the boundary element method (BEM) and the discrete element
method (DEM) are three widely used methods to simulate the indenter intrusion process [28–32].
Many experimental tests have been carried out to verify the theoretical results and explore more
complex issues [33–36]. Based on these studies, a basic understanding of the indenter intrusion process
has been developed.

However, most existing research on the indenter intrusion process considers only static load.
A few works are conducted under dynamic load, and the impact velocity is the main factor to be
considered [37–39]. There are few studies on the mechanical behavior of rocks under indenter intrusion
with the harmonic dynamic load. Besides, rock often suffers brittle failure under external force due to
its internal defects [40–42]. When the stress in which the brittle rock is subjected exceeds the fracture
strength of the rock, the rock will be instantaneously damaged without exhibiting significant plastic
strain, which means that the elastic deformation is the main stage before the rock fracture. As the
mechanical properties of the brittle rock at the elastic stage are the key to its fracture, in order to
investigate the effect of harmonic dynamic load on the mechanical behavior of rock under indenter
intrusion, the elastic deformation and the stress field of the brittle rock under static-dynamic load are
analyzed through FE numerical simulation.

The paper is organized as follows. In Section 2, a 3D uniaxial compression simulation is carried
out based on the experimental data to calibrate the rock model. Then, the 3D FE model is established
and the mesh size sensitivity analysis is conducted to ensure the accuracy of results in Section 3. Finally,
the effects of loading conditions, parameters of the dynamic load and the type of indenter on the
deformation displacement and stress field of the brittle rock are analyzed and discussed in Section 4.
Finally, the conclusions of this study are presented in Section 5.

2. The 3D Uniaxial Compression Simulation

The lithology used in the simulation, through this study, is sandstone. The 3D uniaxial compression
simulation is firstly carried out to calibrate and determine the property parameters of the sandstone
adopted in the numerical simulation according to the uniaxial compression experiment. The FE model
consists of a cylinder in the size of Ø54 mm × 116 mm and two rigid disks in the size of Ø108 mm ×
0.5 mm, as shown in Figure 1a. A fully fixed constraint is applied to the lower disk and a compressive
displacement load of 5 mm is applied to the upper disk which only has a z-direction degree of freedom.
Finally, the sandstone undergoes the same shear fracture as in the experiment, as shown in Figure 1b.
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Figure 1. The 3D modeling of uniaxial compression test of sandstone: (a) The finite element (FE) 
model consists of a cylinder and two thin disks. The highlighted arrow represents that the upper disk 
Figure 1. The 3D modeling of uniaxial compression test of sandstone: (a) The finite element (FE) model
consists of a cylinder and two thin disks. The highlighted arrow represents that the upper disk is
subjected to a downward displacement load of 5 mm. (b) Contour plot of uniaxial compression damage
of sandstone.
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The stress–strain curve of sandstone from the numerical simulation with a good match with the
experimental results is obtained (as shown in Figure 2), through a series of parameter calibrations.
Thus, the property parameters of sandstone adopted in the simulation are determined, as shown in
Table 1.
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Figure 2. Stress–strain curves of sandstone obtained from experiment and numerical simulation.

Table 1. Property parameters of sandstone in the simulation.

Material Parameter Value Parameter Value

Sandstone

Density (t/mm3) 2.7 × 10−9 Angle of Friction (◦) 50
Elastic Modulus (MPa) 7228 Dilation Angle (◦) 8

Poisson’s Ratio 0.3 Flow Stress Ratio 0.8
Failure Displacement (mm) 0.02 Yield Stress (MPa) 67

Fracture Strain 5 × 10−4

In addition, it is observed through the experimental and numerical results that the sandstone
has obvious brittleness. When the applied stress reaches the fracture strength of the formation, it is
damaged directly without plastic deformation. Therefore, to improve the calculation efficiency, only the
elastic parameters of sandstone are set and its plastic and damaged properties are ignored in the
following simulations.

3. Numerical Model of Indenter Intrusion

3.1. The 3D Finite Element Modeling

The deformation displacement and the stress field of the rock under static and static-dynamic
loads are analyzed through the process of the cylindrical indenter intruding the rock. The 3D FE model
is shown in Figure 3a, where the tool steel indenter is a cylinder with a diameter of 5 mm, and the
rock is a cube of 100 mm × 100 mm × 100 mm. The rock is much larger than the indenter so that
the influence of its boundaries on the deformation displacement and the stress field can be ignored.
Since the geometric shape and force distribution of the model are symmetric, a quarter of the model
is adopted as shown in Figure 3b, in order to reduce computational time. Besides, the cylindrical
indenter is regarded as a rigid body, on which a reference point is set to bind with it, limiting its
freedom only in the Z-direction. Meanwhile, fully fixed constraints are applied to the rock bottom,
and symmetrical constraints which are perpendicular to X and Y axes are applied to the A and B side
of the rock, respectively.
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Figure 3. The 3D finite element model: (a) The whole model. (b) A quarter of the model.

3.2. Parameter Settings

The property parameters of the rock and the indenter used in the simulations are shown in Table 2,
assuming the indenter as a rigid body, the rock only with its elastic stage in this numerical study.

Table 2. Property parameters of the rock and the indenter in the simulation.

Material Parameter Value Parameter Value

Sandstone
Density (t/mm3) 2.7 × 10−9 Elastic Modulus (MPa) 7228
Poisson’s Ratio 0.3

Indenter
Density (t/mm3) 7.85 × 10−9 Elastic Modulus (MPa) 2.06 × 10−5

Poisson’s Ratio 0.3

In the simulation, the static load of 1 kN is applied and the influence of dynamic load on the
deformation displacement and the stress field of rock are analyzed by changing its frequency between
100 Hz and 150 Hz and its amplitude between 0.5 kN and 1 kN.

3.3. Mesh Size Sensitivity Analysis

As the results of the FE model are highly sensitive to mesh size, mesh size sensitivity analysis is
conducted to minimize the influence of the grid size on the results. The model was run with various
numbers of elements and the deformation displacements of the same point on the rock surface under
static load are compared to each other.

As displayed in Figure 4, when the number of elements exceeds 400,000, the deformation
displacement of rock starts to converge and tends to a constant value. At this point, the corresponding
mesh size is 0.25 mm. Meanwhile, based on the interaction area between the indenter and the rock
obtained from the simulation results, in order to maximize the computational efficiency, the FE model
is meshed, as shown in Figure 5. The grid is 0.2 mm in the area below and adjacent to the indenter,
1 mm in the next area and 10 mm in the area away from the indenter.
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4. Results and Analysis

4.1. Influence of the Position on the Rock

A static load of 1 kN and a harmonic dynamic load with an amplitude of 1 kN and a frequency of
100 Hz are applied to the rock, and the deformation displacements of the rock under the static-dynamic
loads are compared. In Figure 6a, the contact area between the cylindrical indenter and the rock has
been circled with a dotted red line. Four points on the surface of the rock have been selected, among
which points A and B are below the indenter, point C is near the indenter and point D is away from
the indenter.
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the rock for cylindrical indenter: (a) Top view of the rock surface. (b) The relationships of deformation
displacement versus time of points A, B, C and D.
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Figure 6b depicts the relationship of deformation displacement versus time at different positions
on the rock surface. It can be seen from Figure 6b that under the combined action of static load
and harmonic dynamic load, the deformation displacement of the rock presents a stable harmonic
variation after the initial unstable fluctuation (transient response). With the increase of the distance
from the center of the indenter, the deformation displacement of the rock decreases. It should be
noted that in the contact area between the indenter and the rock, the deformation displacements of
points A and B are very close, and the amplitude of the deformation displacement decreases slightly.
However, the deformation displacements of point C and D decrease significantly when the area is
outside the indenter.

Previous research results [23] have given that deformation displacement on the rock surface under
static load for a cylindrical indenter can be expressed outside the contact area between the indenter
and the rock as

w =
4
(
1− µ2

)
qr

πE


∫ π/2

0

√
1−

a2

r2 sin2 θdθ−
(
1−

a2

r2

)∫ π/2

0

dθ√
1− a2

r2 sin2 θ

 (1)

Within the contact area between the indenter and the rock as

w =
4
(
1− µ2

)
qa

πE

∫ π/2

0

√
1−

r2

a2 sin2 ϕdϕ (2)

where µ and E are the Poisson’s ratio and elastic modulus of the rock, respectively; a is the radius of the
indenter, m; r is the distance from the center of the indenter, m; q is the static load per unit area, N/m2.
Based on the above-mentioned formulas, it can be also concluded that the deformation displacement
on the rock surface under static load decreases with increasing distance from the center of the indenter.

Compared with the static load, the static-dynamic loads are equivalent to adding a dynamic load
which changes periodically with time. For a certain moment, it can still be regarded as a static load
problem with the superposition of two loads. Therefore, Equations (1) and (2) are still applicable to
these static-dynamic loads’ problem, just replace the q with q + q(t), where q(t) is the dynamic load per
unit area. That is why similar results are obtained from static and static-dynamic loads conditions.

4.2. Static Load vs. Static-Dynamic Loads

Static load and static-dynamic loads are applied to the cylindrical indenter separately, both static
loads are 1 kN and the dynamic load is a harmonic load with an amplitude of 1 kN and a frequency of
100 Hz. Then, the deformation displacement and the stress field of the rock under two kinds of loading
conditions are compared.

Figure 7 shows the curves of deformation displacement at the same position on the rock surface
under two loading conditions. As shown in Figure 7, the deformation displacements of the rock under
two types of loads are obviously different, which converges to a constant value under static load and
varies in a harmonic form under static-dynamic load, respectively. In addition, there is a grey dotted
line representing the failure displacement of the rock in the figure as a reference line, of which the
value is determined from the uniaxial compression simulation in Section 2.
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By comparing the three curves in Figure 7, it can be seen that at the same position on the rock surface,
the deformation displacement of the rock under static load does not exceed its failure displacement
which would result in no fracture occurring, while the fracture can occur under static-dynamic loads
because of its larger deformation displacement. This also explains why static-dynamic load is beneficial
to rock fracture from the perspective of deformation. In addition, we know from Section 4.1 that as the
distance from the indenter increases, the deformation displacement of the rock decreases, which is also
applicable to static load conditions. We can draw a conclusion from the results in this section that the
deformation displacement of the rock under static-dynamic loads is greater than that under static load
at the same position of the rock, which means that although the area under the indenter may fracture
under both kinds of loading conditions, the static-dynamic loads can work on a wider range than static
load in the rock area which is away from the indenter.

The 3D stress contour plots of the rock under two loading conditions are given in Figure 8.
As shown in Figure 8, the distribution of the stress field of the rock under static load is stable, and the
maximum stress is generated at the boundary of the indenter and a certain depth below the rock.
Five representative stress contour plots of the rock in an impact period under static-dynamic loads
are shown. It can be seen that the stress field of the rock also presents periodic changes due to the
existence of harmonic dynamic load. When the direction of dynamic load is opposite to static load,
the stress field of the rock gradually decreases and eventually becomes lower than that under static
load. While when the direction of dynamic load is consistent with the static load, the stress field of
rock increases and exceeds that under static load. In addition, the response range of the stress field of
the rock caused by static-dynamic loads is larger than that under static load. Therefore, it also can
be concluded from the perspective of the stress field that when the fracture strength of the rock is
between the stress strength under static and static-dynamic loads, the latter is more advantageous to
rock fracture.
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Figure 8. The comparison of 3D Mises stress contour plots under static and static-dynamic loads for
cylindrical indenter during an impact period.

4.3. Influence of the Frequency of Dynamic Load

The frequency of dynamic load is one major parameter that could influence the deformation
displacement and the stress field of the rock under the cylindrical indenter. Therefore, a constant static
load of 1 kN and a dynamic load of 1 kN with the frequencies of 100 Hz, 125 Hz and 150 Hz, are applied
to the rock in the three simulations.

Figure 9 depicts the relationship between deformation displacement versus time at the same
position on the rock surface with different frequencies of dynamic load. It is obvious that the variation in
the frequency of dynamic load only changes the period of rock deformation response without changing
the magnitude of its deformation displacement. Within the same time, the higher the frequency of
dynamic load is, the more the reciprocating times of deformation are. Based on the above analysis,
it can be further found that even if the deformation displacement of the rock under static-dynamic
loads does not reach its failure level, high-frequency dynamic load also promotes the rock fracture,
which is due to the high-frequency reciprocating motion will aggravate the fatigue damage of the rock.
Actually, the selection of the frequency of dynamic load should also take into account the resonance
frequency range of rocks and the allowable range of practical conditions.
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Figure 9. Numerical results showing deformation displacement versus time relationships of the rock
for cylindrical indenter under static-dynamic loads with different frequencies of dynamic load.
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Figure 10 shows the maximum and minimum stress of the rock under static-dynamic loads with
different frequencies, and compares them with the stress field of the rock under static load, respectively.
In Figure 10a, it can be seen that the maximum stress of the rock under static-dynamic loads with
different frequencies is greater than that under static load, but the maximum stress is almost the same
with the change of the frequency of dynamic load. Similarly, it can be seen in Figure 10b that the
minimum stress of the rock is less than that under static load, and its value does not change much,
either. Therefore, we can conclude that the variation of the frequency of dynamic load does not affect
the amplitude of the stress field of the rock, but static-dynamic loads with any frequency have a better
effect on the rock fracture than static load only.
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Note that if we do not change the amplitude of load, as expected we do not get any different level
of deformation and stress as the model does not consider fracture. Nevertheless, we can still see the
significance of the change in frequency, which changes the response period and affects the fatigue life
of the rock.

4.4. Influence of the Amplitude of Dynamic Load

The amplitude of dynamic load is another main factor affecting the intrusion effect under the
static-dynamic loads. Therefore, a constant static load of 1 kN and dynamic load with a frequency
of 100 Hz are adopted, and only the amplitude of dynamic load is set to 0.5 kN, 0.75 kN and 1 kN,
to analyze the deformation displacement and stress field of the rock in this section.

The deformation displacement is simulated for the varying amplitude of dynamic load giving the
results shown in Figure 11. The magnitude of deformation displacement of the rock increases with
the increase of the amplitude of dynamic load, but the frequency of fluctuations of the deformation
displacement does not change. The greater the amplitude of dynamic load is, the more serious the
deformation of the rock is, which is more conducive to rock fracture. However, it is worth noting that
the amplitude of dynamic load cannot be increased optionally, its maximum value needs to be less
than or equal to the static load. This is because if the dynamic load is greater than the static load, the
indenter would be lifted at some time instead of intruding the rock, which is unfavorable for the rock
fragmentation. In addition, it can be also concluded that the rock can be broken even under a smaller
static load because the dynamic load would aggravate the deformation of the rock on the basis of static
load, which implies that for drilling application, a smaller weight on the bit can be allowed when
drilling under the static-dynamic loads.
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Figure 11. Numerical results showing deformation displacement versus time relationships of the rock
for cylindrical indenter under static-dynamic loads with different amplitudes of dynamic load.

Figure 12 demonstrates 3D contour plots of the maximum and minimum stress of the rock under
static and static-dynamic loads with different amplitudes of dynamic load, respectively. As shown in
Figure 12a, the maximum stress of the rock increases with the increase of the amplitude of dynamic
load and is higher than that under static load, while in Figure 12b, it can be seen that the minimum
stress of the rock decreases as the amplitude of the dynamic load increases, and is lower than that
under static load, which means that the amplitude of dynamic load has an effect on the magnitude of
the stress field of the rock. It can be also concluded that when the rock does not break under static load,
adding dynamic load and adjusting the amplitude of dynamic load can make the stress of the rock
exceed its fracture limit and break even if its minimum stress decreases.
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4.5. Influence of the Type of Indenter

In addition to the cylindrical indenter, the spherical and conical indenters are also common types
of indenters. Therefore, in order to study the influence of the type of indenter on the deformation
displacement and stress field of the rock under static-dynamic loads, the same numerical simulations
are carried out by replacing the indenter in sequence. As shown in Figure 13, these three kinds of
indenters have a diameter of 5 mm, and a reference point PR is set at the center of the upper surface of
each indenter, which is also the position applied by static-dynamic loads. Besides, in order to satisfy the
conditions for the convergence of the three models, the static load applied is 100 N and the harmonic
dynamic load is 100 N, with a frequency of 100 Hz.
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Figure 13. 3D finite element models of indenters: (a) cylinder; (b) sphere; (c) cone. RP, Fs and Fd
represent the reference point, static and dynamic load, respectively.

Firstly, in order to analyze the influence of the type of indenter on the deformation of the rock
under static-dynamic loads, the deformation displacements of the rock in the horizontal and vertical
directions are compared, as shown in Figures 14 and 15.
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Figure 14. Deformation displacement versus time relationships of the rock for three types of indenters
under static-dynamic loads.
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Figure 15. Comparison of deformation displacement of three types of indenters under static-dynamic
loads: (a) The selected path in the vertical direction of the rock. (b) Deformation displacement versus
distance from the rock surface.

Figure 14 shows the deformation at the same position on the rock surface for three indenters. It can
be seen from Figure 14 that the amplitudes of deformation displacement of the rock for the spherical
and conical indenters are close to each other, and are higher than that of the cylindrical indenter under
the same static-dynamic loads. Figure 15a displays the selected path in the vertical direction of the
rock, and the corresponding deformation displacement at t = 0.1 s is plotted in relation to the distance
from the indenter in Figure 15b. As shown in the figure, all the deformation displacements of the rock
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for three indenters decrease with the increase of the distance from the rock surface. The deformation
displacement of the rock for the spherical and conical indenter near the rock surface is obviously
higher than that of the cylindrical indenter, but as the distance increases, the deformation magnitude
of the rock for the three indenters tends to be the same. In summary, the deformation displacements of
the rock under the static-dynamic loads for the spherical and conical indenters are similar, and the
deformation degree of the rock is significantly greater than that of the cylindrical indenter.

Subsequently, the influence of the type of indenter on the stress field of the rock under static-
dynamic loads is discussed. Figure 16 demonstrates the maximum and minimum stress counterplots
for the three types of indenters under static-dynamic loads, respectively. Please note the color code for
each experiment which present maximum and minimum stress for each figure. It can be seen from
Figure 16a that the maximum stress of rock under the conical indenter is the largest, followed by the
spherical indenter, and it is the smallest for cylindrical indenter. Similarly, the same conclusion can
be drawn from the minimum stress of the rock in Figure 16b. This indicates that the average stress
of the rock under the conical indenter is higher than that of the other two indenters under the same
static-dynamic loads. However, from the point of view of the response range of the stress field, the
one under the cylindrical indenter is the largest, while that under the conical indenter is the smallest,
which is exactly contrary to the previous conclusion. The reason for the above results is mainly due to
the difference in the contact area between the three types of indenters and the rock, which implies that
a small contact area creates a large stress field but a small response range of the rock. Thus, the extreme
value of stress and the response range of the rock should be considered comprehensively when the
type of indenter is optimized for operation.
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4.6. Discussion

In fact, although the static-dynamic loads have an additional harmonic dynamic load compared
to the static load, the average force applied to the indenter is the same under two loading conditions,
which means that no extra work is done on the indenter. This point can also be proven from
the equilibrium position of the deformation displacement of the rock under static-dynamic loads,
whose average value is also the same as that under static load. However, the beneficial effects of
static-dynamic loads on rock fracture are obvious due to the existence of harmonic dynamic load.
It can not only change the deformation shape of the rock making it easier to reach the failure level,
but also cause the rock to vibrate periodically aggravating its fatigue damage, so that fatigue fracture
may occur in the rock even if the fracture limit is not reached. In addition, the static-dynamic loads
expand the response degree and range of the rock, which is also beneficial for rock fragmentation.
As rock fragmentation is a critical component for many field operations, such as drilling and mining,
the application of harmonic dynamic load will help improve the efficiency of these field operations.
In other words, it is meaningful to study the response of the rock under static-dynamic loads. This paper
only focuses on the deformation displacement and the stress field of the brittle rock which is the process
before fracture. However, there are still many works, such as the effect of static-dynamic loads on the
plastic deformation, fracture and crack propagation of the rock, which need to be done in the future.

5. Conclusions

This work has presented a detailed numerical study on the deformation displacement and the
stress field of the brittle rock under static-dynamic loads. The 3D uniaxial compression simulation
is firstly carried out to calibrate and determine the property parameters of the rock and the failure
displacement in the simulation is obtained. Then, the 3D modeling of the cylindrical indenter intrusion
the rock is proposed and mesh size sensitivity analysis is performed to ensure that the grid does
not affect the results. At last, four main parameters are considered, namely the position on the
rock, the frequency and the amplitude of dynamic load and the type of the indenter to discuss the
effect of static-dynamic loads on the deformation displacement and stress field of the rock. Besides,
the numerical results are compared between the static and static-dynamic loading conditions.

Based on the simulation undertaken, three main conclusions can be drawn as follows:

1. The deformation displacement of the rock presents a harmonic variation under static-dynamic
loads and decreases as the distance from the center of the indenter increases. The frequency of
dynamic load only changes the fluctuation period of the deformation displacement of the rock
without changing its amplitude, while the amplitude of dynamic load has the opposite effect on
it. Besides, the deformation displacement of the rock increase with the decrease of the contact
area between the rock and the indenter.

2. The stress field of the rock also presents periodic changes due to the existence of harmonic
dynamic load. The magnitude of the stress field of the rock increases with the increase of the
amplitude of dynamic load and does not change with the change of the frequency of dynamic
load. In addition, a small contact area between the rock and the indenter creates a large stress
field but a small response range of the rock.

3. Compared with the deformation displacement and the stress field of the rock under the same
static load, the deformation displacement of the rock is more likely to exceed its failure level and
the maximum stress generated is also larger, and the response degree and range of the rock is
wider under static-dynamic loads.

In addition, the static-dynamic loads can also aggravate the fatigue damage of the rock and allow
less static load, which is more conducive to rock fracture. Therefore, it is meaningful to further study
the mechanism of rock fragmentation under static-dynamic loads.
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List of Symbols

µ Poisson’s ratio
E Elastic modulus, Pa
a Radius of the indenter, m
r Distance from the center of the indenter, m
q Static load per unit area, N/m2

q(t) Dynamic load per unit area, N/m2
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