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Abstract. We show that the Iwahori-Hecke algebras Hn of type An−1 sat-
isfy homological stability, where homology is interpreted as an appropriate Tor
group. Our result precisely recovers Nakaoka’s homological stability result for
the symmetric groups in the case that the defining parameter is equal to 1. We
believe that this paper, and our joint work with Boyd on Temperley-Lieb alge-
bras, are the first time that the techniques of homological stability have been
applied to algebras that are not group algebras.

1. Introduction

1.1. Homological stability. A family of discrete groups

G0 ↪→ G1 ↪→ G2 ↪→ · · ·
satisfies homological stability if the maps

Hd(Gn−1) −→ Hd(Gn)

are isomorphisms when n is sufficiently large compared to d. Homological sta-
bility can similarly be formulated for sequences of topological groups, and for
families of spaces that are not necessarily classifying spaces of groups. Examples
of families for which homological stability holds include symmetric groups [Nak60],
general linear groups [Qui73, Cha80, vdK80], mapping class groups of surfaces and
3-manifolds [Har85, RW16, Wah13, HW10], diffeomorphism groups of highly con-
nected manifolds [GRW18], automorphism groups of free groups [HV04, HV98],
families of Coxeter groups [Hep16] and Artin monoids [Boyd20], configuration
spaces of manifolds [Chu12], [RW13], and a great many others besides.

The homology H∗(G;R) of a discrete group G with coefficients in a ring R can
be written as the Tor group

TorRG∗ (1,1)

over the group algebra RG, where 1 denotes the trivial representation. This for-
mulation shows that the homology of a group depends only on the group algebra.
We can therefore say that a family of algebras

A0 → A1 → A2 → · · ·
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equipped with a consistent choice of ‘trivial representation’ 1 satisfies homological
stability if the maps

Tor
An−1

d (1,1) −→ TorAn
d (1,1)

are isomorphisms when n is sufficiently large compared to d. Here the algebras
need not be group algebras, and the only requirement on 1 is that it is a module for
each An and that the module structures are compatible with the maps An−1 → An.

The purpose of this paper is to demonstrate that homological stability holds in
this sense for Iwahori-Hecke algebras of type An−1, and moreover that it can be
proved by adapting the suite of techniques used to study families of groups to the
setting of algebras. In [BH20], Boyd and the author prove homological stability
for the Temperley-Lieb algebras. There we again use the techniques of homological
stability, but encounter — and resolve — novel obstructions that are not present
in the setting of groups or of Iwahori-Hecke algebras.

To the best of our knowledge, the present paper and [BH20] are the first homo-
logical stability results of their kind for algebras that are not group algebras, and
our hope is that they will serve as a proof of concept for the export of homological
stability techniques into new algebraic contexts. Indeed, since the appearance of
the present paper and [BH20], the author together with Boyd and Patzt have used
the same set of techniques to study the homology of Brauer algebras [BHP21].
On a related note, Sroka [Sro22] has adapted techniques from the geometry and
topology of Coxeter groups (specifically the Davis complex) to study the homology
of odd Temperley-Lieb algebras.

1.2. Iwahori-Hecke algebras. The symmetric group Sn has presentation with
generators

s1, . . . , sn−1,

and with relations

sisj = sjsi for |i− j| > 1,

sisjsi = sjsisj for |i− j| = 1,

s2
i = e for all i.

where si is the adjacent transposition si = (i i + 1). This is the presentation of
Sn as the Coxeter group of type An−1.

Now let R be a commutative ring and let q ∈ R× be a unit. The Iwahori-Hecke
algebra of type An−1, denoted Hn, is the R-algebra with generators

T1, . . . , Tn−1

and with relations

TiTj = TjTi for |i− j| > 1,

TiTjTi = TjTiTj for |i− j| = 1,

(Ti + 1)(Ti − q) = 0 for all i.
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When q = 1, the final relation can be rewritten as T 2
i = 1, so that Hn

∼= RSn by
the isomorphism that sends Ti to si. Thus Hn is a ‘deformation’ of RSn depending
on the parameter q. Taking R = C, then Hn

∼= CSn unless q is a d-th root of
unity for 2 6 d 6 n [Wen88, Theorem 2.2], in which case no such isomorphism
exists.

The algebras Hn are important from several points of view, and we mention
just a couple. In knot theory, the Hn are a crucial ingredient in certain definitions
of the homfly-pt polynomial [FYH+85, Jon87], and their categorifications via
Soergel bimodules are used to define categorifications of this polynomial [Kho07].
In representation theory, if we take R = C and q a prime power, then Hn is
isomorphic to the endomorphism algebra of a certain representation of GLn(Fq),
and this allows the construction of an irreducible representation of GLn(Fq) from
each irreducible of Sn, see [Mat99, pp.x-xi]. For general introductions to the Hn

we suggest [Mat99, Chapter 1] and [KT08, Chapters 4-5].
In general, there is an Iwahori-Hecke algebra associated to any Coxeter system,

and these more general Iwahori-Hecke algebras are important in many parts of
representation theory, see for example [GP00], [Hum90, Chapter 7], [KL79] and
[Lib19]. We will often refer to the Hn as Iwahori-Hecke algebras without explicitly
mentioning their type.

1.3. Homological stability for Iwahori-Hecke algebras. The Iwahori-Hecke
algebra Hn has two natural rank-1 modules, denoted 1 and ε, where each Ti acts
on 1 as multiplication by q, and on ε as multiplication by (−1), see Corollary 1.14
of [Mat99]. When q = 1 the modules 1 and ε become the trivial representation
and the sign representation respectively. We may therefore consider

TorHn
∗ (1,1) and Ext∗Hn

(1,1)

to be the homology and cohomology of Hn, and indeed when q = 1 these become
simply H∗(Sn;R) and H∗(Sn;R) respectively. We can now state our main result:

Theorem 1.1. The maps

Tor
Hn−1

d (1,1) −→ TorHn
d (1,1)

and

ExtdHn
(1,1) −→ ExtdHn−1

(1,1)

are isomorphisms for d 6 n−1
2

.

When q = 1 then Hn
∼= RSn, and Theorem 1.1 gives exactly Nakaoka’s sta-

bility result for the homology and cohomology of symmetric groups. See [Nak60,
Corollary 6.7], [Ker05, Theorem 2] and [RW13, Theorem 5.1]. Nakaoka in fact
gave a complete computation of H∗(Sn;Fp) for any prime p, and this can be used
to show that for k > 1 the map Hk(S2k−1;F2) → Hk(S2k;F2) is not surjective.
Thus the range d 6 n−1

2
appearing in the theorem cannot be improved in general.
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1.4. Comparison with work of Benson-Erdmann-Mikaelian. The cohomol-
ogy ring Ext∗Hn

(1,1) of Hn was explicitly computed by Benson, Erdmann and
Mikaelian [BEM10] in the case where R = C and q is a primitive `-th root of unity
with ` > 2. In the case ` > n, the result of Wenzl mentioned above shows that
Hn
∼= CSn, so that ExtdHn

(1,1) = H∗(Sn;C) is trivial, but when 2 6 ` 6 n then
no such isomorphism holds, and indeed Benson-Erdmann-Mikaelian show that
ExtdHn

(1,1) is nontrivial. Furthermore, one can use their results to observe that in

this case the stabilisation maps ExtdHn
(1,1)→ ExtdHn−1

(1,1) are isomorphisms up
to and including (at least) degree (n− 2). So [BEM10] serves as an antecedent of
the present work, but more interestingly, it demonstrates a much stronger stable
range in this case, of slope 1 rather than slope 1

2
. This is reminiscent of the slope

1 rational homological stability results for configuration spaces of manifolds (see
for example Corollary 3 of [Chu12] and Theorem B of [RW13]). It suggests that
there may be a slope 1 stability result for the Hn in characteristic 0.

1.5. Discussion: Homological stability for Coxeter groups and Artin
monoids. The present paper builds strongly on previous work of the author [Hep16],
which proved homological stability for families of Coxeter groups, and of Boyd [Boyd20],
which proved homological stability for families of Artin monoids. These papers
demonstrated that one can do all of the normal work of a homological stability
proof purely in terms of a Coxeter or Artin-type presentation, rather than in terms
of a concrete model of the group or monoid being studied. The defining presen-
tation of the Iwahori-Hecke algebra Hn is of course very close to both of these,
being a deformation of the Coxeter presentation of Sn, and a quotient of the Artin
presentation of the braid group (or rather of their group rings).

In both [Hep16] and [Boyd20], the results apply to families of groups or monoids
obtained from sequences of Coxeter diagrams that ‘grow a tail’ of type An−1 as n
increases. These families are very general, but include as the basic case the families
of type A, B and D. So one may ask whether Theorem 1.1 can be extended to
apply to any of these more general families. This seems likely, but we were not
able to prove Theorem 1.1 by generalising the method of [Hep16] from Coxeter
groups to Iwahori-Hecke algebras; this is discussed further in section 1.8 below.

1.6. Discussion: Stable homology. Theorem 1.1 shows that, in a fixed degree
d, then for n sufficiently large the groups TorHn

d (1,1) all agree and coincide with
the stable homology

colimn TorHn
d (1,1) = TorH∞d (1,1),

where H∞ = colimnHn is the ‘infinite’ Iwahori-Hecke algebra. When q = 1, the
stable homology TorH∞∗ (1,1) coincides with the homology of the infinite symmet-
ric group, H∗(Σ∞;R), which is computed by the Barratt-Priddy-Quillen theorem
[BP72], [FM94]:

H∗(Σ∞;R) ∼= H∗(Ω
∞
0 S
∞;R).
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Here Ω∞S∞ = colimn ΩnSn is the infinite loop space of the sphere spectrum, and
Ω∞0 S

∞ is the path component of its basepoint. It is therefore natural to ask what
is the stable homology TorHn

∗ (1,1) in general? To put it another way, what is the
Iwahori-Hecke analogue of H∗(Ω

∞
0 S
∞;R)?

1.7. Discussion: Homological stability for algebras. As we said earlier, we
believe that the work of the present paper on Iwahori-Hecke algebras and of [BH20]
on Temperley-Lieb algebras are the first time the techniques of homological sta-
bility have been applied to families of algebras that are not group algebras, and
we hope that they will serve as a starting point for new work in this area. We
refer the reader to the introduction of [BH20], where several possible directions
are discussed in some detail.

1.8. Method of proof. Proofs of homological stability for sequences of groups
(Gn)n>0 can often be placed in the following broad framework:

• Find a complex (a simplicial complex, or semisimplicial set, or chain com-
plex) upon which the n-th group Gn acts in such a way that the simplex
stabilisers are of the form Gm for m < n. (Or at least, the simplex sta-
bilisers must be associated to the previous groups in the sequence in some
way).
• Prove that the complex is highly acyclic, i.e. that its homology vanishes up

to a certain point.
• Use an algebraic method (often but not always a spectral sequence argu-

ment) based on the complex in order to prove stability by induction.

While many different proofs fit this framework when viewed from a distance, there
are many choices to be made and many variations are possible. It may be possible
to prove stability for the same family of groups by choosing different complexes
to begin with. It may be possible to prove high-acyclicity of the same complex
in multiple ways. And it may be possible to use the same complex in different
algebraic arguments to prove stability.

Our approach to proving Theorem 1.1 fits into the framework outlined above.
There is a well-known complex, called the complex of injective words, that is used
in many proofs of homological stability for the symmetric group. For our complex,
we construct an Iwahori-Hecke analogue of the complex of injective words. While
the complex of injective words has an action of Sn, our new complex is a chain
complex of Hn-modules; and while the generators of the complex of injective words
have stabilisers given by smaller symmetric groups, our new complex is built out
of tensor products like Hn ⊗Hm 1 for m < n. The proof that our complex is
highly acyclic is closely modelled on, but far more involved than, a proof that the
complex of injective words is highly acyclic, and requires us to make careful use of
the theory of distinguished coset representatives in Coxeter groups and the basis
theorem for Iwahori-Hecke algebras. Furthermore, new difficulties arise because q
is no longer equal to 1, so that one must now account for many hitherto-invisible
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powers of q. (Surprisingly, the formula T 2
k = (q − 1)Tk + q explicitly surfaces in

only one place, and it quickly disappears again.) The final step of our argument
is a spectral sequence argument closely related to ones in the literature.

A lot of the difficulty in the present paper boils down to the fact that we are
operating under two significant constraints. First, we are not working with the
symmetric group, but with its Iwahori-Hecke algebra, and while Hn is closely
related to Sn thought of as a Coxeter group, it is not useful to think of Hn in
terms of permutations of the set {1, . . . , n}. This means that we can approach
the complex of injective words only in terms of the Coxeter presentation of Sn.
Second, the linear nature of Iwahori-Hecke algebras heavily restricts the suite
of topological tools that we can apply. For example, the approach of [Hep16]
to proving homological stability for Coxeter groups could not be adapted to this
setting since it made use of simplicial complexes and barycentric subdivision, which
do not seem to have analogues in the linear setting.

There are by now several systematic approaches to proving homological stability
results, for example Randal-Williams and Wahl’s approach [RWW17] via homo-
geneous categories, the author’s approach via families of groups with multiplica-
tion [Hep20], and Kupers, Galatius and Randal-Williams’ approach via cellular
Ek-algebras [GKRW18]. One may ask whether the present results could be proved
using any of these frameworks. In the first two cases the answer is no, since these
are designed purely for the study of groups, though it is plausible that a ‘linearised’
version of [RWW17] would produce the same complex that we use. In the final
case, it seems that the methods of [GKRW18] could possibly be applied in the
present situation, but we have taken a significantly more elementary approach.

1.9. Outline of the paper.

• We begin in section 2 with some detailed background on Iwahori-Hecke
algebras.
• In section 3 we give a short account of the complex of injective words and

a proof that it is highly-acyclic.
• In section 4 we rephrase the complex of injective words entirely in terms

of the group ring RSn, where Sn is regarded as a Coxeter group. This
formulation places the existing work on the symmetric groups in a setting
where it can be extended to Iwahori-Hecke algebras.
• In section 5 we give an overview of the construction of our analogue of the

complex of injective words, D(n), and the proof of its high-acyclicity. We
set out how our approach builds on the rephrasing given in section 4, we
describe the difficulties that arise, and we preview the work that follows in
sections 6, 7 and 8.
• In section 6 we define D(n).
• In sections 7 and 8, we show that the homology of D(n) is zero up to

and including degree (n − 2). Section 7 defines a filtration of D(n), while



HOMOLOGICAL STABILITY FOR IWAHORI-HECKE ALGEBRAS 7

section 8 identifies the filtration quotients in terms of the D(m) for m < n,
allowing an inductive proof of high-acyclicity.
• In section 9 we obtain a spectral sequence from D(n) and identify its E1

and E∞ terms.
• In section 10 we use the spectral sequence to give an inductive proof of

Theorem 1.1.

Acknowledgement. I would like to thank the anonymous referee, whose com-
ments helped to significantly improve the readability of the paper.

2. Background on Iwahori-Hecke algebras

This section is a rapid run through the theory of Coxeter groups and Iwahori-
Hecke algebras that is necessary for the applications in this paper. The intention
is to give the reader a flavour of the extent and depth of the theory required.
Everything that we recall here is basic in the theory of Coxeter groups and Iwahori-
Hecke algebras, but it nevertheless amounts to a significant amount of nontrivial
theory. However, none of this theory is strictly necessary until subsection 8.3, and
some readers may wish to skim or skip the section until then. For further reading
we recommend chapters 1, 2 and 4 of [GP00], chapters 3 and 4 of [Dav08], or
chapter 1 of [Mat99] in the Hn-case.

2.1. Coxeter systems and Coxeter groups. A Coxeter matrix on a set S is a
symmetric S × S matrix whose entries lie in {1, 2, 3, . . . ,∞} and satisfy mss = 1
for all s ∈ S, mst > 2 if s 6= t. A Coxeter matrix determines a Coxeter group

W =
〈
S
∣∣∣ s2 = e for s ∈ S, sts · · ·︸ ︷︷ ︸

mst terms

= tst · · ·︸ ︷︷ ︸
mst terms

for s, t ∈ S
〉

When mst =∞ no relation is applied. The relations

sts · · ·︸ ︷︷ ︸
mst terms

= tst · · ·︸ ︷︷ ︸
mst terms

are called the braid relations or braid moves. The pair (W,S) is called a Coxeter
system.

Example 2.1 (The Coxeter system of type An−1). Let W = Sn be the symmetric
group on n letters, and let Sn = {s1, . . . , sn−1} where si is the adjacent transpo-
sition (i i + 1). Then (Sn, Sn) is a Coxeter system, called the Coxeter system of
type An−1. Observe that:

msisj =

{
2 if |i− j| > 1

3 if |i− j| = 1

Indeed, if |i−j| > 1 then si and sj are disjoint transpositions, so that sisj has order
2, while if |i− j| = 1 then sisj is a 3-cycle, and so has order 3. (The observation
really just shows that if W is the Coxeter group of this type, then the relevant
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relations hold in Sn so that there is a surjection W → Sn. To show that this is an
isomorphism, one must show that the relations of the Coxeter group are sufficient
to relate any two words representing the same element of Sn. That is a simple
exercise.)

Let (W,S) be a Coxeter system. A word in S is a tuple s = (s1, . . . , sl) of
elements of S. We say that w = w(s) = s1 . . . sl is the element represented by
s, and we say equivalently that s is an expression for w = w(s). The length of
an element w ∈ W , denoted `(w), is the minimum length of a word representing
w. We say that s is a reduced expression for w if it is a word of minimum length
representing w.

We will often blur the difference between words and their expressions, writing
w = s1 · · · sl for an element of W , and referring to s1 · · · sl as a word or expres-
sion for w, hoping that it will be clear from what is written that the expression
(s1, . . . , sl) is to be understood.

Given an element w ∈ W , there are two possibilities for `(sw):

• `(sw) = `(w) + 1. In this case one can obtain a reduced expression for sw
by putting s in front of a reduced expression for w.
• `(sw) = `(w)− 1. In this case w has a reduced expression beginning with
s.

(See [Dav08, pp.35-36].)
Here are two important results on reduced words in Coxeter groups.

Theorem 2.2 (Matsumoto’s theorem [Mat64], [GP00, section 1.2]). Let (W,S)
be a Coxeter system. Then any reduced expression for an element of W can be
transformed into any other by repeatedly replacing subwords of the form sts · · ·
(with mst terms) with tst · · · (again with mst terms).

Theorem 2.3 (The word problem, Tits [Tit69], [Dav08, 3.4.2]). Let (W,S) be a
Coxeter system. Then a word in S is a reduced expression if and only if it cannot
be shortened by applying a sequence of the following M-operations or M-moves:

• Delete a subword of the form ss.
• Replace a subword of the form sts · · ·︸ ︷︷ ︸

mst terms

with tst · · ·︸ ︷︷ ︸
mst terms

.

Any two reduced expressions for the same element differ only by a sequence of
moves of the second kind.

Let (W,S) be a Coxeter system. Let T ⊆ S. The associated special subgroup
is the subgroup of W generated by T , and is denoted WT . The pair (WT , T ) is
then a Coxeter system, which is to say, WT is precisely the Coxeter group with
generators T and with Coxeter matrix obtained from the Coxeter matrix of (W,S)
in the evident way [Dav08, 4.1.6].
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2.2. Cosets in Coxeter groups. For the material in this subsection we refer to
section 2.1 of [GP00] and section 4.3 of [Dav08].

Let (W,S) be a Coxeter system, and let J ⊆ S. The cosets WJ\W are the
subject of the following theory, which will be extremely useful to us. Define

XJ = {w ∈ W | `(sw) > `(w) for all s ∈ J}.

Thus XJ consists of all elements of W that have no reduced expressions beginning
with an element of J . The elements of XJ are called (J, ∅)-reduced, and referred
to as the distinguished right coset representatives for WJ , for reasons that the
next theorem will make clear. If J ⊆ K ⊆ S, then we write XK

J for the set of
distinguished right-coset representatives for WJ in WK .

Theorem 2.4. (1) x ∈ XJ if and only if `(vx) = `(v) + `(x) for all v ∈ WJ .
(2) For each w ∈ W there exist unique x ∈ XJ and v ∈ WJ such that w = vx.
(3) XJ forms a complete set of representatives for WJ\W .
(4) If x ∈ XJ then x is the unique shortest element in WJx.

There is a similar theory for the cosets W/WJ , in which the role of XJ is now
played by X−1

J , elements of which are called (∅, J)-reduced.
Moreover, if J,K ⊆ S then there is also a theory for the double cosetsWJ\W/WK .

We define XJK = XJ ∩ X−1
K . Thus an element x ∈ W lies in XJK if and only if

it has no reduced expressions beginning with a letter in J or ending with a letter
in K. The elements of XJK are called distinguished double coset representatives
of WJ and WK in W , and we also refer to them as (J,K)-reduced. They form a
complete set of representatives for the double cosets WJ\W/WK , and each one is
the unique shortest element in its double coset.

The Mackey decomposition states that for J,K ⊆ S,

XJ =
⊔

d∈XJK

d ·XK
Jd∩K

Inverting the Mackey decomposition gives us a version for the left cosets

X−1
J =

⊔
d∈XKJ

(XK
K∩dJ)−1 · d

Here, as is common in group theory, the notation Jd and dJ denotes conjugation
by d, with the positive power of d on the side indicated by the notation, so that

Jd = {d−1jd | j ∈ J}, dJ = {djd−1 | j ∈ J}.

Observe that in both Mackey decompositions the lengths add in products. For
example, suppose that d ∈ XJK and y ∈ XK

Jd∩K , so that d ∈ X−1
K and y ∈ WK ,

and hence `(dy) = `(d) + `(y).
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2.3. Iwahori-Hecke algebras. Let (W,S) be a Coxeter system, let R be a com-
mutative ring, and let q ∈ R× be a unit. The Iwahori-Hecke algebra associated to
(W,S) is the algebra HW with generators

Ts for s ∈ S

and relations:

TsTtTs · · ·︸ ︷︷ ︸
mst terms

= TtTsTt · · ·︸ ︷︷ ︸
mst terms

for s, t ∈ S

(Ts + 1)(Ts − q) = 0 for s ∈ S

Example 2.5 (The Iwahori-Hecke algebra of type An−1). Take W = Sn and
Sn = {s1, . . . , sn−1}, as in Example 2.1, so that (W,S) = (Sn, Sn) is the Coxeter
system of type An−1. Then msisj = 2 if |si − sj| > 1, and and msisj = 3 if
|si − sj| = 1, so that HSn has generators

Ts1 , . . . , Tsn−1

and relations

TsiTsj = TsjTsi for |i− j| > 1,

TsiTsjTsi = TsjTsiTsj for |i− j| = 1,

(Tsi + 1)(Tsi − q) = 0 for all i.

Thus, if we write Ti = Tsi , then HSn becomes exactly the algebra Hn defined in
the introduction.

Let w ∈ W , and let w = s1 · · · sr be any reduced expression for w. Then by
Matsumoto’s Theorem 2.2, the quantity

Tw = Ts1Ts2 · · ·Tsr
depends only on w and not on the reduced expression. Suppose that u, v ∈ W
satisfy `(uv) = `(u) + `(v). Then one can obtain a reduced expression for uv by
combining reduced expressions for u and v. We therefore obtain:

TuTv = Tuv for u, v ∈ W such that `(uv) = `(u) + `(v)

The significance of the elements Tw is the following central result, for which see
chapter IV, section 2, exercise 23 of [Bou02], or Theorem 4.4.6 of [GP00], or
Theorem 1.13 of [Mat99] for the case HW = Hn.

Theorem 2.6 (Basis theorem). The elements Tw for w ∈ W form a basis for HW

as an R-module, called the standard basis.

And we have the following consequence, which is extremely important for the
present paper.
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Proposition 2.7. Let (W,S) be a Coxeter system and let J ⊆ S. Then HW is
free as a left HWJ

-module with basis {Tx | x ∈ XJ}. In particular, 1⊗HWJ
HW is

free with basis {1⊗ Tx | x ∈ XJ}.
Similarly, HW is free as a right HWJ

-module with basis {Tx | x ∈ X−1
J }, and

HW ⊗HWJ
1 is free with basis {Tx ⊗ 1 | x ∈ X−1

J }.

This follows by combining Theorems 2.4 and 2.6. The point is that there is a
bijection WJ × XJ → W , (v, x) 7→ vx satisfying `(vx) = `(v) + `(x) for every
(v, x) ∈ WJ ×XJ , so that Tvx = TvTx. See [GP00, 4.4.7].

3. Symmetric groups and the complex of injective words

In this section, we will recall the definition of the complex of injective words,
and we will give a proof that it is highly acyclic. This result is originally due to
Farmer [Far79], and has since been proved in different ways by many authors, in-
cluding Björner-Wachs [BW83], Kerz [Ker05], and Randal-Williams [RW13]. The
approach that we present here is closest to that of Kerz, but tailored to our later
extension to Iwahori-Hecke algebras. Throughout the section we fix a commutative
ring R.

If A is a set, then an injective word on A is an ordered tuple (a0, . . . , ar) of
elements of A such that no element appears more than once. We allow the empty
word ().

Definition 3.1 (The complex of injective words). Let n > 0. The complex of
injective words C(n) is the chain complex, concentrated in degrees −1 6 r 6
n−1, that in degree r is the R-module with basis consisting of the injective words
(a0, . . . , ar) of length (r + 1) on the set {1, . . . , n}. The differential ∂r : C(n)r →
C(n)r−1 is defined to be given by the alternating sum

∂r(a0, . . . , ar) =
r∑
j=0

(−1)j(a0, . . . , âj, . . . , ar).

We regard C(n) as a chain complex of Sn-modules by allowing Sn to act on the
letters of a word in the evident way. Note that C(n)−1 is a copy of R generated by
the empty word ().

Remark 3.2. The complex of injective words appears in many forms, for example
as the realisation of a poset in [Far79] and [BW83], a chain complex in [Ker05],
and as a semisimplicial set in [RW13]. We are working in the linear setting of
RSn-modules, and so our complex is a chain complex of RSn-modules.

Note 3.3. Throughout the paper we will use notation like ∂r in Definition 3.1,
where the superscript indicates the degree in which the differential originates. This
causes visual clutter and is sometimes extraneous, but will be extremely helpful
later on in keeping track of degrees.
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Theorem 3.4 (Farmer [Far79]). Hd(C(n)) = 0 for d 6 n− 2.

In order to prove this theorem we will define a filtration of C(n) by looking at
the position of the letter n. This is essentially the technique used by Kerz [Ker05].

Definition 3.5 (The filtration of C(n)). Let 0 6 p 6 n− 1. Define Fp ⊆ C(n) to
be the subcomplex of C(n) spanned by all words for which the letter n appears in
the last (p+ 1) places, or not at all. Thus we obtain a filtration

F0 ⊆ F1 ⊆ · · · ⊆ Fn−1 = C(n).

Observe that the Fp are not submodules with respect to the Sn action, since that
can change the position of n, but that they are submodules with respect to the
restricted action of Sn−1.

The following notation fixes our conventions for cones and suspensions of chain
complexes. The conventions are chosen so as to make the subsequent parts of the
proof as direct as possible.

Definition 3.6. Let X be a chain complex with differentials drX . The cone on X,
denoted CX, is the chain complex defined by

(CX)r = Xr ⊕Xr−1

with
drCX : (CX)r −→ (CX)r−1

defined by drCX(x, y) = (drX(x)+(−1)ry, dr−1
X (y)). The suspension ΣX is the chain

complex defined by
(ΣX)r = Xr−1

with
drΣX : (ΣX)r −→ (ΣX)r−1

defined by drΣX = dr−1
X .

Lemma 3.7. There is an isomorphism

C(C(n− 1))
∼=−−→ F0

of chain complexes of RSn-modules.

Proof. F0 is the span of all words in which either n does not appear, or appears in
the final position. We define a map

C(C(n− 1)) −→ F0

in degree r by

((x0, . . . , xr), 0) 7−→ (x0, . . . , xr), (0, (y0, . . . , yr−1)) 7−→ (y0, . . . , yr−1, n),

for (x0, . . . , xr) ∈ C(n− 1)r and (y0, . . . , yr−1) ∈ C(n− 1)r−1. Since F0 consists of
words in which n appears in the final position or not at all, this is an isomorphism,
and it is straightforward to check that it commutes with the differentials. �
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Lemma 3.8. Let 1 6 p 6 n− 1. There is an isomorphism

RSn−1 ⊗RSn−p−1 Σp+1C(n− p− 1)
∼=−−→ Fp/Fp−1

of chain complexes of RSn−1-modules. In particular, as a chain complex of R-
modules, Fp/Fp−1 is isomorphic to a direct sum of finitely many copies of Σp+1C(n−
p− 1).

Proof. Let −1 6 r 6 n − p − 2. Then in degree (p + 1) + r, Fp is the span of
all words with n in the last (p + 1) places or not at all, while Fp−1 is the span
of all words with n in the last p places or not at all, so that Fp/Fp−1 has a basis
consisting of all injective words of the form (y0, . . . , yr, n, z1, . . . , zp), i.e. with n
in precisely the (p + 1)-st place from the end. The effect of the boundary map
∂(p+1)+r on such a word is

(y0, . . . , yr, n, z1, . . . , zp) 7−→
r∑
j=0

(−1)j(y0, . . . , ŷj, . . . , yr, n, z1, . . . , zp).

Here the last (p+ 1) summands of ∂(p+1)+r, in which one of the last (p+ 1) letters
is deleted, are not present because any resulting word would lie in Fp−1. So the
differential affects the segment (y0, . . . , yr) in the usual way, while leaving the
remaining segment unchanged.

We now define our map in degree (p+ 1) + r, for −1 6 r 6 n− p− 2, by

σ ⊗ (x0, . . . , xr) 7−→ σ(x0, . . . , xr, n, n− p, . . . , n− 1)

for σ ∈ Sn−1 and (x0, . . . , xr) ∈ Σp+1C(n−p−1)(p+1)+r = C(n−p−1)r, where the
final p terms increase from n− p to n− 1. This is well-defined, and the fact that
it is a chain map follows quickly from the computation above. To see that it is an
isomorphism we choose, for each injective word z = (z1, . . . , zp) on {1, . . . , n− 1},
an element σz ∈ Sn−1 for which z = σz(n − p, . . . , n − 1). Then the σz are a set
of representatives for the cosets Sn−1/Sn−p−1, so that every σ ⊗ (x0, . . . , xr) in
RSn−1 ⊗RSn−p−1 Σp+1C(n− p− 1)r can be rewritten in the form σz ⊗ (x′0, . . . , x

′
r)

for a unique choice of z and (x′0, . . . , x
′
r). An inverse to our map can then be given

by the rule
(x0, . . . , xr, n, z1, . . . , zp) 7−→ σz ⊗ σ−1

z (x0, . . . , xr). �

Proof of Theorem 3.4. This is proved by induction on n > 0. In the case n = 0,
C(0) consists only of a copy of R in degree −1 = n− 1, and its homology has the
same description. Now take n > 0 and suppose that the claim holds for all smaller
values of n. Then C(n) has filtration F0 ⊆ · · · ⊆ Fn−1. The subcomplex F0

∼=
C(C(n − 1)) is chain-contractible by Lemma 3.7. And the induction hypothesis
tells us that each C(n−p−1) has zero homology in all degrees up to and including
(n− p− 1)− 2, so that RSn−1 ⊗RSn−p−1 Σp+1C(n− p− 1)) has zero homology in
degrees up to and including (n−p−1)−2+(p+1) = n−2, so that by Lemma 3.8
the same is true of Fp/Fp−1. Since F0 and all Fp/Fp−1 have vanishing homology in
the stated range, the same follows for C(n) itself. �
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4. C(n) via the group ring and Coxeter generators

In the last section we recalled the complex of injective words, and we gave a
proof that its homology vanishes up to and including degree n− 2. These are key
ingredients in the proof of homological stability for the symmetric groups, and in
order to prove stability for the Iwahori-Hecke algebras we must extend them to
that setting. However, the Iwahori-Hecke algebra Hn is obtained by taking the
presentation of the group ring RSn, where Sn is regarded as the group ring of
a Coxeter group, and deforming one of the relations, so that we must begin by
recasting the complex of injective words in the same terms. In this section we will
rephrase the chain complex C(n), the filtration F0 ⊆ · · · ⊆ Fn−1 = C(n), and the
isomorphisms F0

∼= C(C(n−1)) and Fp/Fp−1
∼= RSn−1⊗RSn−p−1 Σp+1C(n−p−1) in

terms of the group ring of Sn, regarded as a Coxeter group. The result will be a new
chain complex C′(n), with a filtration F ′0 ⊆ · · · ⊆ F ′n−1 = C(n), and isomorphisms
F ′0
∼= C(C′(n−1)) and F ′p/F

′
p−1
∼= RSn−1⊗RSn−p−1 Σp+1C′(n−p−1), all identified

with the originals under an appropriate isomorphism, and all described only in
terms of group rings and Coxeter generators. This process of ‘algebra-ising’ the
existing construction is a key step in the work of this paper, serving as motivation
and explanation for everything that follows, and allowing us to generalise directly
to Iwahori-Hecke algebras.

The account that follows will make repeated use of a particular family of ele-
ments of RSn, which we define here.

Definition 4.1 (The elements sba). Given n > b > a > 1, we define

sba = sb−1sb−2 · · · sa.

Note that the indices always decrease from left to right, so that if b = a, then the
product is empty and sba is the unit element. When necessary for clarity, we will
separate the indices with a comma, i.e. sb,a = sba. Note that sa+1,a = sa.

Remark 4.2. The element sba can be described in cycle notation as

sba = sb−1 · · · sa
= (b b− 1)(b− 1 b− 2) · · · (a+ 1 a)

= (b b− 1 · · · a),

and in two-line notation as

sba =

(
1 · · · a− 1 a a+ 1 · · · b b+ 1 · · · n
1 · · · a− 1 b a · · · b− 1 b+ 1 · · · n

)
.

Thus sba is the permutation that decreases each of a+1, . . . , b by 1, and that sends
a to b. The elements sba will be used to encode deletion of letters, and to move
the letter n into particular positions required by the filtration. See Remarks 4.7
and 4.10 below.
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Before continuing, it will be useful to explain how the complex of injective words
C(n) fits into the theory of augmented semi-simplicial objects. An augmented
semi-simplicial object A• in some category is defined to be a sequence of objects
A−1, A0, A1, . . . in that category, together with face maps ∂rj : Ar → Ar−1 for r > 0

and j = 0, . . . , r, which satisfy the relations ∂r−1
i ∂rj = ∂r−1

j−1∂
r
i for r > 1 and

0 6 i < j 6 r. If A• is an augmented semi-simplicial object A• in an abelian
category, then we can associate to it a chain complex A∗ given in degree r by Ar,
and with differential ∂r =

∑r
j=0(−1)j∂rj .

Recall that C(n) in degree r is the freeR-module with basis the injective words on
the set {1, . . . , n}, and that the differential ∂r : C(n)r → C(n)r−1 sends (a0, . . . , ar)
to the alternating sum

∑r
j=0(−1)j(a0, . . . , âj, . . . , ar). Thus we may write ∂r =∑r

j=0(−1)j∂rj , where ∂rj is defined by ∂rj (a0, . . . , ar) = (a0, . . . , âj, . . . , ar). This

makes C(n) into the chain complex associated to the augmented semi-simplicial
RSn-module C(n)• with face maps ∂rj .

Augmented semi-simplicial objects give us an organised way of splitting differ-
entials into their component summands, and this will be useful throughout the
rest of the paper. We will point out such semi-simplicial structures where they
occur.

We are now in a position to define the complex C′(n), which is our rephrasing
of C(n) in terms of the group algebra of Sn, regarded as a Coxeter group.

Definition 4.3 (The chain complex C′(n)). Let C′(n) denote the chain complex of
RSn-modules, concentrated in degrees r = −1, . . . , n− 1, which is given in degree
r by

C′(n)r = RSn ⊗RSn−r−1 1,

and whose differential ∂r : C′(n)r → C′(n)r−1 is defined by

∂r =
r∑
j=0

(−1)j∂rj , ∂rj (σ ⊗ 1) = σsn−r+j,n−r ⊗ 1.

Thus C′(n) is the chain complex associated to an augmented semi-simplicial RSn-
module with face maps ∂rj .

Remark 4.4. Definition 4.3 is similar to several that already appear in the liter-
ature, for example Definition 34 of [Hep16], Definition 7.5 of [Kra19] and Defini-
tion 7.1 of [Boyd20].

Definition 4.5 (The isomorphism Θ). Define Θ: C′(n)→ C(n) in degree r by

Θr(σ ⊗ 1) = σ(n− r, . . . , n) = (σ(n− r), . . . , σ(n)).

Proposition 4.6. Θ is an isomorphism of chain complexes of RSn-modules.

Proof. Recall that C(n)r is the R-linear span of all injective words (a0, . . . , ar) on
the set {1, . . . , n}. The group Sn acts transitively on the set of injective words,
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and the stabiliser of the word (n− r, n− r + 1, . . . , n) is exactly Sn−r−1 ⊆ Sn. It
follows that Θr is a well-defined isomorphism in each degree.

Next we must check that Θr commutes with the differentials. It is enough to
check that it commutes with the ∂rj , i.e. that ∂rjΘr = Θr−1∂

r
j , and so we compute

∂rjΘr(σ ⊗ 1) = ∂rj (σ(n− r), . . . , σ(n))

= (σ(n− r), . . . , ̂σ(n− r + j), . . . , σ(n))

= (σ(sn−r+j,n−r(n− r + 1)), . . . , σ(sn−r+j,n−r(n)))

= Θr−1(σsn−r+j,n−r ⊗ 1)

as required. Here recall from Remark 4.2 that sn−r+j,n−r is the cycle (n − r +
j, · · · , n− r), which decreases each of n− r+ 1, . . . , n− r+ j by 1 while preserving
each of n − r + j + 1, . . . , n. (Note that the proof in fact demonstrates that Θ is
an isomorphism of augmented semi-simplicial RSn-modules.) �

Remark 4.7 (The element sn−r+j,n−r and deleting letters). In C(n) the map ∂rj
is given by erasing the j-th letter, ∂rj (a0, . . . , ar) = (a0, . . . , âj, . . . , ar), whereas
in C′(n) the map ∂rj is given by ∂rj (σ ⊗ 1) = σsn−r+j,n−r ⊗ 1. How do these
two correspond, and in particular, why does sn−r+j,n−r appear? Well, in the last
expression we had σ ⊗ 1 ∈ RSn ⊗RSn−r−1 1 and σsn−r+j,n−r ⊗ 1 ∈ RSn ⊗RSn−r 1.
Increasing the algebra over which the tensor product is taken, from RSn−r−1 to
RSn−r, corresponds under Θ to erasing the first letter of a word. The role played
by sn−r+j,n−r, then, is to take the j-th letter σ(n− r + j), which is to be deleted,
and move it down to start of the word, where it is indeed deleted thanks to the
change in the tensor product.

Having defined C′(n) and the isomorphism Θ: C′(n)
∼=−→ C(n), we will now trans-

port the filtration of C(n) to C′(n).

Definition 4.8. Let F ′0 ⊆ · · · ⊆ F ′n−1 = C′(n) be the filtration defined by letting
F ′p in degree r be the RSn−1-span of all elements of the following two kinds:

(1) In the cases r = −1, . . . , n− 2, the element

sn,n−r−1 ⊗ 1.

(2) In the cases r = 0, . . . , n− 1, the elements

sn,n−t ⊗ 1

for t = 0, . . . ,min(r, p),

It may seem unnecessary to distinguish between the two kinds of element above,
especially when p > r, given the similarity between sn,n−r−1⊗1 and the sn,n−t⊗1.
But in fact it will be important to maintain the distinction, see Remark 4.11.

Proposition 4.9. Under the isomorphism Θ, the filtration F ′0 ⊆ · · · ⊆ F ′n−1 =
C′(n) corresponds precisely to the filtration F0 ⊆ · · · ⊆ Fn−1 = C(n).
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Proof. Recall that Fp ⊆ C(n) is given in degree r by the span of all injective words
(x0, . . . , xr) in which the letter n appears in the final p + 1 positions, or not at
all. This means that Fp consists not of Sn-modules but of Sn−1-modules. The
injective words in Fp consist of various Sn−1-orbits, determined by the position of
the letter n. These orbits come to us in two distinct kinds, the first containing
just a single orbit, and the second containing a family of orbits:

(1) The single orbit of words in which n does not appear at all. This orbit is
only present in cases −1 6 r 6 n − 2, for if r = n − 1 then our word has
length n and all letters must appear.

(2) The orbits in which n appears in position r − t, for t = 0, . . . ,min(r, p).
Such orbits are only present when 0 6 r 6 n−1, for when r = −1 the only
word is the empty word, and n does not appear there.

We now choose representatives of these orbits as follows:

(1) In the cases r = −1, . . . , n−2, we represent the Sn−1-orbit in which n does
not appear by the word

(n− r − 1, . . . , n− 1).

(2) In the cases r = 0, . . . , n− 1, for t = 0, . . . ,min(r, p) we represent the orbit
in which n appears in position r − t by the word

(n− r, . . . , n− t− 1, n, n− t, . . . , n− 1).

This is the word in which n− r, . . . , n− 1 appear in order, with n inserted
in position r − t.

So Fp is the RSn−1-span of the words just listed.
To show that ΘF ′p = Fp, it will suffice to check that the generators of F ′p listed

in Definition 4.8 are mapped to the generators listed above. And indeed, sn,n−r−1

is the cycle (n n− 1 · · · n− r − 1), so that

Θr(sn,n−r−1 ⊗ 1) = sn,n−r−1(n− r, . . . , n) = (n− r − 1, . . . , n− 1)

is our representative of the first kind of orbit. And sn,n−t is the cycle (n n −
1 · · · n− t), so that

Θr(sn,n−t ⊗ 1) = sn,n−t(n− r, . . . , n) = (n− r, · · · , n− t− 1, n, n− t, · · · , n− 1)

is our representative of the second variety of orbit. �

Remark 4.10 (The role of sn,n−r−1 and sn,n−t). In this proof sn,n−r−1 was used
to produce a word in which n does not appear, and it did this by moving n into
a position where it would be deleted under the relevant tensor product, much
as in Remark 4.7. Somewhat differently, sn,n−t was used to move the letter n
into position r − t in our word while leaving the order of the remaining letters
unaffected.
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Remark 4.11 (A distinction). In the last definition and proposition we see two
instances of the same important distinction, namely the distinction between the
two kinds of generator of F ′p in Definition 4.8, and the distinction between the
two kinds of orbit in the proof of Proposition 4.9. Despite the similarity between
the elements sn,n−r−1 and sn,n−t, it will be necessary to keep careful track of the
distinction between the two. For example, under the identification C(C(n− 1)) ∼=
F0, the distinction between the two kinds becomes the distinction between the two
parts of the cone, namely the unshifted ‘base’ part and the shifted ‘cone’ part.

We will now transport the identifications of the filtration quotients of C(n) to
the setting of C′(n). Recall from Definition 3.6 that C(−) and Σ(−) denote the
cone and suspension of chain complexes.

Definition 4.12. Define maps

Φ: C(C′(n− 1)) −→ F ′0

Ψ: RSn−1 ⊗RSn−p−1 Σp+1C′(n− p− 1) −→ F ′p/F
′
p−1

by

Φr((σ ⊗ 1), 0) = (σsn,n−r−1 ⊗ 1)

Φr(0, (τ ⊗ 1)) = (τ ⊗ 1)

Ψ(p+1)+r(σ ⊗ (1⊗ 1)) = σsn,n−p ⊗ 1

for σ, τ ∈ RSn−1.

Proposition 4.13. Under the isomorphism Θ, the isomorphisms

C(C(n− 1))
∼=−→ F0 and RSn−1 ⊗RSn−p−1 Σp+1C(n− p− 1)

∼=−→ Fp/Fp−1

of Lemmas 3.7 and 3.8 correspond to the isomorphisms Φ and Ψ respectively.

Proof. First we recall that the isomorphism C(C(n − 1))
∼=−→ F0 of Lemma 3.7 is

given in degree r by

((x0, . . . , xr), 0) 7−→ (x0, . . . , xr), (0, (y0, . . . , yr−1)) 7−→ (y0, . . . , yr−1, n).

We must show that under this map we have

(Θr(σ ⊗ 1), 0) 7−→ ΘrΦr(σ ⊗ 1, 0), (0,Θr(τ ⊗ 1)) 7−→ ΘrΦr(0, τ ⊗ 1),

for σ, τ ∈ RSn−1. We check this by computing directly:

(Θr(σ ⊗ 1), 0) = ((σ(n− r − 1), . . . , σ(n− 1)), 0)

7−→ (σ(n− r − 1), . . . , σ(n− 1))

= (σsn,n−r−1(n− r), . . . , σsn,n−r−1(n))

= Θr(σsn,n−r−1 ⊗ 1)

= Θr(Φr(σ ⊗ 1, 0))
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and

(0,Θr−1(τ ⊗ 1)) = (0, (τ(n− r), . . . , τ(n− 1)))

7−→ (τ(n− r), . . . , τ(n− 1), n)

= Θr(τ ⊗ 1)

= Θr(Φr(0, τ ⊗ 1)).

Next, the isomorphismRSn−1⊗RSn−p−1Σ
p+1C(n−p−1)

∼=−→ Fp/Fp−1 of Lemma 3.8
is given in degree (p+ 1) + r, for −1 6 r 6 n− p− 2, by

σ ⊗ (x0, . . . , xr) 7−→ σ(x0, . . . , xr, n, n− p, . . . , n− 1).

Note that in this degree RSn−1 ⊗RSn−p−1 Σp+1C′(n− p− 1) is

RSn−1 ⊗RSn−p−1 (RSn−p−1 ⊗RSn−p−1−r 1) ∼= RSn−1 ⊗RSn−p−1−r 1

so that a typical generator may be written in the form σ ⊗ (1⊗ 1) for σ ∈ Sn−1.
We must show that, for such an element, we have

σ ⊗Θr(1⊗ 1) 7−→ Θ(p+1)+r(σ ⊗ 1)

Now we compute:

σ ⊗Θr(1⊗ 1) = σ ⊗ (n− p− 1− r, . . . , n− p− 1)

7−→ σ(n− p− 1− r, . . . , n− p− 1, n, n− p, . . . , n− 1)

= σsn,n−p(n− p− 1− r, . . . , n)

= Θ(p+1)+r(σ ⊗ 1) �

5. An overview of D(n)

At the end of the last section we summarised how to replace the complex of
injective words, its filtration, and the identification of the filtration quotients with
a version

C′(n)

F ′0 ⊆ · · · ⊆ F ′n−1 = C′(n)

Φ: C(C′(n− 1))
∼=−−→ F ′0

Ψ: RSn−1 ⊗RSn−p−1 Σp+1C′(n− p− 1)
∼=−−→ F ′p/F

′
p−1

that was phrased entirely in terms of the group ring of Sn, where Sn is regarded as
a Coxeter group. This functions as a framework for adapting the entire situation
to the setting of Iwahori-Hecke algebras, by making the substitutions:

RSm  Hm

si  Ti
sisjsi = sjsisj  TiTjTi = TjTiTj

s2
i = 1  T 2

i = (q − 1)Ti + q
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This is indeed the framework we will follow, and we shall follow it quite closely,
though various obstacles will arise:

• We will need to find entirely new proofs, within the Iwahori-Hecke setting,
of the following: That the ∂rj are well-defined, that the differentials compose
to zero, that the differentials respect the filtration, that the filtration is
exhaustive, that the maps Φ and Ψ are well-defined chain maps, and that
they are isomorphisms.
• The group ring RSm is obtained from Hm in the case q = 1. This means

that we must expect any and all quantities, once extended to the Iwahori-
Hecke setting, to possibly contain hitherto-invisible powers of q.
• The relation s2

i = 1 is deformed to T 2
i = (q−1)Ti+q, and this can introduce

new difficulties that are not present in the case q = 1.

The plan is as follows:

• In section 6 we define our new chain complex D(n), and verify that its
differentials are well-defined and compose to 0.
• In section 7 we define the filtration F0 ⊆ · · · ⊆ Fn−1 ⊆ D(n), and we prove

that it consists of subcomplexes, and exhausts D(n).
• In section 8 we study the filtration quotients, proving the following theorem.

Theorem 5.1. There are isomorphisms

Φ: C(D(n− 1))
∼=−−→ F0, Ψ: Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1)

∼=−−→ Fp/Fp−1.

Here C denotes the cone and Σ denotes suspension, as in Definition 3.6, while the
D(−) and Fp will be defined in 6.3 and 7.1 below.

At each step, it will be evident that the new constructions in the Iwahori-Hecke
setting reduce to those in symmetric group setting in the case q = 1. Altogether,
these results will prove the following theorem, which follows exactly as in the proof
of Theorem 3.4.

Theorem 5.2. Hd(D(n)) = 0 for d 6 n− 2.

6. The chain complex D(n)

In this section we introduce our new chain complex D(n), which will be the
Iwahori-Hecke analogue of the complex of injective words, or more accurately, of
the replacement C′(n) that we obtained in section 4.

To begin with, we introduce elements Tba ∈ Hn that are analogous to the ele-
ments sba ∈ RSn which arose in our discussion of C′(n) and its filtration, and we
establish the properties that we will need in what follows.

Definition 6.1 (The elements Tba). Given n > b > a > 1 we define

Tba = Tb−1Tb−2 · · ·Ta.
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Note that the indices always decrease from left to right, so that when b = a the
product is empty and Taa = 1. Note also that Ta+1 a = Ta. Note that Tba = Tsba ,
and in particular that it specialises to the element sba of Definition 4.1 in the case
q = 1. Where appropriate we will separate the indices of Tba by a comma for
clarity, e.g. Tb,a = Tba.

We now need to establish some properties of the Tba for later use. In the following
proposition we will denote closed intervals of natural numbers using the usual
notation for subsets of R, i.e. [a, b] = {a, a+ 1, . . . , b} ⊆ N.

Proposition 6.2. (1) If [a, b] ∩ [c, d] = ∅, then TdcTba = TbaTdc.
(2) If b ∈ [a, c] then Tca = TcbTba. In particular, Tba = Tb−1Tb−1,a = Tb,a+1Ta.
(3) For [c, d], [c− 1, d− 1] ⊆ [a, b] we have TbaTdc = Td−1,c−1Tba. In particular,

if k ∈ (a, b) then TbaTk = Tk−1Tba.
(4) For a 6 b < c 6 d, we have TdbTca = (q − 1) · Tc−1,bTda + q · Tc−1,aTd,b+1.

Proof. (1) holds because all letters of Tdc commute with all letters of Tba. (2) is
immediate from the definition. Next, the braid relation TkTk−1Tk = Tk−1TkTk−1

can be written as Tk+1,k−1Tk = Tk−1Tk+1,k−1. From this it follows that if k ∈ (a, b)
then:

TbaTk = (Tb,k+1Tk+1,k−1Tk−1,a)Tk

= Tb,k+1(Tk+1,k−1Tk)Tk−1,a

= Tb,k+1(Tk−1Tk+1,k−1)Tk−1,a

= Tk−1(Tb,k+1Tk+1,k−1)Tk−1,a

= Tk−1Tba

Now (3) follows by repeated applications of the last property:

TbaTdc = TbaTd−1 · · ·Tc = Td−2 · · ·Tc−1Tba = Td−1,c−1Tba

We now prove (4), which boils down to the identity T 2
b = (q − 1)Tb + q.

TdbTca = TdbTc,b+1Tb+1,a

= Tc−1,bTdbTb+1,a

= Tc−1,b(Td,b+1Tb)(TbTba)

= Tc−1,bTd,b+1(T 2
b )Tba

= Tc−1,bTd,b+1

(
(q − 1)Tb + q

)
Tba

= (q − 1) · Tc−1,bTd,b+1TbTba + q · Tc−1,bTd,b+1Tba

= (q − 1) · Tc−1,bTda + q · Tc−1,bTbaTd,b+1

= (q − 1) · Tc−1,bTda + q · Tc−1,aTd,b+1

Here we used (2) multiple times, we used (3) on the second line, and on the seventh
line we used (1). �
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Note that properties (1), (2) and (3) above were consequences of the braid
relation TkTk−1Tk = Tk−1TkTk−1, and so reflect properties of the braid group itself.

We are now in a position to write down our complex D(n). It is a direct
extension of the complex C′(n) of Definition 4.3, which was isomorphic to C(n) via
the isomorphism Θ of Proposition 4.6. One can see that the complex D(n) below
reduces to C′(n) in the case q = 1.

Definition 6.3 (The complex D(n)). Let n > 0. The complex D(n) is defined to
be the chain complex of left Hn-modules with D(n)r = Hn ⊗Hn−r−1 1 for r in the
range −1 6 r 6 n− 1, and with D(n)r = 0 for r outside that range, so that:

D(n)n−1 = Hn ⊗H0 1

...
D(n)r = Hn ⊗Hn−r−1 1

...
D(n)−1 = Hn ⊗Hn 1

Observe that D(−1) ∼= 1 and D(n− 1) ∼= Hn. The differential

∂r : D(n)r −→ D(n)r−1

of D(n) is defined by

∂r =
r∑
j=0

(−1)jq−j∂rj

where ∂rj : D(n)r → D(n)r−1 is given by

∂rj (x⊗ y) = (x · Tn−r+j,n−r)⊗ y.

The following lemma explains that D(n) really is a chain complex, i.e. that
∂r−1 ◦ ∂r = 0, by explaining how to regard D(n) as an augmented semi-simplicial
Hn-module. As we will see, the powers of q appearing in the definition of ∂r

compensate for the fact that ∂r−1
i ∂rj and ∂r−1

j−1∂
r
i are only equal up to powers of q.

Lemma 6.4. The maps ∂rj : D(n)r → D(n)r−1 satisfy the relation

∂r−1
i ∂rj = q · ∂r−1

j−1∂
r
i

for 0 6 i < j 6 r. Consequently, the maps q−j∂rj satisfy the relation

(q−i∂r−1
i ) ◦ (q−j∂rj ) = (q−(j−1)∂r−1

j−1) ◦ (q−i∂ri )

for 0 6 i < j 6 r, making the D(n)r into an augmented semi-simplicial Hn-module
with face maps q−j∂rj , and D(n) into the associated chain complex. In particular,

we have ∂r−1 ◦ ∂r = 0 for all r > 1.
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Proof. The second relation is simply a rewriting of the first. The lemma’s final
claim then follows from standard semi-simplicial machinery. To prove the first
relation we compute:

∂r−1
i ∂rj (x⊗ y) = ∂r−1

i (xTn−r+j,n−r ⊗ y)

= xTn−r+j,n−rTn−r+i+1,n−r+1 ⊗ y
= xTn−r+i,n−rTn−r+j,n−r ⊗ y
= xTn−r+i,n−rTn−r+j,n−r+1Tn−r ⊗ y
= xTn−r+i,n−rTn−r+j,n−r+1 ⊗ Tn−ry
= q · xTn−r+i,n−rTn−r+j,n−r+1 ⊗ y
= q · ∂r−1

j−1(xTn−r+i,n−r ⊗ y)

= q · ∂r−1
j−1∂

r
i (x⊗ y)

Here the third and fourth equalities used, respectively, parts (3) and (2) of Proposi-
tion 6.2. The fifth equality comes from the fact that the elements lie in D(n)r−2 =
Hn ⊗Hn−r+1 1, and Hn−r+1 contains the element Tn−r. �

The lemma above demonstrates that the powers of q appearing in the formula
∂r =

∑r
j=0(−1)jqj∂rj are there precisely to counter the q that appears in the

formula ∂r−1
i ∂rj = q · ∂r−1

j−1∂
r
i . The lemma also explains that this single instance of

q arises because the Ti act on 1 as multiplication by q.

Remark 6.5. In Remark 4.4 we explained that the definition of D(n) is similar to
several that already appear in the literature. The same is true of Lemma 6.4, and
the same properties of the braid group that are relevant there also underpin the fact
that the objects constructed in Definition 34 of [Hep16], Definition 7.5 of [Kra19]
and Definition 7.1 of [Boyd20] are semi-simplicial. See in particular Remark 2.8
of [Kra19] and the paragraph that precedes it, and Lemma 7.3 of [Boyd20].

Lemma 6.6. The maps ∂ri are well-defined.

Proof. We must show that if λ ∈ Hn−r−1, then ∂ri (xλ ⊗ y) and ∂ri (x ⊗ λy) agree,
or in other words that (xλTn−r+i,n−r) ⊗ y = (xTn−r+i,n−r) ⊗ (λy). This amounts
to showing that Tn−r+i,n−r commutes with the generators of Hn−r−1. To see this,
observe that Tn−r+i,n−r is a word in Tn−r, . . . , Tn−r+i−1, while Hn−r−1 is generated
by T1, . . . , Tn−r−2, and each of the former commutes with each of the latter. �

We conclude the section with the following lemma, which examines the effect of
the maps ∂rj on certain specific elements of D(n). It will be used in the sections
that follow.
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Lemma 6.7. Suppose that 0 6 r 6 n− 1, 0 6 j 6 r, and 0 6 t 6 r+ 1. Then we
have:

∂rj (Tn,n−t ⊗ 1) =



Tn−r+j,n−r(Tn,n−t ⊗ 1) j 6 r − t− 1

Tn,n−r ⊗ 1 j = r − t

(q − 1)Tn−r+j−1,n−t(Tn,n−(r−1)−1 ⊗ 1)

+qTn−r+j−1,n−r(Tn,n−(t−1) ⊗ 1) j > r − t+ 1, r > t

qTn−r+j−1,n−r−1(Tn,n−r ⊗ 1) t = r + 1

In the first case, the resulting quantity is equal to qTn−r+j,n−r(Tn,n−(t−1)⊗ 1). Note
that the first three cases exclude the possibility that t = r + 1, while the final case
holds for t = r + 1 regardless of the value of j in the range 0 6 j 6 r.

Proof. We consider the three cases in turn.
Case 1: j 6 r − t− 1. Here we have

∂rj (Tn,n−t ⊗ 1) = Tn,n−tTn−r+j,n−r ⊗ 1

= Tn−r+j,n−r(Tn,n−t ⊗ 1)

where in the second equality we used the upper bound on j to show that n−r+j 6
n − t − 1, so that Tn,n−t and Tn−r+j,n−r commute. For the final sentence of the
lemma, we have

Tn−r+j,n−r(Tn,n−t ⊗ 1) = Tn−r+j,n−r(Tn,n−t+1Tn−t ⊗ 1)

= Tn−r+j,n−r(Tn,n−t+1 ⊗ Tn−t · 1)

= qTn−r+j,n−r(Tn,n−(t−1) ⊗ 1)

where in the second equality we used the fact that t 6 r to conclude that Tn−t lies
in Hn−r and can therefore be moved past the tensor product (we are working in
D(n)r−1 = Hn ⊗Hn−r 1).

Case 2: j = r − t. Here we have

∂rj (Tn,n−t ⊗ 1) = Tn,n−tTn−r+j,n−r ⊗ 1 = Tn,n−tTn−t,n−r ⊗ 1 = Tn,n−r ⊗ 1

as claimed.
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Case 3: j > r − t + 1, r > t. Here we have n − r 6 n − t < n − r + j 6 n so
that by part (4) of Proposition 6.2 we have:

∂rj (Tn,n−t ⊗ 1) = Tn,n−tTn−r+j,n−r ⊗ 1

= (q − 1)Tn−r+j−1,n−tTn,n−r ⊗ 1

+ qTn−r+j−1,n−rTn,n−t+1 ⊗ 1

= (q − 1)Tn−r+j−1,n−t(Tn,n−(r−1)−1 ⊗ 1)

+ qTn−r+j−1,n−r(Tn,n−(t−1) ⊗ 1)

as required.
Case 4: t = r + 1. Then by part (3) of Proposition 6.2 we have:

∂rj (Tn,n−r−1 ⊗ 1) = Tn,n−r−1Tn−r+j,n−r ⊗ 1

= Tn−r+j−1,n−r−1Tn,n−r−1 ⊗ 1

= Tn−r+j−1,n−r−1Tn,n−rTn−r−1 ⊗ 1

= Tn−r+j−1,n−r−1Tn,n−r ⊗ Tn−r−1 · 1
= qTn−r+j−1,n−r−1(Tn,n−r ⊗ 1)

(Again, we are working in D(n)r−1 = Hn ⊗Hn−r 1.) �

7. The filtration of D(n)

In the last section we constructed our complex D(n), and now we will generalise
the filtration of the complex of injective words to D(n). In Definition 4.8 and
Proposition 4.9 we reformulated that filtration as F ′0 ⊆ · · · ⊆ F ′n−1 = C′(n) where
F ′p is defined, in degree r, to be the RSn−1-span of the elements sn,n−r−1⊗ 1 (only
in the cases r = −1, . . . , n− 2) and the elements sn,n−t⊗ 1 for t = 0, . . . ,min(r, p)
(only in the cases r = 0, . . . , n − 1). We generalise this in the next definition.
Again, in the case q = 1 we will precisely recover the definition of the F ′p.

Definition 7.1 (The filtration Fp of D(n)). Let 0 6 p 6 (n − 1). Recall that
D(n) in degree r is given by the tensor product D(n)r = Hn ⊗Hn−r−1 1. Define
Fp ⊆ D(n) to be the subcomplex of D(n) that in degree r is generated as an
Hn−1-module by all elements of the following two kinds:

(1) In the cases r = −1, . . . , n− 2, the element

Tn,n−r−1 ⊗ 1.

(2) In the cases r = 0, . . . , n− 1, the elements

Tn,n−t ⊗ 1

for t = 0, . . . ,min(r, p).

Thus we obtain a filtration

F0 ⊆ F1 ⊆ · · · ⊆ Fn−1 ⊆ D(n)
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by Hn−1-submodules. Note that Fp is not an Hn-submodule of D(n).

Despite the similarity between Tn,n−r−1 ⊗ 1 and Tn,n−t ⊗ 1, it will be impor-
tant to maintain the distinction between the two kinds of generator of Fp, for
example to later construct the isomorphism F0

∼= C(D(n− 1)). See Remark 4.10,
which discussed the role of the words sn,n−r−1 and sn,n−t in the definition of C′(n),
and Remark 4.11, which discussed the importance of maintaining the distinction
between sn,n−r−1 and sn,n−t.

We must show that the filtration exhausts D(n), and that it consists of subcom-
plexes of D(n).

Lemma 7.2. Fn−1 = D(n).

Proof. In degree r, Fn−1 is the Hn−1-span of the elements of the form Tn,n−t ⊗ 1
for t = 0, . . . , r+ 1. (The case t = r+ 1 is Tn,n−r−1⊗ 1.) We must show that these
elements span D(n)r = Hn ⊗Hn−r−1 1.

To begin we claim that Hn is the Hn−1-span of the elements Tnb for b ∈
{1, . . . , n}. To see this write Sm = {s1, . . . , sm−1} and consider the Coxeter system
(Sn, Sn). The subgroup of Sn generated by Sn−1 is precisely Sn−1. In Lemma 8.7
we will see that an element of Sn is (Sn−1, ∅)-reduced if and only if it has the form
snb for some b = 1, . . . , n. Thus any element of Sn has a representation of the form
x · snb for some b ∈ {1, . . . , n}, where x ∈ Sn−1, and `(x · snb) = `(x) + `(snb).
Recall that Hn has basis given by the elements Tσ for σ ∈ Sn. Consequently, Hn

is spanned by elements of the form Tx·snb
= Tx ·Tsnb

= Tx ·Tnb where x ∈ Sn−1 and
1 6 b 6 n. But in any such product the factor Tx lies in Hn−1, and this proves
our claim.

Now, in any degree r we have D(n)r = Hn⊗Hn−r−1 1, and by the last paragraph
this is the Hn−1 span of the elements Tnb ⊗ 1 for b ∈ {1, . . . , n}. However, note
that if b 6 n− r−1, then Tnb⊗1 = Tn,n−r−1Tn−r−1,b⊗1 = Tn,n−r−1⊗Tn−r−1,b ·1 =
qn−r−1−b(Tn,n−r−1 ⊗ 1), because Tn−r−1,b = Tn−r−2 · · ·Tb lies in Hn−r−1. It then
follows that D(n)r = Hn⊗Hn−r−1 1 is the Hn−1-span of the elements Tn,n−t⊗ 1 for
t = 0, . . . , r + 1, as required. �

Lemma 7.3. Fp is a subcomplex of D(n).

Proof. Fix 0 6 p 6 (n− 1) and 0 6 r 6 (n− 1). Definition 7.1 lists the generators
of Fp, as an Hn−1-module, in each degree r. So it is enough for us to fix 0 6 j 6 r
and then check that if we apply ∂rj to one of the generators of Fp in degree r, then
the result is an Hn−1-linear combination of the generators of Fp in degree r − 1.

First let us take 0 6 r 6 (n− 2) and consider the generator Tn,n−r−1 ⊗ 1 of Fp
in degree r. Then by the final case of Lemma 6.7 we have:

∂rj (Tn,n−r−1 ⊗ 1) = qTn−r+j−1,n−r−1(Tn,n−r ⊗ 1)

= qT(n−1)−r+j,(n−1)−r(Tn,n−(r−1)−1 ⊗ 1)
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Now observe that Tn,n−(r−1)−1 ⊗ 1 is one of the generators of Fp in degree r − 1,
while Tn−r+j−1,n−r−1 ∈ Hn−1, so that the final result lies in Fp as required.

Next, let us take 0 6 r 6 (n − 1) and 0 6 t 6 min(r, p), and consider the
generator Tn,n−t⊗ 1 of Fp in degree r. We must check that each ∂rj (Tn,n−t⊗ 1) lies
in Fp in degree r − 1. We split this into three cases depending on the value of j,
and in each case we apply the relevant part of Lemma 6.7.

Case 1: j 6 r − t− 1. Here we have

∂rj (Tn,n−t ⊗ 1) = qTn−r+j,n−r(Tn,n−(t−1) ⊗ 1).

The upper bound on j shows that Tn−r+j,n−r ∈ Hn−1, while Tn,n−(t−1) is a generator
of Fp in degree r− 1, so that we can conclude that the above expression lies in Fp.

Case 2: j = r − t. Here we have

∂rj (Tn,n−t ⊗ 1) = Tn,n−r ⊗ 1 = Tn,n−(r−1)−1 ⊗ 1

which is one of the generators of Fp in degree r − 1.
Case 3: j > r − t+ 1. Here we have

∂rj (Tn,n−t ⊗ 1) = (q − 1)Tn−r+j−1,n−t(Tn,n−(r−1)−1 ⊗ 1)

+ qTn−r+j−1,n−r(Tn,n−(t−1) ⊗ 1)

Observe that Tn,n−(r−1)−1⊗1 and Tn,n−(t−1)⊗1 are generators of Fp in degree r−1,
while Tn−r+j−1,n−t and Tn−r+j−1,n−r both lie in Hn−1 since j 6 r, so that the above
expression lies in Fp, as required. �

8. Identifying the filtration quotients

By now we have defined our Iwahori-Hecke analogue D(n) of the complex of
injective words, together with the corresponding filtration F0 ⊆ · · · ⊆ Fn−1 ⊆
D(n). The next step is to understand the filtration quotients F0 = F0/F−1 and
Fp/Fp−1 for p > 1, and prove Theorem 5.1.

In Definition 4.12 and Proposition 4.13 we reformulated the identification of the
filtration quotients of the complex of injective words as the isomorphisms

Φ: C(C′(n− 1))
∼=−−→ F ′0, Ψ: RSn−1 ⊗RSn−p−1 Σp+1C′(n− p− 1)

∼=−−→ F ′p/F
′
p−1

defined by

Φr((σ ⊗ 1), 0) = (σsn,n−r−1 ⊗ 1)

Φr(0, (τ ⊗ 1)) = (τ ⊗ 1)

Ψ(p+1)+r(σ ⊗ (1⊗ 1)) = σsn,n−p ⊗ 1

for σ, τ ∈ RSn−1. In this section we will extend these isomorphisms to the setting
of Iwahori-Hecke algebras. In subsections 8.1 and 8.2 we will define our extensions
of Φ and Ψ, and prove that they are well-defined chain maps. Then in subsec-
tion 8.3 we will prove that the extended maps are isomorphisms, completing the
proof of Theorem 5.1.
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8.1. Defining Φ. Recall that the map Φ: C(C′(n−1))→ F ′0 is defined by Φr((σ⊗
1), 0) = (σsn,n−r−1⊗1) and Φr(0, (τ ⊗1)) = (τ ⊗1) for σ, τ ∈ Sn−1. In the present
subsection we will extend this map to the Iwahori-Hecke setting and prove that it
is a well-defined chain map.

Let us recall from Definition 3.6 that the cone C(D(n− 1)) is given in degree r
by

C(D(n− 1))r = D(n− 1)r ⊕D(n− 1)r−1 = (Hn−1 ⊗Hn−r−2 1)⊕ (Hn−1 ⊗Hn−r−1 1)

and therefore has one or two generators as an Hn−1-module, namely (1 ⊗ 1, 0)
(only when −1 6 r 6 n− 2) and (0, 1⊗ 1) (only when 0 6 r 6 n− 1). Similarly,
F0 in degree r is the Hn−1-submodule of D(n)r = Hn ⊗Hn−r−1 1 with generators
Tn,n−r−1 ⊗ 1 (only when −1 6 r 6 n − 2) and Tn,n ⊗ 1 = 1 ⊗ 1 (only when
0 6 r 6 n− 1). Observe that in most degrees, both C(D(n− 1)) and F0 have two
generators, but that in the extreme cases r = −1, n − 1 they each have just one
generator.

Definition 8.1. Define
Φ: C(D(n− 1)) −→ F0

to be the Hn−1-linear map defined on generators in degree r by

Φr(1⊗ 1, 0) = q−r · Tn,n−r−1 ⊗ 1

and
Φr(0, 1⊗ 1) = q · 1⊗ 1.

In other words, given

(x⊗ 1, y ⊗ 1) ∈ C(D(n− 1))r = (Hn−1 ⊗Hn−r−2 1)⊕ (Hn−1 ⊗Hn−r−1 1)

we have

Φr(x⊗ 1, y ⊗ 1) = q−rxTn,n−r−1 ⊗ 1 + qy ⊗ 1 ∈ D(n)r = Hn ⊗Hn−r−1 1.

One sees immediately that this restricts to the original definition in the case
q = 1.

Lemma 8.2. Φ is well defined.

Proof. For (x⊗ 1, y ⊗ 1) as in the definition, we must check that Φr(x⊗ 1, y ⊗ 1)
depends only on x⊗ 1 and y⊗ 1, and not on x and y themselves. This means that
we must check that

Φr(xTk ⊗ 1, yTk′ ⊗ 1) = Φr(x⊗ (Tk · 1), y ⊗ (Tk′ · 1))

for 1 6 k 6 n − r − 3 and 1 6 k′ 6 n − r − 2. This amounts to showing that
xTkTn,n−r−1⊗ 1 = xTn,n−r−1⊗ (Tk · 1) and yTk′ ⊗ 1 = y⊗ (Tk′ · 1) in Hn⊗Hn−r−1 1.
The first of these holds since Tk commutes with Tn,n−r−1 and lies in Hn−r−1, and
the second is immediate since Tk′ lies in Hn−r−1. �

Lemma 8.3. Φ is a chain map.
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Proof. The map Φ is by definition Hn−1-linear. In each degree r, C(D(n− 1)) has
one or two generators as an Hn−1-module, namely (1⊗ 1, 0) (only when −1 6 r 6
n−2) and (0, 1⊗1) (only when 0 6 r 6 n−1). So it is sufficient for us to verify that
Φ commutes with the differentials when applied to these two generators. Recall
from Definition 3.6 that the differential of C(D(n− 1)) is given by

∂r(x⊗ 1, y ⊗ 1) = (∂r(x⊗ 1) + (−1)r(y ⊗ 1), ∂r−1(y ⊗ 1)).

First we consider ∂r(Φr(1⊗ 1, 0)). The final case of Lemma 6.7 gives

∂rj (Tn,n−r−1 ⊗ 1) = qT(n−1)−r+j,(n−1)−r(Tn,n−(r−1)−1 ⊗ 1)

so that we have

∂r(Φr(1⊗ 1, 0)) =
r∑
j=0

(−1)jq−j∂rjΦr(1⊗ 1, 0)

=
r∑
j=0

(−1)jq−jq−r∂rj (Tn,n−r−1 ⊗ 1)

=
r∑
j=0

(−1)jq−jq−(r−1)T(n−1)−r+j,(n−1)−r(Tn,n−(r−1)−1 ⊗ 1)

=
r∑
j=0

(−1)jq−jΦr−1(T(n−1)−r+j,(n−1)−r ⊗ 1, 0)

=
r∑
j=0

(−1)jq−jΦr−1(∂rj (1⊗ 1), 0)

= Φr−1(∂r(1⊗ 1), 0)

= Φr−1(∂r(1⊗ 1, 0))

as required. Next we consider ∂r(Φr(0, 1⊗ 1)):

∂r(Φr(0, 1⊗ 1)) =
r∑
j=0

(−1)jq−j∂rjΦr(0, 1⊗ 1)

=
r∑
j=0

(−1)jq−jq∂rj (1⊗ 1)

=
r∑
j=0

(−1)jq−jq(Tn−r+j,n−r ⊗ 1)
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The sum of all but the final term can be simplified as:

r−1∑
j=0

(−1)jq−jq(Tn−r+j,n−r ⊗ 1) =
r−1∑
j=0

(−1)jq−jΦr−1(0, Tn−r+j,n−r ⊗ 1)

=
r−1∑
j=0

(−1)jq−jΦr−1(0, T(n−1)−(r−1)+j,(n−1)−(r−1) ⊗ 1)

=
r−1∑
j=0

(−1)jq−jΦr−1(0, ∂r−1
j (1⊗ 1))

= Φr−1(0, ∂r−1(1⊗ 1))

And the final term can be simplified as:

(−1)rq−r+1(Tn,n−r ⊗ 1) = (−1)rq−(r−1)(Tn,n−(r−1)−1 ⊗ 1)

= (−1)rΦr−1(1⊗ 1, 0)

So altogether we have

∂r(Φr(0, 1⊗ 1)) = Φr−1(0, ∂r−1(1⊗ 1)) + (−1)rΦr−1(1⊗ 1, 0)

= Φr−1((−1)r(1⊗ 1), ∂r−1(1⊗ 1))

= Φr−1(∂r(0, 1⊗ 1)).

This completes the proof. �

8.2. Defining Ψ. Recall that the isomorphism

Ψ: RSn−1 ⊗RSn−p−1 Σp+1C′(n− p− 1)
∼=−−→ F ′p/F

′
p−1

is defined by Ψr(σ ⊗ (1⊗ 1)) = σsn,n−p ⊗ 1 for σ ∈ RSn−1, or in other words, the
map which sends the generator 1⊗ (1⊗ 1) to sn,n−p⊗ 1. In the present section we
will extend this map to the Iwahori-Hecke setting, i.e. a map

Ψ: Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1)→ Fp/Fp−1,

and we will prove that it is a well-defined chain map. Before defining our map, let
us elaborate on its domain and codomain. We work in a fixed degree (p + 1) + r
for −1 6 r 6 n− p− 1.

• In degree (p+ 1) + r, the domain is

Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1)(p+1)+r

= Hn−1 ⊗Hn−p−1 D(n− p− 1)r

= Hn−1 ⊗Hn−p−1

(
Hn−p−1 ⊗Hn−p−r−2 1

)
∼= Hn−1 ⊗Hn−p−r−2 1

and so it is generated as an Hn−1-module by the element 1⊗ (1⊗ 1).
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• In degree (p+ 1) + r, the codomain Fp/Fp−1 is a subquotient of

D(n)(p+1)+r = Hn ⊗Hn−p−r−2 1,

and it is generated as an Hn−1-module by the element Tn,n−p ⊗ 1. (Recall
that Fp in this degree is the Hn−1 submodule generated by Tn,n−[(p+1)+r]−1⊗
1, Tn,n⊗ 1, . . . , Tn,n−p⊗ 1, and that Fp−1 is the Hn−1-submodule generated
by all these except the last.) For brevity we will write elements of the
quotient Fp/Fp−1 as elements of Fp, i.e. we will not indicate additive cosets
or equivalence classes.

Definition 8.4. Let p > 1. We define

Ψ: Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1) −→ Fp/Fp−1

to be the Hn−1-linear map that in degree (p + 1) + r is defined on the generator
by

Ψ(p+1)+r(1⊗ (1⊗ 1)) = Tn,n−p ⊗ 1.

One can see immediately that this specialises to the original definition in the
case q = 1.

Lemma 8.5. Ψ is well defined.

Proof. Taking p > 1 as in the definition of Ψ, and working in degree (p + 1) + r
for r > −1, the domain of Ψ(p+1)+r is

Hn−1 ⊗Hn−p−1

(
Hn−p−1 ⊗Hn−p−r−2 1

) ∼= Hn−1 ⊗Hn−p−r−2 1

and so we must show that for 1 6 k 6 n− r − p− 3, Ψ(p+1)+r sends the elements
Tk ⊗ (1⊗ 1) and 1⊗ (1⊗ (Tk · 1)) to the same element. Since

Ψ(p+1)+r(Tk⊗(1⊗1)) = Tk ·Ψ(p+1)+r(1⊗(1⊗1)) = Tk ·(Tn,n−p⊗1) = (TkTn,n−p)⊗1

and

Ψ(p+1)+r(1⊗(1⊗(Tk ·1))) = q ·Ψ(p+1)+r(1⊗(1⊗1)) = q(Tn,n−p⊗1) = Tn,n−p⊗(Tk ·1)

it is enough to show that Tk commutes with Tn,n−p. And indeed, since k 6 n −
r − p− 3 6 n− p− 2, this follows immediately. �

Lemma 8.6. Ψ is a chain map.

Proof. We take p > 1 as in the definition of Ψ, and we take r > −1. Consider the
differentials going from degree r+p+1 to r+p. In the domain of Ψ the differential
in this degree is induced by the boundary map

∂r =
r∑
j=0

(−1)jq−j∂rj
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of D(n− p− 1). And in the codomain of Ψ the differential in degree (p+ 1) + r is

∂(p+1)+r =

(p+1)+r∑
j=0

(−1)jq−j∂
(p+1)+r
j .

Now, the codomain is (Fp/Fp−1)(p+1)+r, which is generated as an Hn−1-module
by the single element Tn,n−p ⊗ 1. The first three cases of Lemma 6.7 give us the
following:

∂r+p+1
j (Tn,n−p ⊗ 1) =



Tn−r−p−1+j,n−r−p−1(Tn,n−p ⊗ 1) j 6 r

Tn,n−(p+r)−1 ⊗ 1 j = r + 1

(q − 1)Tn−r−p+j−2,n−p(Tn,n−(r+p)−1 ⊗ 1)

+qTn−r−p+j−2,n−r−p−1(Tn,n−(p−1) ⊗ 1) j > r + 2

Both of Tn,n−(p+r)−1⊗1 and Tn,n−(p−1)⊗1 are generators of the Hn−1-module Fp−1

in degree p+ r, and Tn−r−p+j−2,n−p and Tn−r−p+j−2,n−r−p−1 lie in Hn−1. So in the
second and third cases the results vanish in the quotient Fp/Fp−1, and we obtain:

∂r+p+1
j (Tn,n−p ⊗ 1) =

{
Tn−r−p−1+j,n−r−p−1(Tn,n−p ⊗ 1) j 6 r

0 j > r + 1

This means that in order to verify that Ψ(p+1)+(r−1) ◦ ∂r = ∂(p+1)+r ◦ Ψ(p+1)+r, it

will suffice to check that Ψ(p+1)+(r−1) ◦ ∂rj = ∂
(p+1)+r
j ◦Ψ(p+1)+r for 0 6 j 6 r. And

since the domain is generated as an Hn−1 module by the element 1⊗ (1⊗ 1), it is
enough to verify that

∂r+p+1
j Ψ(p+1)+r(1⊗ (1⊗ 1)) = Ψ(p+1)+(r−1)∂

r
j (1⊗ (1⊗ 1)).

And indeed:

∂r+p+1
j Ψ(p+1)+r(1⊗ (1⊗ 1)) = ∂r+p+1

j (Tn,n−p ⊗ 1)

= Tn−r−p−1+j,n−r−p−1(Tn,n−p ⊗ 1)

= Ψ(p+1)+(r−1)(1⊗ (Tn−r−p−1+j,n−r−p−1 ⊗ 1))

= Ψ(p+1)+(r−1)(1⊗ (T(n−p−1)−r+j,(n−p−1)−r ⊗ 1))

= Ψ(p+1)+(r−1)(1⊗ (∂rj (1⊗ 1)))

= Ψ(p+1)+(r−1)∂
r
j (1⊗ (1⊗ 1))

Here the third equality used the fact that Tn−r−p−1+j,n−r−p−1 lies in Hn−1 and Ψ
is Hn−1-linear. �
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8.3. Φ and Ψ are isomorphisms. So far in this section we have defined our chain
maps Φ: C(D(n− 1))→ F0 and Ψ: Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1)→ Fp/Fp−1.
Now we will prove Theorem 5.1, which states that Φ and Ψ are isomorphisms, and
this will conclude the programme set out in section 5.

In order to prove that Φ and Ψ are isomorphisms, we will obtain bases for their
domains and codomains, and prove that they induce bijections between these bases.
Now, Φ and Ψ are maps of Hn−1-modules, whose domains are built out of tensor
products of the form Hn−1 ⊗Hk

1, and we understand from Proposition 2.7 how
to give a basis for Hn−1 ⊗Hk

1 as an Hn−1-module using the distinguished coset
representatives for Sn−1/Sk. However, the codomains of Φ and Ψ are built from
tensor products of the form Hn⊗Hk

1, and in order to obtain a basis of this as an
Hn−1-module, we will need to study the distinguished double coset representatives
of Sn−1\Sn/Sk. The relevant theory was described in sections 2.2 and 2.3.

In what follows we will consider the Coxeter system (Sn, Sn) where Sn =
{s1, . . . , sn−1}. We will similarly write Sk = {s1, . . . , sk−1}, so that the para-
bolic subgroup of Sn generated by Sk is precisely Sk. Note that S0 = S1 = ∅,
corresponding to the fact that S0 and S1 are both trivial groups. We are inter-
ested in understanding generators of D(n)r = Hn ⊗Hn−r−1 1, which is to say, the
distinguished representatives X−1

Sn−r−1
for the left cosets Sn/Sn−r−1. In particular,

in order to study the filtration {Fp} of D(n), we consider Hn ⊗Hn−r−1 1 as an
Hn−1-module, so that we will need to compute the distinguished representatives
XSn−1Sn−r−1 of the double cosets Sn−1\Sn/Sn−r−1.

We will need to once again make use of the elements

sba = sb−1 · · · sa, 1 6 a 6 b 6 n

that we introduced in Definition 4.1, and which coincide with the Tba in the case
q = 1. Recall from Remark 4.2 that sba is the cycle sba = (b · · · a) which decreases
each of a + 1, . . . , b by 1, and which sends a to b. We will in particular need the
elements

snj = (n · · · j)
which move j into position n while preserving the order of the remaining letters.

We begin by identifying the distinguished representatives for Sn−1\Sn.

Lemma 8.7. An element of Sn is (Sn−1, ∅)-reduced if and only if it has the form
snj for some j in the range 1 6 j 6 n. In other words,

XSn−1 = {snn, . . . , sn1}.

Proof. First we show that the given elements are all (Sn−1, ∅)-reduced. To do so, we
need only show that they have no reduced expression beginning with an element
of Sn−1. But the given expressions for the elements clearly admit no M-moves,
and are therefore reduced, and since they do not begin with elements of Sn−1, this
makes clear that the elements are (Sn−1, ∅)-reduced.
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Now let w be (Sn−1, ∅)-reduced. Then either w = e or the first letter of w must
be sn−1, so let n > j > 1 be the smallest element such that w has a reduced
expression beginning sn−1 · · · sj. (Thus the case j = n corresponds to w = e.) We
will show that w = sn−1 · · · sj. Suppose not: then w has a reduced expression
beginning sn−1 · · · sjsi for some i = 1, . . . , (n − 1). We cannot have i = j for
then the expression is not reduced. We cannot have i = j − 1 by minimality of
j. We cannot have i < j − 1 for then sn−1 · · · sjsi = sisn−1 · · · sj and w is not
(Sn−1, ∅)-reduced. And finally we cannot have i > j because then sn−1 · · · sjsi =
si−1sn−1 · · · sj is again not Sn−1-reduced on the left. So there is no such i. �

Now we wish to study the distinguished representatives of the double cosets
Sn−1\Sn/Sn−r−1.

Lemma 8.8. For r in the range −1 6 r 6 (n− 1), a complete set of distinguished
double coset representatives of Sn−1\Sn/Sn−r−1 is given by:

XSn−1Sn−r−1 =

{
{snn, . . . , sn,n−r−1}, −1 6 r 6 (n− 2)
{snn, . . . , sn1}, r = (n− 1)

Note that the cases r = n−2 and r = n−1 produce the same value for XSn−1Sn−r−1.
This is due to the fact that S1 and S0 are both empty, corresponding to the fact
that S1 and S0 are both the trivial group.

Proof. As in the proof of Lemma 8.7, the given expressions admit no M -moves.
Since none of them begin with a generator of Sn−1 or end with a generator of
Sn−r−1, they are (Sn−1, Sn−r−1)-reduced. They are therefore minimal double coset
representatives. (Proposition 2.1.7 of [GP00].)

It remains to show that they are a complete set of minimal double coset repre-
sentatives. But a minimal double coset representative is (Sn−1, ∅)-reduced, so by
Lemma 8.7 it has the form sn,j for some j. And for sn,j to be (∅, Sn−r−1)-reduced,
we must have j > n− r − 1, so that snj is one of the given elements. �

Now we will apply the Mackey formula for left-cosets in order to understand
distinguished representatives of Sn/Sn−r−1 in terms of Sn−1\Sn/Sn−r−1:

Lemma 8.9. Let −1 6 r 6 (n− 1). Then:

(XSn−r−1)
−1 = (X

Sn−1

Sn−r−1
)−1sn,n t · · · t (X

Sn−1

Sn−r−1
)−1sn,n−r︸ ︷︷ ︸

r+1 terms

t (X
Sn−1

Sn−r−2
)−1sn,n−r−1︸ ︷︷ ︸

Here the initial union of r + 1 terms is empty in the case r = −1, while the final
term is omitted in the case r = (n − 1). Note the difference between X

Sn−1

Sn−r−1
in

the first r + 1 terms and X
Sn−1

Sn−r−2
in the final term.



HOMOLOGICAL STABILITY FOR IWAHORI-HECKE ALGEBRAS 35

Proof. We will use the Mackey decomposition of section 2.2, taking S = Sn, J =
Sn−r−1 and K = Sn−1, so that we obtain

X−1
Sn−r−1

=
⊔

d∈XSn−1Sn−r−1

(X
Sn−1

Sn−1∩dSn−r−1
)−1 · d (1)

Recall from section 2.2 that in the expression X
Sn−1

Sn−1∩dSn−r−1
the superscript d de-

notes conjugation, so that
dSn−r−1 = {dx | x ∈ Sn−r−1} = {dxd−1 | x ∈ Sn−r−1}.

So we must work out Sn−1 ∩ dSn−r−1 for d ∈ XSn−1Sn−r−1 . For 0 6 r 6 (n− 1) and
0 6 k 6 r we have

Sn−1 ∩ sn,n−kSn−r−1 = Sn−1 ∩ sn−1···sn−k{s1, . . . , sn−r−2}
= Sn−1 ∩ {s1, . . . , sn−r−2}
= Sn−1 ∩ Sn−r−1

= Sn−r−1

since sn−1 · · · sn−k commutes with s1, . . . , sn−r−2. And for −1 6 r 6 (n − 2) we
have

Sn−1 ∩ sn,n−r−1Sn−r−1 = Sn−1 ∩ sn−1···sn−r−1{s1, . . . , sn−r−2}
= Sn−1 ∩ {s1, . . . , sn−r−3, sn−1 · · · sn−r−2 · · · sn−1}
= {s1, . . . , sn−r−3}
= Sn−r−2

since in this case sn−1 · · · sn−r−1 commutes with s1, . . . , sn−r−3, but not with sn−r−2.
The Mackey decomposition (1) now gives us the required result. �

Lemma 8.10. Let −1 6 r 6 (n− 1). Then (F0)r has basis

{TxTn,n ⊗ 1 | x ∈ (X
Sn−1

Sn−r−1
)−1} ∪ {TxTn,n−r−1 ⊗ 1 | x ∈ (X

Sn−1

Sn−r−2
)−1}

with the first term omitted for r = −1 and the last term omitted for r = n − 1.
And for p > 1, (Fp/Fp−1)r has basis given by

{TxTn,n−p ⊗ 1 | x ∈ (X
Sn−1

Sn−r−1
)−1}

so long as r > p, with the basis being empty when r < p.

Proof. D(n)r = Hn⊗Hn−r−11 has basis {Tx⊗1 | x ∈ (XSn−r−1)
−1}. By Lemma 8.9,

this is equal to

{Ty ⊗ 1 | y ∈ (X
Sn−1

Sn−r−1
)−1sn,n} ∪ · · · ∪ {Ty ⊗ 1 |y ∈ (X

Sn−1

Sn−r−1
)−1sn,n−r}

∪{Ty ⊗ 1 | y ∈ (X
Sn−1

Sn−r−2
)−1sn,n−r−1}

Here the initial union of r + 1 terms is empty in the case r = −1, while the final
term is omitted in the case r = (n − 1). Observe that if Ty ⊗ 1 is an element
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of the first set in the union above, then y = xsn,n−r−1 for some x ∈ (X
Sn−1

Sn−r−2
)−1.

Since `(xsn,n−r−1) = `(x) + `(sn,n−r−1) as in Theorem 2.4 we then have Ty =
TxTsn,n−r−1 = TxTn,n−r−1. Similarly for the other sets in the union, so that the
basis is given by

{TxTn,n ⊗ 1 | x ∈ (X
Sn−1

Sn−r−1
)−1} ∪ · · · ∪ {TxTn,n−r ⊗ 1 | x ∈ (X

Sn−1

Sn−r−1
)−1}

∪{TxTn,n−r−1 ⊗ 1 | x ∈ (X
Sn−1

Sn−r−2
)−1}.

Here the initial union of r + 1 terms is empty in the case r = −1, while the final
term is omitted in the case r = (n − 1). Comparing with the definition of the
filtration, we see that (Fp)r has basis given by the union of the first min(p, r) + 1
of these sets, together with the last (in the cases that it is present). In particular,
(F0)r has basis

{TxTn,n ⊗ 1 | x ∈ (X
Sn−1

Sn−r−1
)−1} ∪ {TxTn,n−r−1 ⊗ 1 | x ∈ (X

Sn−1

Sn−r−2
)−1}

with the first term omitted for r = −1 and the last term omitted for r = n − 1.
And for p > 1, (Fp/Fp−1)r has basis given by

{TxTn,n−p ⊗ 1 | x ∈ (X
Sn−1

Sn−r−1
)−1}

so long as r > p, with the basis being empty when r < p. This completes the
proof. �

Proof of Theorem 5.1. The last lemma established bases for F0 and Fp/Fp−1 in
each degree. As we will see below, since C(D(n−1)) and Hn−1⊗Hn−p−1 Σp+1D(n−
p− 1) are defined using tensor products Hn ⊗Hk

1, one can write down bases for
these in each degree directly using Proposition 2.7. Then proof that Φ and Ψ
are isomorphisms amounts to verifying that they induce bijections between these
bases, at least up to multiplication by powers of q.

The domain of Φ in degree r is

C(D(n− 1))r = D(n− 1)r ⊕D(n− 1)r−1

= (Hn−1 ⊗Hn−r−2 1)⊕ (Hn−1 ⊗Hn−r−1 1)

and therefore has basis

{(0, Tx ⊗ 1) | x ∈ (X
Sn−1

Sn−r−1
)−1} ∪ {(Tx ⊗ 1, 0) | x ∈ (X

Sn−1

Sn−r−2
)−1},

with the first term omitted when r = −1 and the second omitted when r = (n−1).
By the definition of Φ we have

Φr(Tx ⊗ 1, 0) = q−r · TxTn,n−r−1 ⊗ 1

and
Φr(0, Tx ⊗ 1) = q · Tx ⊗ 1 = q · TxTn,n ⊗ 1

so that, up to scaling by powers of q, Φr restricts to a bijection between the basis
of C(D(n − 1))r and the basis of (F0)r given in Lemma 8.10, so that Φ is an
isomorphism.



HOMOLOGICAL STABILITY FOR IWAHORI-HECKE ALGEBRAS 37

Similarly, the domain of Ψ in degree (p+ 1) + r is

Hn−1 ⊗Hn−p−1 Σp+1D(n− p− 1)(p+1)+r = Hn−1 ⊗Hn−p−1 D(n− p− 1)r

= Hn−1 ⊗Hn−p−1 (Hn−p−1 ⊗Hn−p−r−2 1)
∼= Hn−1 ⊗Hn−p−r−2 1

and therefore has basis

{Tx ⊗ (1⊗ 1) | x ∈ (X
Sn−1

Sn−p−r−2
)−1}

The definition of Ψ gives

Ψ(p+1)+r(Tx ⊗ (1⊗ 1)) = TxTn,n−p ⊗ 1

so that Ψ induces a bijection between this basis, and the basis of (Fp/Fp−1)r given
in Lemma 8.10, and therefore Ψ is an isomorphism. �

9. Obtaining the spectral sequence

The proof of Theorem 1.1 will consist of an intricate but well-known spectral
sequence argument. Since this argument is not normally carried out in the context
of algebras, we take some time here to explain how the relevant spectral sequence
is constructed in this context. The results are summarised in the following propo-
sition, which we will prove over the course of the section.

Proposition 9.1. There is a homological spectral sequence {Er}r>1 with the fol-
lowing properties:

• E1
s,t is concentrated in horizontal degrees s > −1.

• E1
s,t = Tor

Hn−s−1

t (1,1)

• d1 : E1
s,t → E1

s−1,t is the stabilisation map when s is even, and vanishes
when s is odd.
• E∞s,t = 0 in total degrees s+ t 6 (n− 2).

Similarly, there is a cohomological spectral sequence {Er}r>1 with the following
properties:

• Es,t
1 is concentrated in horizontal degrees s > −1.

• Es,t
1 = ExttHn−s−1

(1,1)

• d1 : Es,t
1 → Es−1,t

1 is the stabilisation map when s is even, and vanishes
when s is odd.
• Es,t

∞ = 0 in total degrees s+ t 6 (n− 2).

Throughout the section we will need to fix a projective resolution P∗ of 1 as
a right Hn-module, and an injective resolution I∗ of 1 as a left Hn-module. It
will be important to note that by restricting the module structure to any Hn−s−1,
P∗ can be regarded as a projective resolution of 1 as a right Hn−s−1-module, and
I∗ can be regarded as an injective resolution I∗ of 1 as a left Hn−s−1-module.
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This is possible because Hn is free as both a right and left Hn−s−1-module (see
Proposition 2.7), so that restriction preserves injectivity and projectivity.

We now work towards a proof of the proposition.

Lemma 9.2. There is a homological spectral sequence {IIEr} with the following
properties:

• IIE1
s,t is concentrated in horizontal degrees s > −1.

• IIE1
s,t = TorHn

t (1,D(n)s)

• d1 : IIE1
s,t → IIE1

s−1,t is induced by ∂s : D(n)s → D(n)s−1.

• IIE∞s,t = 0 in total degrees s+ t 6 (n− 2).

Similarly, there is a cohomological spectral sequence {IIEr} with the following prop-
erties:

• IIEs,t
1 is concentrated in horizontal degrees s > −1.

• IIEs,t
1 = ExttHn

(D(n)s,1)

• d1 : IIEs−1,t
1 → IIEs,t

1 is induced by ∂s : D(n)s → D(n)s−1.
• IIEs,t

∞ = 0 in total degrees s+ t 6 (n− 2).

Proof. We prove the homological version first. Consider the (homological) double
complex P∗ ⊗Hn D(n)∗. This double complex gives two spectral sequences, {IEr}
and {IIEr}, obtained by filtering the totalization by rows or columns. In our case,
the first spectral sequence has E1 term

IE1
s,t = Ht(Ps ⊗Hn D(n)∗)

with d1 : IE1
s,t → IE1

s−1,t induced by the differential Ps → Ps−1. The second

spectral sequence has E1 term

IIE1
s,t = Ht(P∗ ⊗Hn D(n)s) = TorHn

t (1,D(n)s)

and differential d1 : IIE1
s,t → IIE1

s−1,t induced by ∂s : D(n)s → D(n)s−1. Both
spectral sequences converge to the homology of the total complex Tot(P∗ ⊗Hn

D(n)∗). See section 5.6 of [Wei94] for details.
The E1-term of {IEr} can be identified using the fact that Ps is projective, so

that the functor (Ps ⊗Hn −) commutes with homology, giving us

IE1
s,t = Ht(Ps ⊗Hn D(n)∗) ∼= Ps ⊗Hn Ht(D(n)∗).

But by Theorem 5.2, the right-hand-side vanishes for t 6 (n − 2). In particular,
IE1
∗,∗ vanishes in total degrees 6 (n− 2). The same therefore holds for all subse-

quent pages of the spectral sequence, so that H∗(Tot(P∗ ⊗Hn D(n)∗)) vanishes in
degrees ∗ 6 (n − 2). Since {IIEr

s,t} also converges to H∗(Tot(P∗ ⊗Hn D(n)∗)), we
obtain the conclusion.

For the second case, we consider instead the (cohomological) double complex
HomHn(D(n)∗, I

∗). One obtains analogous spectral sequences {IEr} and {IIEr},
which are analysed in the same way as before. In the analysis of {IEr} one uses



HOMOLOGICAL STABILITY FOR IWAHORI-HECKE ALGEBRAS 39

the fact that I∗ is injective and therefore HomHn(−, Is) commutes with homology
to show that

IEs,t
1 = H t(HomHn(D(n)∗, I

s)) ∼= HomHn(Ht(D(n)), Is). �

Having obtained the spectral sequences {IIEr} and {IIEr}, we now proceed to
turn them into the ones required by Proposition 9.1. Recall that

IIE1
s,t = TorHn

t (1,D(n)s) = TorHn
t (1,Hn ⊗Hn−s−1 1),

IIEs,t
1 = ExttHn

(D(n)s,1) = ExttHn
(Hn ⊗Hn−s−1 1,1).

Recall from Proposition 2.7 that Hn is free as a right Hn−s−1-module, so that in
particular Hn is flat as a right Hn−s−1-module, and there is therefore a change-of-
rings isomorphism

Ξ∗ : Tor
Hn−s−1

t (1,1)
∼=−−−−→ TorHn

t (1,Hn ⊗Hn−s−1 1) = TorHn
t (1,D(n)s) = E1

s,t

given on the level of chain complexes by the isomorphism

Ξ: P∗ ⊗Hn−s−1 1
∼=−−−−→ P∗ ⊗Hn (Hn ⊗Hn−s−1 1), Ξ(p⊗ 1) = p⊗ (1⊗ 1),

with inverse Ξ−1(p⊗(h⊗1)) = ph⊗1. And there is a change-of-rings isomorphism

Ξ∗ : ExttHn−s−1
(1,1)

∼=−−−−→ ExttHn
(Hn ⊗Hn−s−1 1,1) = ExttHn

(D(n)s,1) = Es,t
1 .

given on the level of chain complexes by the isomorphism

Ξ: HomHn−s−1(1, I
∗)

∼=−−−−→ HomHn(Hn ⊗Hn−s−1 1, I
∗) Ξ(f)(h⊗ 1) = h · f(1)

with inverse Ξ−1(g)(1) = g(1⊗ 1).
We now define {Er} to be simply the spectral sequence {IIEr}, but with the E1-

term modified by replacing IIEr
s,t = TorHn

t (1,D(n)s) with Tor
Hn−s−1

t (1,1) using
the map Ξ∗, and then taking the induced differentials. And we define {Er} to
be {IIEr} but with E1-term modified by replacing IIEs,t

r = ExttHn
(D(n)s,1) with

ExttHn−s−1
(1,1) using the map Ξ∗, and again taking the induced differentials. Then

{Er} and {Er} have all the properties required by Proposition 9.1, except for the
description of the differentials.

Lemma 9.3. The composites

Ξ−1
∗ ◦ d1 ◦ Ξ∗ : TorHn−s−1

∗ (1,1) −→ TorHn−s
∗ (1,1),

Ξ∗−1 ◦ d1 ◦ Ξ∗ : Ext∗Hn−s
(1,1) −→ Ext∗Hn−s−1

(1,1)

vanish when s is odd, and are given by the relevant stabilisation map when s is
even.
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Proof. Recall that d1 is induced by the differential of D(n), so that it is given on
the level of chains by the map

id⊗ ∂r : P∗ ⊗Hn D(n)s −→ P∗ ⊗Hn D(n)s−1,

p⊗ (h⊗ 1) 7−→
s∑
j=0

(−1)jq−j(p⊗ (hTn−s+j,n−s ⊗ 1)).

Thus Ξ−1
∗ ◦ d1 ◦ Ξ∗ is given on the level of chains by the composite

P∗ ⊗Hn−s−1 1
Ξ−→ P∗ ⊗Hn D(n)s

id⊗∂s−−−→ P∗ ⊗Hn D(n)s−1
Ξ−1

−−→ P∗ ⊗Hn−s 1,

whose effect on the element p⊗ 1 is

p⊗ 1 7→ p⊗ (1⊗ 1)

7→
s∑
j=0

(−1)jq−j(p⊗ (Tn−s+j,n−s ⊗ 1))

7→
s∑
j=0

(−1)jq−j(pTn−s+j,n−s ⊗ 1).

By Lemma 9.4 below, this composite is chain homotopic to the map

P∗ ⊗Hn−s−1 1 −→ P∗ ⊗Hn−s 1

p⊗ 1 7→
s∑
j=0

(−1)jq−jqj(p⊗ 1) =
s∑
j=0

(−1)j(p⊗ 1) =

{
p⊗ 1 s even

0 s odd

and the result follows in the homological case. In the cohomological case the proof
is similar, and we leave the details to the reader. �

Lemma 9.4. The map P∗ ⊗Hn−s−1 1→ P∗ ⊗Hn−s−1 1, p⊗ 1 7→ pTn−s+j,n−s ⊗ 1 is
chain homotopic to the map given by multiplication by qj. Consequently, the map
P∗ ⊗Hn−s−1 1 → P∗ ⊗Hn−s 1, p ⊗ 1 7→ pTn−s+j,n−s ⊗ 1 is chain homotopic to the
reduction map P∗ ⊗Hn−s−1 1→ P∗ ⊗Hn−s 1 multiplied by qj.

Analogously, the map HomHn−s−1(1, I
∗) → HomHn−s−1(1, I

∗) defined by f 7→
(1 7→ Tn−s+j,n−s · f(1)) is chain homotopic to the map given by multiplication
by qj. Consequently, the map HomHn−s(1, I

∗) → HomHn−s−1(1, I
∗), f 7→ (1 7→

Tn−s+j,n−s · f(1)) is chain homotopic to the restriction map HomHn−s(1, I
∗) →

HomHn−s−1(1, I
∗) multiplied by qj.

Proof. Let us begin with the homological case. The next paragraph will show
that right-multiplication by Tn−s+j,n−s on P∗ is a map of Hn−s−1-modules, and
that its effect on homology is multiplication by qj. Another chain map with the
same properties is multiplication by qj. But since P∗ is a projective resolution by
Hn−s−1-modules, these two maps are chain homotopic.
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To see that right-multiplication on P∗ by Tn−s+j,n−s is a map of Hn−s−1-modules,
observe that Tn−s+j,n−s = Tn−s+j−1 · · ·Tn−s commutes with Hn−s−1. The effect of
the map on homology is the map 1→ 1 that is again given by right multiplication
by Tn−s+j,n−s, and since Tn−s+j,n−s is a product of j factors Tk, this is multiplication
by qj.

The proof in the cohomological case is similar, left-multiplication by Tn−s+j,n−s
on I∗ is a map of Hn−s−1-modules given on cohomology by multiplication by qj, and
since I∗ an injective resolution by Hn−s−1-modules, this map is chain homotopic
to multiplication by qj. �

10. Proof of Theorem 1.1

We are now able to prove Theorem 1.1, in the homological case. The following
argument is essentially what appears in section 5.2 of [RW13], or in the proof of
Theorem 2 of [Ker05], except for changes in indexing and notation.

We prove that Tor
Hn−1

d (1,1) → TorHn
d (1,1) is an isomorphism in degrees d

satisfying 2d 6 n− 1. We do this by induction on n. The cases n = 1 and n = 2
only make a statement about degree d = 0 and therefore hold trivially.

Suppose now that n > 3 and that the induction hypothesis holds for all smaller
values of n. In the spectral sequence {Er}r>1 of Proposition 9.1 the differential

d1 : E1
s,t → E1

s−1,t

is the stabilisation map

Tor
Hn−s−1

t (1,1)→ Tor
Hn−s

t (1,1)

when s is even, and vanishes when s is odd. In particular, our aim is to show that
the maps d1 : E1

0,t → E1
−1,t are isomorphisms for 2t 6 n− 1, or in other words that

E2
0,t = 0 and E2

−1,t = 0 for 2t 6 n− 1.
Now let u > 1 and consider the differential

d1 : E1
2u,t → E1

2u−1,t.

Since this is the stabilisation map, our induction hypothesis states that it is an
isomorphism for 2t 6 n− 2u− 1. This gives the first property below. The second
property follows easily from it.

(1) For r > 2, Er
∗,∗ vanishes in bidegrees (2u, t) and (2u − 1, t) for u > 1,

2t 6 n− 2u− 1.
(2) For r > 2, Er

∗,∗ vanishes in bidegrees (s, t) satisfying 2t 6 n − s − 2 and
s > 1.

We now claim that for r > 2 there are no differentials dr affecting terms in
bidegrees (−1, t) and (0, t) for 2t 6 n− 1. In the case of bidegrees (−1, t), observe
that a dr landing there must originate in bidegree (−1 + r, t − r + 1), but that
Er
−1+r,t−r+1 = 0 by property (2) above. In the case of bidegrees (0, t) and r > 3, the

same reasoning applies. In the case of bidegrees (0, t) and r = 2, the differential
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d2 landing there must originate in (2, t − 1), which is (2u, t − 1) for u = 1, and
E2

2u,t−1 = 0 by property (1) above.

It follows that if 2t 6 n− 1 then E∞−1,t = E2
−1,t and E∞0,t = E2

0,t. These terms lie
in total degrees d satisfying d 6 (n− 2) (this requires our assumption that n > 3).
But by Proposition 9.1 we know that E∞ vanishes in these total degrees, so that
these terms vanish, and this completes the proof in the homological case.

The proof in the cohomological case is entirely similar.
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[GP00] Meinolf Geck and Götz Pfeiffer. Characters of finite Coxeter groups and Iwahori-
Hecke algebras, volume 21 of London Mathematical Society Monographs. New Series.
The Clarendon Press, Oxford University Press, New York, 2000.

[GRW18] Søren Galatius and Oscar Randal-Williams. Homological stability for moduli spaces
of high dimensional manifolds. I. J. Amer. Math. Soc., 31(1):215–264, 2018.



HOMOLOGICAL STABILITY FOR IWAHORI-HECKE ALGEBRAS 43

[Har85] John L. Harer. Stability of the homology of the mapping class groups of orientable
surfaces. Ann. of Math. (2), 121(2):215–249, 1985.

[Hep16] Richard Hepworth. Homological stability for families of Coxeter groups. Algebr.
Geom. Topol., 16(5):2779–2811, 2016.

[Hep20] Richard Hepworth. On the edge of the stable range. Math. Ann., 377(1-2):123–181,
2020.

[Hum90] James E. Humphreys. Reflection groups and Coxeter groups, volume 29 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1990.

[HV98] Allen Hatcher and Karen Vogtmann. Rational homology of Aut(Fn). Math. Res.
Lett., 5(6):759–780, 1998.

[HV04] Allen Hatcher and Karen Vogtmann. Homology stability for outer automorphism
groups of free groups. Algebr. Geom. Topol., 4:1253–1272, 2004.

[HW10] Allen Hatcher and Nathalie Wahl. Stabilization for mapping class groups of 3-
manifolds. Duke Math. J., 155(2):205–269, 2010.

[Jon87] V. F. R. Jones. Hecke algebra representations of braid groups and link polynomials.
Ann. of Math. (2), 126(2):335–388, 1987.

[Ker05] Moritz C. Kerz. The complex of words and Nakaoka stability. Homology Homotopy
Appl., 7(1):77–85, 2005.

[Kho07] Mikhail Khovanov. Triply-graded link homology and Hochschild homology of Soergel
bimodules. Internat. J. Math., 18(8):869–885, 2007.

[KL79] David Kazhdan and George Lusztig. Representations of Coxeter groups and Hecke
algebras. Invent. Math., 53(2):165–184, 1979.

[Kra19] Manuel Krannich. Homological stability of topological moduli spaces. Geom. Topol.,
23(5):2397–2474, 2019.

[KT08] Christian Kassel and Vladimir Turaev. Braid groups, volume 247 of Graduate Texts
in Mathematics. Springer, New York, 2008. With the graphical assistance of Olivier
Dodane.

[Lib19] Nicolas Libedinsky. Gentle introduction to Soergel bimodules I: the basics. São Paulo
J. Math. Sci., 13(2):499–538, 2019.
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