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A new framework of loop quantization that assimilates conformal and scale invariance is constructed and is
found to be applicable to a large class of physically important theories of gravity and gravity-matter systems.
They include general relativity and scale-invariant scalar-tensor and dilaton theories. Consequently, matter to
be coupled to such theories is restricted to be conformal or scale invariant. Standard model-type systems
naturally fall into this category. The new loop quantization follows from a novel conformally generalized Holst
action principle. In contrast to standard loop quantum gravity, the resulting quantum geometry is not beset by
the Immirzi ambiguity and has no definitive area gaps within the considered large class of theories of
gravitation. As an additional feature, the scale invariance gives rise to a conserved Weyl current and we discuss
briefly its possible implication on the problem of time in quantum gravity.
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I. INTRODUCTION
One of the most ubiquitous questions in physics is the
scale of a given system and arguably the most fundamental
of such issues is the basic size of the building blocks of
space itself. Loop quantum gravity (LQG) [1–3] is a
promising candidate to unify quantum theory and general
relativity. En route to this final goal, apart from certain
outstanding technical issues, there are intriguingly fundamental challenges to LQG, which we address in this work:
(i) the persistent Immirzi ambiguity [4] responsible for the
uncertain microscopic units of quantized geometric quantities such as areas must be satisfactorily resolved [2,5];
(ii) the quantized geometry should at least support and at
best imply the physical forms of matter, particularly in the
standard model (SM) [6–9]; and (iii) the consequent cosmic
evolution should be compatible with or indeed account for
the large scale structures and scale independent fluctuations
of the observed Universe [10–14].
Ostensibly, these three points have completely different
guises. But they share a similar geometric attribute in
common, with a strong hint of a universal scaling symmetry. While the scale invariance in cosmology and the
near conformal invariance of the SM have been extensively
studied [15,16], there is a lack of general consensus on its
analogous role in quantum gravity. The present formalism
of LQG does not have a scale invariance. To the contrary, it
predicts the existence of small but finite units of geometric
measures like areas and their quantum gaps [17]. Because
of the Immirzi ambiguity, it remains uncertain what the
related scale should be. While not affecting normal
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macroscopic measures, this is potentially serious since, if
true, loop quantum cosmology would imply the big bang
had a passage to a hypothetical previous universe bearing
further observational ramifications [18,19]. Furthermore,
the effect of fundamental scales on the early Universe may
have profound implications on quantum gravity phenomenology such as gravitational decoherence and stochastic
gravitational waves [20–22] in the late Universe.
Here we present a novel generalization of LQG using a
conformal gauge structure. Through a new conformally
augmented analysis, we derive the conformally covariant
form of the extrinsic curvature that enables us to construct
the conformally extended Ashtekar-Barbero variables
[23,24]. A conformal Immirzi parameter naturally arises
in this construction with a value related to the choice
of conformal frames. A key feature is the existence of the
conformal constraint acting as the canonical generator
of conformal transformations that shift the value of the
conformal Immirzi parameter. The presented theoretical
framework is amenable to loop quantization. In particular,
the implementation of the conformal constraint using
schemes developed in Refs. [25,26] may lead to the unitary
equivalence of loop representations with different values of
the conformal Immirzi parameter.
We start our analysis in the coordinate-independent
manner using the lagrange of modern differential forms
and exterior algebra. When passing over to the canonical
analysis, a (3 þ 1)-decomposition of spacetime coordinates
is introduced in a time gauge. The main focus of this
work is a new conformally augmented dynamical structure which is amenable to generic loop quantization
techniques. Accordingly, our discussion on quantization
will be restricted to key steps. Nonetheless, we show how
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our new approach may significantly alters implications
from the modified LQG.
We use fairly standard geometric notation summarized
here for clarity. In units where κð¼ 8πG=c4 Þ ¼ c ¼ 1, we
consider the tetrad 1-forms eI ¼ eα I dxα with I ¼ 0, 1, 2, 3
and its dual tangent vectors ẽI ¼ eα I ∂ α with contraction
eI ðẽJ Þ ¼ δIJ and ϵ ¼ detðeα I Þ. Here spacetime coordinates
are ðxα Þ ¼ ðt; xa Þ with α ¼ 0, 1, 2, 3 and a ¼ 1, 2, 3.
The Levi-Civita (LC) antisymmetric symbols are denoted by
ϵIJKL with ϵijk ¼ ϵ0ijk for i, j, k ¼ 1, 2, 3 and
ϵ0123 ¼ ϵ123 ¼ 1. The spacetime metric tensor is g ¼
ηIJ eI ⊗ eJ using the Minkowski metric ηIJ ¼
diagð−1; 1; 1; 1Þ with gμν ¼ eμ I eνI and g ¼ detðgμν Þ ¼
−ϵ2 . The metric compatible connection 1-forms AIJ independent of the tetrad are used to define the covariant exterior
derivative D. In particular, the torsion 2-forms of AIJ are
given by T I ¼ DeI ¼ deI þ AI J ∧ eJ using the exterior
product ∧ and derivative d, satisfying the first Bianchi
identity DT I ¼ FI J ∧ eJ where FIJ ¼ dAIJ þ AIK ∧ AK J
are the curvature 2-forms of AIJ [27]. The coordinate
components of AIJ and FIJ are denoted by AαIJ and FαβIJ
and similarly for other quantities.
II. CONFORMAL HOLST ACTION
FOR GENERAL RELATIVITY
Let us begin with the simultaneous conformal gauge
changes of tetrad and connection 1-forms
ēI ¼ ϕeI ;

ĀIJ ¼ AIJ þ ϕIJ

to be equivalent to Einstein’s equations for general relativity (GR). We will then demonstrate that such conformal
Ashtekar-Barbero variables indeed arise from the conformally extended canonical analysis.
Denoting the variation with respect to ⊔ by δ⊔, we find
the variations of the two terms in Eq. (2) with respect to the
connection AIJ yields
1
δA S ¼ δAIJ ∧ ½ϕ2 D⋆ðeI ∧ eJ Þ − θ2 DðeI ∧ eJ Þ
2
where ⋆ is the Hodge dual. Consequently, the connection is
torsion-free, given by the LC connection ΓIJ , i.e.,
DeI ¼ 0 ⟺ AIJ ¼ ΓIJ :
Next, the ϕ-variation yields
δϕ S ¼

consisting of the first Palatini and second Holst terms [28],
nontrivially transformed with the primary and secondary
conformal factors ϕ and θ respectively.
The action (2) has recently been conjectured to yield
conformally extended Ashtekar-Barbero connection variables free of the longstanding Immirzi ambiguity [29]. To
proceed, we first derive the covariant field equations by
varying the action (2) with compact support, which turn out

δϕ ϕIJ
δϕ
∧ D⋆ðeI ∧ eJ Þ:
FIJ ∧ ⋆ðeI ∧ eJ Þ þ
ϕ
2

Thus, by using Eq. (3), the second term of the above
vanishes and so the first term must vanish as part of the field
equations, which is equivalent to the vanishing of the scalar
curvature R̄. This relation is also fulfilled if ḡμν satisfies the
vacuum Einstein equation, as will be established below.
The θ-variation follows as
δθ S ¼ −

ð1Þ

for any positive scalar field ϕ regarded as the primary
conformal factor. Likewise, any conformally transformed
quantity induced by the above will be denoted with an
overline. Here the 1-forms ϕIJ ¼ −2dðln ϕÞðẽ½I ÞeJ are
uniquely determined to guarantee the conformal gauge
covariance DeI ¼ ϕDeI .
To explore the effect of relative conformal changes, i.e.,
the “relativity of conformal frames,” we will also consider
similar conformal changes of any quantity with respect to
another (secondary) conformal scalar field θ, denoted by an
underline, with analogous θIJ . This enables us to construct
a conformally extended Holst action S½A; e; ϕ; θ as
Z
i
1 h
S¼
FIJ ∧ ⋆ðeI ∧ eJ Þ − FIJ ∧ eI ∧ eJ
ð2Þ
2

ð3Þ

δθ
δθ
F ∧ ðeI ∧ eJ Þ − θ IJ ∧ DðeI ∧ eJ Þ:
θ IJ
2

Again, the second term of the above vanishes by using
Eq. (3) and so the first term must vanish as part of the field
equations, i.e., FIJ ∧ ðeI ∧ eJ Þ ¼ 0 which is also satisfied
as a result from the first Bianchi identity with zero torsion.
Last but not least, the variation of the action (2) with
respect to the tetrad yields
δe S ¼

δeI
∧ ½ϕḠI − 2θeJ ∧ FIJ 
2

where the second term also vanishes on account of the first
Bianchi identity with zero torsion whereas in the first term
ḠI are the Einstein 3-forms [27], carrying the same
information as the Einstein tensor. This yields the main
resulting variational field equation as the Einstein equation
for the physical metric ḡμν , supplemented with the LC
spacetime connection and the arbitrary Lagrangian multiplierlike conformal scalar fields ϕ and θ.
III. CANONICAL ANALYSIS OF THE
CONFORMAL HOLST ACTION
To derive the promised conformal Ashtekar-Barbero
connection variables, we now carry out the canonical
analysis of the action (2). (Details can be consulted in
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Supplementary Material Sec. I [30]) For this purpose, as
with the canonical analysis of the standard Holst action
[28], we adopt a (3 þ 1) coordinate decomposition known
as the “time gauge,” in which the tetrad is related to the
lapse function N, shift vector N a, and triad ea i by eα 0 ¼
Nδtα and et i ¼ N a ea i with e ¼ detðea i Þ ¼ ϵ=N. As a result,
ẽ0 is a unit vector normal to the equal-t hypersurface Σ and
unit vectors ẽi are perpendicular to ẽ0 , spanning the tangent
space to the spatial hypersurface with metric hab ¼ ea i eb i
and h ¼ detðhab Þ ¼ e2 . The densitized triad is then Eai ¼
eea i with E ¼ detðEai Þ ¼ h.
A close analogy with the Immirzi parameter in standard
LQG is obtained, without the loss of generality, by
performing a conformal transformation so that p
ofﬃﬃﬃ the
secondary conformal factor is fixed to be θ ¼ 1= β for
some positive constant β. However, as will become clear
below, its value can still be related to the choice of
conformal frames with respect to the primary conformal
factor ϕ, and so we will refer to β as the conformal Immirzi
parameter. Then, the Lagrangian density of the action (2)
becomes
L ¼ π ϕ ϕ_ þ β−1 Eai A_ ia þ Eai Gia
N
− N a Ebi Habi0 þ pﬃﬃﬃﬃ Eai Ebj Habij
2 E

constraints of anticipated forms which are in full agreement
with their independent derivations via a conformally
extended Arnowitt-Deser-Misner (ADM) formulism.
(Contained in Supplementary Material Sec. II [30]) The
resulting constructions allow concrete connections with
established loop quantization techniques with considerably
new and interesting conformal and scaling features.
In applying Eq. (3), one notices that the LC connection
ΓIJ encodes the spin connection 1-forms Γia ¼ −ϵijk Γajk =2
and extrinsic curvature 1-forms K ai ¼ Γai0 . As a result, Aia
introduced above becomes the conformal spin connection
variable
Aia ¼ Γia þ βCia

ð5Þ

which is the sought after conformal Ashtekar-Barbero
connection variable, in terms of the conformal extrinsic
curvature 1-forms
Cia ¼ ϕ2 ðK ia þ ϕai0 Þ

ð6Þ

with the associated curvature 2-forms Fiab ¼ 2∂ ½a Aib þ

ϵijk Aja Akb . The scalar momentum then becomes

pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
6 E _
ðϕ − N a ϕ;a Þ þ 2 EϕK
πϕ ¼ −
N

ð4Þ

where

ð7Þ

where K ¼ −K ia ea i , is the trace of the extrinsic curvature
tensor.
A conformal redundancy among Cia and π ϕ gives rise to
a new conformal constraint

π ϕ ¼ −2ϕEai Āai0 ;
1
Aia ¼ βϕ2 Āai0 − ϵijk Aajk ;
2
ϵijk
i
þ 2Atjm Aakm − 2Atj0 Aak0 Þ
ðA
Ga ¼
2β tjk;a

C ¼ ϕπ ϕ þ 2Cia Eai

þ ϕ2 ð2Ā½t im Āam0 − Āti0;a Þ;
HabIJ ¼ ϕ2 F̄abIJ þ
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ð8Þ

which is required to vanish weakly. It is in fact the
canonical generator of the conformal frame transformations

1
ϵ KL FabKL ;
2β IJ

Eai → Ω2 Eai ;

ð9aÞ

1
Aia → Aia þ βðΩ−2 − 1ÞCia − ϵijk Eja Ebk ðln ΩÞ;b
4

ð9bÞ

ϕ → Ω−1 ϕ;

with ⊔_ ¼ ∂ t ⊔ and ⊔;a ¼ ∂ a ⊔. As ϕ_ and A_ ia are the only
time derivatives in Eq. (4), they form canonical variables
through a symplectic structure with π ϕ and Eai =β as the
respective canonical momenta.
Since our aim is to construct a conformally extended
Hamiltonian formulation of gravitation with first class
constraints as symmetry generators, any second class
constraints should be eliminated using variational field
equations not of the canonical type. From the canonical
analysis of the standard Holst action [28], it is clear that
such second class constraints will also arise from the
torsion-free condition in our generalized formulation.
Therefore, we eliminate such second class constraints from
Gia and HabIJ using Eq. (3) already derived as part of the
variational field equations. After working through the
remaining rather involved algebra, we arrive at first class

π ϕ → Ωπ ϕ ;

for any positive function ΩðxÞ.
The transformation relation for Aia above originates
from the conformal transformation of the LC spin connection Γia → Γia þ ½last term in Eq: ð9bÞ and the conformally covariant change of the conformal extrinsic
curvature Cia → Ω−2 Cia under Eq. (9), a crucial property
ensuring the overall conformal covariance of our new
formalism not shared by the standard extrinsic curvature K ia .
After some calculations, the expressions involving Gia ,
Habi0 , and Habij in Eq. (4) along with the zero-torsion
condition Eq. (3) significantly simplify to further constraints as below. First, the term Eai Gia , up to a total
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divergence, becomes −Mi Gi , where Mi are certain functions of the nondynamical Γtjk and Γti0 , hence acting as a
Lagrangian multiplier. Here,
Gi ¼ Da Eai =β

ð10Þ

takes the standard form of the Gauss constraint, as the
canonical generator of the spin gauge transformations, now
using the spin covariant derivative Da with respect to the
conformal spin connection Aa i given by Eq. (5).
Up to adding a quantity proportional to the Gauss
constraint Gi , the term Ebi Habi0 reduces to
Ha ¼ Fiab Ebi =β þ ϕ;a π ϕ

ð11Þ

of the standard form of diffeomorphism constraint as the
canonical generator of the spatial diffeomorphisms. Note
also, Fiab above uses the conformal spin connection (5) and
ϕ is the conformal scalar field.pﬃﬃﬃﬃ
The remaining term −1=ð2 EÞEai Ebj Habij in Eq. (4)
simplifies, up to adding a quantity proportional to the
covariant derivative of the Gauss constraint ∇a Gi , to be
1
H ¼ ϕ2 HE − pﬃﬃﬃﬃ 2 ð1 þ β2 ϕ4 ÞCi½a Cjb Eai Ebj
Eϕ
pﬃﬃﬃﬃ
þ Eð2ϕΔϕ − ϕ;a ϕ;a Þ

ð12Þ

where Δ is the Laplace-Beltrami operator of hab , which is
our new Hamiltonian constraint. Apart from its subexpression
1
HE ¼ pﬃﬃﬃﬃ ϵijk Fkab Eai Ebj
2 E

ð13Þ

of the standard form of the Euclidean Hamiltonian constraint, it is modified from the standard Hamiltonian
constraint with additional presence of the conformal scalar
field ϕ and the replacement of the extrinsic curvature by
conformal extrinsic curvature K ia → Cia , as well as Fiab
using the conformal spin connection (5).
Using Eqs. (10)–(12), we obtain from Eq. (4) the totally
constrained Hamiltonian density
H ¼ M i Gi þ N a Ha þ NH:

ð14Þ

Given their structures, it is clear from previous related
studies that constraints C; Gi ; Ha and H are first class
[29,31–33].
As inherited from the conformally extended Holst action
(2), physical observables are quantities invariant under, in
addition to rotations and diffeomorphisms, conformal
transformations Eqs. (9). An important example is the
conformally invariant triad Ēai ¼ ϕ2 Eai which plays the role
of the physical triad and gives rise to physically measurable
geometric quantities. Specifically, the physical area operator on a surface in Σ is given by [17]

Z
AS ¼

S

Z
jĒj ¼

S

ϕ2 jEj

ð15Þ

where jĒj (jEj) is the norm of the 2-form as the pullback of
Ēai (Eai ) to Σ. Upon quantization, any discrete spectrum
from jEj can be blurred by the dense eigenvalues of ϕ,
resulting in the absence of definitive area gaps in either
standard loop quantization [17] or other schemes, e.g., the
Fock representation of null surface area spectrum recently
studied in Ref. [34].
This stark contrast also begs the question on the Immirzi
parameter, which controls the size of e.g. the area gaps in
standard LQG. What is the physical effect of our conformal
Immirzi parameter β if there are no definitive area gaps? It
turns out that there is no preferred value of β for the new
theory in as much as no privileged conformal frames.
Indeed, the parameter β that appears in all the constraints
and multipliers contained in the Hamiltonian density (14)
can be completely transformed away, leading simply to
Ω¼

pﬃﬃ
β

H ⟶ Hjβ¼1

ð16Þ

using the “normalized” conformal Ashtekar-Barbero
variable Aia ¼ Γia þ Cia .
IV. CONFORMAL LOOP QUANTIZATION
While our connection degrees of freedom are amenable
to loop quantization, since we aim to preserve the conformal invariance at he quantum level, it is natural to
quantize ϕ in the field representation. Following Ref. [29],
we consider the kinematic Hilbert space
Hkin ¼ HSF ⊗ HSN

ð17Þ

as a product of that for scalar fields (SF) and spin networks
(SN), like LQG coupled to a scalar field in Ref. [26]. The
quantum states are therefore expressed as superpositions of
Ψ½ϕ; A ¼ Ψ½ϕ ⊗ ψðhe1 ½A; …; hen ½AÞ

ð18Þ

using the cylindrical functions of Aia , with holonomies
he1 ½A; …; hen ½A over edges e1 ; …; en . In particular,
the implementation of Eqs. (9) as quantum canonical
transformation amounts to the loop quantization of
the conformal constraint (8). After mapping K ia → Cia
the definitions of our connection variables (5) and the
Euclidean Hamiltonian constraint (13) are identical to
standard definitions, and so the nontrivial quantization of
the mean extrinsic curvature term in Eq. (8) follows from
Ref. [25] as
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1
½H ðxÞ; V Σ 
iℏ E

ð19Þ
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where V Σ is the volume operator on the spatial slice Σ with
respect to Eai . Since the resulting loop quantization is
independent of β, we can put β ¼ 1. Together with all
quantized constraints, the physical state Ψ is therefore
described by the solutions of the quantum constraint
equations ðH; Ha ; Gi ÞΨ ¼ 0 analogous to standard LQG,
augmented with the new quantum conformal constraint
equation
CΨ ¼ 0

V. SCALE-INVARIANT
GRAVITY-SCALAR-MATTER SYSTEM
If one does not insist on the full conformal invariance,
then Eq. (16) can still be achieved as a scale-invariant
system with physical states Ψ satisfying the global conformal constraint, i.e., scaling constraint
Z

Cd3 x Ψ ¼ 0

L ¼ LG ½gμν ; ϕ þ LS ½gμν ; ϕ; Aμ 
ð22Þ

for a coupled system with gravity (G), scalar (S), and matter
(M), based on a naturally generalized SM approach with
scale invariance.
Given the equivalence between the first order Holst
formalism and second order ADM-type formulism demonstrated above, let us proceed with the ADM-type
canonical analysis below. (Technical details are available
in Supplementary Material Sec. III [30]). In the Lagrangian
density (22) above, we consider

ð23Þ

where PR is the scalar curvature of gμν and
Φ2 ¼ A ϕA ϕA =6kA . Here kA are scalar-gravity coupling
constants, with kA ¼ 1 for any conformally coupled ϕA .
Part of the index range for A may be the Haar measure indices associated with a gauge group G. In Eq. (22),
the term


pﬃﬃﬃﬃﬃﬃ 1
μ A
LS ¼ − −g Dμ ϕA D ϕ þ VðϕÞ
2

ð24Þ

is the scalar Lagrangian density, where VðϕÞ is a homogeneously fourth order potential in ϕA [37] that may
account for both mass and potential of the Higgs scalar,
and Dμ is the covariant derivative using the sum of the LC
connection and gauge connection Aμ .
The matter Lagrangian density in Eq. (22) is
pﬃﬃﬃﬃﬃﬃ
LM ¼ ℜ −gψ † iγ 0 ½γ I eμ I Dμ þ μðϕÞψ
−

1 pﬃﬃﬃﬃﬃﬃ A μν
−gF μν F A
4

ð25Þ

which uses the curvature F μν of Aμ , the constant Dirac
matrices γ I satisfying the Clifford algebra γ ðI γ JÞ ¼ ηIJ with
the Hermiticity condition γ I † ¼ γ 0 γ I γ 0 , and a Yukawa
coupling matrix μðϕÞ homogeneous linearly in ϕA [37].
Lagrangian density (22) has the property of being
invariant under the following scale transformations:
gμν → Ω2 gμν ;
Aμ → Aμ ;

ð21Þ

instead of the local constraint (20).
Indeed, motivated by the fact that only scale invariance,
not the full conformal invariance, is required to achieve an
Immirzi parameter-free description, let us now consider the
following scale-invariant Lagrangian density

þ LM ½gμν ; ϕ; Aμ ; ψ

1 pﬃﬃﬃﬃﬃﬃ
LG ¼ Φ2 −gR
2

ð20Þ

which is to be implemented through e.g. conformal group
averaging along with diffeomorphisms to form conformorphism invariant states [32].
If the constraint (20) is to be preserved when matter
coupling is also included, then matter must be conformally
invariant too. One possibility is to consider conformally
invariant scalar-tensor (ST) theory of gravity [35,36] which
is equivalent to GR at least classically. From a minimal
coupling point of view, if we assume that the metric
coupling with matter is independent of the scalar field
ϕ, then conformal invariance can still hold for the general
covariant SM with a conformally coupled Higgs field,
following the principle of conformal invariance [37].

PHYS. REV. D 98, 124041 (2018)

ϕ → Ω−1 ϕ;
ψ → Ω−3=2 ψ;

ð26Þ

for any positive constant Ω, as a result of LG , LS , and LM
being similarly invariant.
The scaling symmetry implies the existence of a conserved Noether current [38], which can be identified from
the boundary terms of the on-shell variations of the
Lagrangian density (22) under a scaling transformation
with Ω ¼ 1 þ ε in Eq. (26) for an infinitesimal ε, denoted
by δε ⊔. To this end, first it can be obtained from Eq. (23)
that
δε LG ¼

1 pﬃﬃﬃﬃﬃﬃ
−g∇μ ðΦ2 gαβ δε Γμαβ − Φ2 gμβ δε Γααβ Þ ¼ 0
2

where ∇μ is the LC covariant derivative using gμν , on
account of the invariance of the LC connection under
scaling transformations, and hence δε Γμαβ ¼ 0. A nontrivial
contribution is derived from Eq. (24) as follows
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where ϕ2 ¼ ϕA ϕA , since δε ϕ ¼ −εϕ. There are no further
relevant boundary terms resulting from varying gauge
connections since they are invariant under the scale transformations, i.e., δε Aμ ¼ 0. By varying the Lagrangian
density (25), one finds that the scale transformations of
spinors under Eq. (26) do not contribute to any boundary
term either, as δε LM ¼ 0. It therefore follows from the
above discussions, that the on-shell variational relation
δϵ L ¼ 0 gives rise to the conserved Weyl current ∂ μ ϕ2 . See
also related discussion in Ref. [15].
To focus on the gravitational structure with multiple
scalar fields, in the following we suppress the gauge field
Aμ , spinor ψ, and the scalar potential VðϕÞ, so that Dμ ϕA ¼
∂ μ ϕA and L ¼ LG þ LS . The off-shell variations of L
yields the canonical momentum for the metric
pﬃﬃﬃ
h ab _
ab
p ¼−
h ΦðΦ − N c Φ;c Þ
N
pﬃﬃﬃ
Φ2 h ab
−
ð27Þ
ðK − hab KÞ
2
and the canonical momentum for the scalars
pﬃﬃﬃ
pﬃﬃﬃ
h _
h
KϕA :
½ϕ − N a ϕA;a  þ
πA ¼ −
N A
3κA

ð28Þ

The conformal extrinsic curvature (6) and the conformal
constraint (8) are generalized to be Cia ¼ ϕ2 ðK ia þ Φai0 Þ
and C ¼ ϕA π A þ 2Cia Eai respectively, where Φai0 ¼
ϕai0 jϕ→Φ with the conformal Ashtekar-Barbero variable
Aia taking the same form as Eq. (5). Other constraints also
follow analogously. For example, the Hamiltonian constraint for a set of nonconformal scalar fields ϕA , with a
common kA ¼ k ≠ 1, for all A is found to be
1
H ¼ Φ2 HE − pﬃﬃﬃﬃ 2 ð1 þ β2 Φ4 ÞCi½a Cjb Eai Ebj
EΦ
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
1
E
2
pﬃﬃﬃﬃ
þ EΔΦ −
ϕ ϕA;a −
2 A;a
12kðk − 1ÞΦ2 E
× ½kC2 − ϕA π B π A ϕB þ ϕA ϕB π A π B 

ð29Þ

which has a generalized but similar structure as the
Hamiltonian constraint (12) and therefore is also amenable
to the scalar-loop quantization described above.
The corresponding scale-invariant physical triad is given
by Ēai ¼ Φ2 Eai giving rise to physically measurable geometric quantities such as the area operator
Z
Z
AS ¼
jĒj ¼
Φ2 jEj
ð30Þ
S

S

analogous to Eq. (15). For a single scalar field, Hamiltonian
constraint (29) recovers the Hamiltonian constraint in
Ref. [29]. The corresponding Hamiltonian density also

takes the form of Eq. (14), which under a scaling
transpﬃﬃﬃ
formation of the form of Eq. (9) with Ω ¼ β also sets
β ¼ 1 as in Eq. (16) as alluded to above.
VI. CONCLUSION AND DISCUSSION
In this paper, we have addressed a number of longstanding
issues of significance in LQG related to the uniqueness of
loop variables, discreteness of quantum geometry, and to a
smaller extent, possible emergence of time, based on an
important principle—conformal invariance.
In Sec. II, we have derived conformally extended
Ashtekar-Barbero variables leading to the new loop variables of gravity that are free from the Immirzi ambiguity by
effectively absorbing an otherwise one-parameter family of
variables into a conformal class. Although variables of the
same form have previously appeared in Ref. [29], where
they were derived in a specific ST theory excluding GR and
matter coupling, here we have demonstrated the conformal
Ashtekar-Barbero variables further arise from a large
general class of gravity theories covering GR, ST, dilatonic
gravity. In addition, we show that our formalism is
preserved for matter coupling with SM-type theories.
This is due to their crucial conformal or scale invariance.
In so doing, we have addressed an often raised question on
whether LQG restricts matter coupling and have suggested
the naturalness, if not uniqueness, of the SM-type matter
that can be coupled to quantum gravity. Furthermore,
instead of the more limited canonical formalism adopted
in Ref. [29], the new conformal Holst principle in this work
paves the way for a more covariant spinform models of the
new conformal LQG to be developed.
Since our conformal Immirzi parameter β can be
arbitrarily set to unity, from Eq. (12) and more generally
Eq. (29), it is readily seen that in the case of constant scalar
fields, Φ2 acts like the conventional Immirzi parameter γ.
Indeed, the area operator (30) assumes the standard LQG
form with the linear dependence on the Immirzi parameter with Φ2 → γ. How can we, then, reconcile for the
apparent value γ ¼ γ 0 ≃ 0.274 fixed from black hole
entropies [39]? One possibility to be investigated would
be that, in a suitable conformal frame (at the kinematic level
before conformorphism group averaging), Φ2 ¼ γ 0 might
turn out to be thermodynamically favorable on the black hole
horizon. However, such an effective Immirzi parameter Φ2
may dynamically vary e.g. in the early Universe [40].
Our parameterless formalism can also be understood, in
the terminology of BF gravity [41], as the equivalence
between the starting gravitational action (2) and the
following deformed BF action
Z
1
S¼−
½BIJ ∧ FIJ − ⋆BIJ ∧ FIJ 
2
with 2-forms BIJ ¼ eI ∧ eJ and without coupling constants. This is achieved by, without loss of generality,
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pﬃﬃﬃ
setting the secondary conformal factor θ ¼ 1= β ¼ 1 as
explained in Sec. III. The overline in the above action
denotes a conformal transform with respect to Φ in general
as described in Sec. V.
In the case of scale-invariant dilaton systems in Sec. V,
our new framework is relevant for the quantum gravitational temporal evolution of the early Universe [42],
particularly in relation to the conserved Weyl current giving
rise to a natural cosmological time [15,16]. In this respect, a
lack of definitive area gaps might lead to a radically
different conclusion to the (non)existence of the big bang
or big bounce from standard loop quantum cosmology
(LQC). The Weyl current ∂ μ Φ2 suggests Φ2 may be a
“fuzzy” harmonic time for the ultimate physical wave
A
functional Ψ½ψ; Aa ; Aa i ; ϕ̂
; Φ2  in terms of the normalized
ﬃﬃﬃﬃﬃﬃ
p
scalar fields ϕ̂A ¼ ϕA = Φ2 . Although here we have
separated out Φ2 , it need not be a deparametrized functional
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