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Abstract The mixed problem for the fixed semi-strip is investigated in this
article for the three cases of the applied mechanical load. The solution of the
boundary problem is reduced to the solution of the singular integral equation
(SIE) with regard to the unknown displacements derivative. Three cases of
SIE are investigated: when the mechanical load is applied on the center of the
semi-strips edge, when the mechanical load is distributed near the left lateral
side and when the mechanical load is distributed on the whole semi-strip’s
edge. In the first case SIE is solved by the using of the orthogonal polynomials
method. In the second and third cases the characteristical equations to SIE are
constructed, and the SIE are solved with the help of the generalized method.
The stress state of the semi-strip is investigated for the three cases.
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1 Introduction
The plane elasticity problems for a semi-strip are useful for many engineering
application. It explains the big amount of works dedicated to these problems.
The method of block element was used in [1]. The superposition method
of semi-plane and infinite strip was applied in [2] to achieve solution for the
semi-strip. The approach based on the construction of the stress function as
the combination of the Fouriers integrals and the series was used in [3], [4],
[5]. The reducing of the problem to the Fredholm’s integral equation of the
first kind was applied in [6]. The problems for a semi-strip in [7], [8], [9] were
reduced to the SIE. It was solved numerically by reduction to the solving of an
infinity system of the algebraic equations. The method based on diagonalization of the equilibrium equations system was proposed in [10]. The variation
method was used in [11], [12], [13]. The energetic method was applied in [14]. A
special system of biorthogonal functions was constructed for the solving of the
problem for the loaded semi-strip in [15]. The problem for the semi-strip was
solved with the help of the stress function in [16], [17]. The Laplaces integral
transformation was used for the problems solving in [18]. The approach based
on the use of Fadle-Papkovich functions was applied in [19], [20]. The problem
of an elastic strip passing between two rollers was considered by means of a
numerical method in [21]. The stress fields in a strip containing climb and glide
edge dislocations were obtained utilizing a complex Fourier transform in [22].
The dislocation solutions were then employed to perform integral equations
for the analysis of a strip weakened by multiple cracks with any configuration and arrangement. In [23] the large deflection evaluating of the thin strip
under practical condition of residual stress after cold rolling was investigated
using the incompatible von Krmn equations as the governing equations. The
problems for the cracked bodies were solved in [24], [25].
Solution of plane problems can be reduced to the solution of singular integral equation (SIE), which often contains fixed singularities. Many scientists investigated fixed singularities and they proposed different approaches to
solve SIE with fixed singularities. It is worth stressing some of them: R. V.
Duduchava [26], A. P. Soldatov [27], L. G. Mihaylov [28], H. F. Bueekner [29],
[30], G. I. Bierman [31], F. Tricomi [32], S. G. Michlin [33], M. G. Kreyn [34],
B. Nobl [35], Y. A. Antipov [36], O. V. Onischuk [37] and others.
The solution of a dynamic problem of an elastic strip, coupled to an elastic
half-space is reduced to a singular integral equation, which is solved with the
help of special quadrature formulae for singular integrals in [38]. The linear
integral equation of the third kind with fixed singularities in the kernel was
solved by a new generalized version of the collocation method in [39]. The
collocation methods were proposed for the numerical solution of the hypersingular integral equation of a notched half-plane problem in [40]. Optimal
quadrature formulae for singular integrals with fixed singularity was investigated in [41]. A new generalized spectral relation for the singular operator
with two fixed singularities was proposed in [36]. The algebras generated by
the Cauchy singular integral operator and integral operators with fixed sin-
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gularities on the unit interval were studied in [42]. A polynomial collocation
method for the numerical solution of Cauchy singular integral equations with
fixed singularities which are supposed to be of Mellin convolution type was
examined in [43]. The quadrature formulae of the highest algebraic accuracy
were received for singular integral equations in [44]. It could be applied to the
singular integral equations with the generalized Cauchy kernel.
The approach proposed in [45] for the fixed singularities consideration is
used in this paper. The special generalized method proposed in [46] was applied
to obtain the solution of the SIE with fixed singularities at the end of the
integrations interval.
The novelty of the proposed work is not in the consideration of new statements of the problems, but in the new method proposed for the solving of the
known problems for a semi-strip. The main advantages of this method are: - the
problem is solved without introduction of any new auxiliary function, which
is traditional for the solving of the problems for such class. It essentially simplifies the solving process, since the authors can get the calculation formulae
for the displacement and stress fields at once; - The fact that this approach
allows to reduce this problem to one singular integral equation is as authors
think the known advantage of their work. The indication of fixed singularities
in the singular kernel of this equation allows calculating as anywhere close to
the angular points. The solution was obtained in a quite compact form which
provided by the non-standard construction of Green’s function as a bilinear
expansion. All above allow to propose the indicated methodic for the solving
of more complicated mixed elasticity problems for a semi-strip.

2 The statement of a problem
The elastic (G is a share module, µ is a Poisons coefficient) semi-strip, 0 <
x < a, 0 < y < ∞ is considered in three cases which defined the boundary
conditions on the semi-strip’s short edge. At the lateral sides x = 0, 0 < y < ∞
and x = a, 0 < y < ∞ the boundary conditions of fixing are given
u(0, y) = 0, v(0, y) = 0, u(a, y) = 0, v(a, y) = 0, 0 < y < ∞

(1)

here u(x, y) = ux (x, y), v(x, y) = uy (x, y) are the displacements which satisfy
the Lame’s equations. The equations are written in the following form
( ∂ 2 u(x,y)
2
∂ 2 u(x,y)
2 ∂ v(x,y)
+ κ−1
+ κ+1
∂x2
κ+1
∂y 2
∂x∂y = 0,
(2)
2
2
∂ 2 v(x,y)
κ+1 ∂ v(x,y)
2 ∂ u(x,y)
+ κ−1 ∂y2 − κ−1 ∂x∂y = 0,
∂x2
where κ = 3 − 4µ is the Muskchelishvili constant. Three cases of the boundary
conditions on the short edge are considered. In the first case (Fig. 1) the semistrip is loaded at the edge y = 0, a0 < x < a1
σy (x, 0) = p(x), τxy (x, 0) = 0, a0 < x < a1

(3)
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Fig. 1 Geometry and coordinate system of the semi-strip in the first case

Fig. 2 Geometry and coordinate system of the semi-strip in the second case

where p(x) is the known function. Conditions of the slide contact are executed
by the segments y = 0, 0 < x < a0 , a1 < x < a
v(x, 0) = 0, τxy (x, 0) = 0, 0 < x < a0 , a1 < x < a

(4)

In the second case (Fig. 2) the semi-strip is loaded at the edge y = 0, 0 < x <
a1
σy (x, 0) = p(x), τxy (x, 0) = 0, 0 < x < a1
(5)
and conditions of the slide contact are executed by the segments y = 0, a1 <
x<a
v(x, 0) = 0, τxy (x, 0) = 0, a1 < x < a
(6)
In the third case (Fig. 3) the semi-strip is loaded at the edge y = 0, 0 < x < a
σy (x, 0) = p(x), τxy (x, 0) = 0, 0 < x < a

(7)

One needs to solve the boundary value problems (1)-(4), (1)-(2), (5)-(6) and
(1)-(2), (7) to estimate the stress state of the semi-strip in three cases.
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Fig. 3 Geometry and coordinate system of the semi-strip in the third case

3 The general solution of the problems on the semi-strip stress
state estimation
The initial problem is reduced to the vector boundary problem [47] by the use
of the approach [48]. This approach, as it was shown earlier in the monograph
[49], allows to present the general solution of the inhomogeneous vector equation as the superposition of the general and partitial solutions of the vector
equation. For the construction of the vector equation’s particular solution the
apparatus based on the construction of the Green’s matrix-function [50], [49]
was used. The construction of the general solution requires the construction of
the matrix system of fundamental solutions obtained earlier [49]. Further it is
shown in the article how to make this presentation. More detailed construction
of this solution is indicated in the paper [48].

yβ (x) = Y1 (x)

c1
c2




+ Y2 (x)

c3
c4

Za


+

G(x, ξ)f (ξ)dξ

(8)

0

where Y1 (x), Y2 (x) is the matrix system of the fundamental matrix solutions
obtained with the help of the matrix differential calculation apparatus, ci , i =
1, 4 are known constants found from boundary conditions (1), G(x, ξ) is the
Green’s matrix function which was constructed with the help of the
 matrix

uβ (x)
integral transformation method as a bilinear expansion, yβ (x) =
,
vβ (x)
 3−κ 0

κ+1 χ (x)
f (x) =
, β is the Fourier transformation parameter. The new
κ+1
−β κ−1
χ(x)
unknown function χ(x) = v(x, 0) is inputted. The components of the vector
yβ (x) are components of the Fourier transformations.
The inverse transformations were applied to the components of (8) and
substitution of the displacement functions in the boundary conditions (3)-(4),
(5)-(6) or (7) leads to the singular integral equations.
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4 Solution of the singular integral equation in the first case
∗

∗

0 +a1 )
0 +a1 )
The changing of the variables ξ = 2ξ −(a
, x = 2x a−(a
is done for the
a1 −a0
1 −a0
passing to the integration interval [−1; 1]. As a result the integral equation is
transformed to the form

d2
dx2

Z1
χ̃(ξ) ln

1
dξ +
|ξ − x|

−1

Z1

χ̃(ξ)f˜(ξ, x)dξ = r̃(x), −1 < x < 1

(9)

−1

0 +a1 )
), f˜(ξ, x), r̃(x) are known regular functions.
here χ̃(ξ) = χ( (a1 −a0 )ξ+(a
2
The integral equation is solved approximately by the orthogonal polynomials
method [45]. This method allows taking into consideration the real singularities of the solution at the ends of the integration interval. With regard of it,
the function χ̃(ξ) is expanded in the series by the Chebyshev polynomials

∞
X

χ̃(ξ) =

sn

p

1 − ξ 2 Un (ξ), ξ ∈ [−1; 1]

(10)

n=0

where Un (x) is Chebyshev polynomial of the second type. This expression is
substituted into the integral equation (9), and the standard scheme of the
orthogonal polynomials method is realized. During it the spectral relationship
[45]
d2
dx2

Z1
ln

1 p
1 − y 2 Un (y)dy = −π(n+1)Un (x), n = 0, 1, 2, ..., −1 < x < 1
|x − y|

−1

is used. As a result, the infinite system of the linear algebraic equations relatively to the unknown coefficients sn , n = 0, 1, ... is obtained

sm +

∞
X

sn dm,n = fm , m = 0, 1, 2, ...

(11)

n=0

1
here dm,n = − π(m+1)||U
2
m ||
1
− π(m+1)||U
2
m ||

R1

R1
−1

dx

R1

p
√
Un (ξ)Um (x) 1 − ξ 2 1 − x2 f˜(ξ, x)dξ, fm =

−1

√
r̃(x)Um (x) 1 − x2 dx.

−1

The system (11) is solved by the reduction method [45]. The substitution of
the founded constants in the formula (10) and following using of the formulae
(8) completes the construction of the problems solution in the first case.
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5 Solution of the singular integral equation in the second case
∗

∗

The changing of the variables ξ = 2ξ a−a1 1 , x = 2x a−a1 1 is done for the passing
to the integration interval [−1; 1]. SIE is transformed to the following form

1
π

R1
−1

χ̃(ξ)
ξ−x dξ

+
+

R1

1
π

χ̃(ξ)

−1
R1

h

h1
ξ+x+2

+

h2 (x+1)
(ξ+x+2)2

+

h3 (x+1)(ξ+1)
(ξ+x+2)3

i

dξ+
(12)

χ̃(ξ)K(x, ξ)dξ = r̃(x), −1 < x < 1

−1

2

−3
), K(x, ξ), r̃(x) are known regular functions, h1 = − κ 2κ
, h2 =
here χ̃(ξ) = χ0 ( a1 (ξ+1)
2
2
4
− κ , h3 = κ .
The equation (12) is the equation with one fixed singularity. The characteristic equation to (12) was constructed with the help of the asymptotic method
[46]. It agrees with the equation in [51] for a problem of a wedge with the angle
of openness π/2 and Poisson ratio µ = 0.33. The roots of the characteristic
equation to (12) λk were found.
The generalized method of SIE solving [46], [52] was applied for the solving
of the equation (12). According to it the unknown function χ̃(ξ) is presented
in the following form

χ̃(ξ) =

N
−1
X

 −

sk ρk (ξ) + sk+N ρ+
k (ξ) , ξ ∈ [−1; 1]

(13)

k=0

where

<λk
ρ−
cos (=λk ln(1 + ξ)) , +
Tn (ξ)
2k (ξ) = (1 + ξ)
, k = 0, N − 1.
ρ =√
−
1−ξ
ρ2k+1 (ξ) = (1 + ξ)<λk sin (=λk ln(1 + ξ)) , k

λ0 ,−0.5
The segment [−1; 1] is divided on 2N segments by the points xi : P2N
−1 (xi ) =
0, i = 0, 2N − 1. The equation (13) is considered when x = xi , i = 0, 2N − 1

N
−1
X

 −

sk dki + sk+N d+
ki dξ = r̃(xi ), i = 0, 2N − 1

(14)

k=0

here d±
ki =

R1
−1

ρ±
k (ξ)

h

1
ξ−xi

+

h1
ξ+xi +2

+

h2 (xi +1)
(ξ+xi +2)2

+

h3 (xi +1)(ξ+1)
(ξ+xi +2)3

i
+ K(xi , ξ) dξ, k =

0, N − 1, i = 0, 2N − 1.
The expression (14) presents the system of 2N equations with regard to
2N unknown constants sk . The substitution of the founded constants in the
formula (13) and the following using of the formulae (8) completes the construction of the problems solution in the second case.
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6 Solution of the singular integral equation in the third case
∗

∗

The changing of the variables ξ = 2ξ a−a , x = 2x a−a is done for the passing to
the integration interval [−1; 1]. So SIE is transformed to the form
R1

R1


h 
1
1
+ ξ+x+2
+
χ̃(ξ) h1 ξ+x−2
−1
−1


i
(x+1)(ξ+1)
x−1
x+1
+ h2 (ξ+x−2)
+ h3 (x−1)(ξ−1)
dξ+
2 + (ξ+x+2)2
(ξ+x−2)3 + (ξ+x+2)3
R1
+ χ̃(ξ)K(x, ξ)dξ = r̃(x), −1 < x < 1
1
π

χ̃(ξ)
ξ−x dξ

+

1
π

(15)

−1



a(ξ+1)
2
− κ2 , h3 = κ4 .

where χ̃(ξ) = χ0
2
−3
− κ 2κ
, h2



, K(x, ξ), r̃(x) are the known regular functions, h1 =

=
The equation (15) is the equation with two fixed singularities. The roots
of the equations (15) symbol λk are same to the previous case.
The generalized method of SIE solving [46], [52] was applied for the solving
of the equation (15). According to it the unknown function χ̃(ξ) is searched
in the following form [53]
χ̃(ξ) =

N
−1
X

 −

sk ρk (ξ) + sk+N ρ+
k (ξ) , ξ ∈ [−1; 1]

(16)

k=0
<λk
ρ∓
cos (=λk ln(1 ± ξ)) ,
2k (ξ) = (1 ± ξ)
, k = 0, N − 1.
∓
ρ2k+1 (ξ) = (1 ± ξ)<λk sin (=λk ln(1 ± ξ)) ,
λ0 ,λ0
The segment [−1; 1] is divided on 2N segments by the points xi : P2N
−1 (xi ) =
0, i = 0, 2N − 1. The equation (13) is considered when x = xi , i = 0, 2N − 1

here

N
−1
X

 −

sk dki + sk+N d+
ki dξ = r̃(xi ), i = 0, 2N − 1

(17)

k=0





R1 ± h 1
xi −1
xi +1
+
d±
ρk (ξ) ξ−xi + h1 ξ+x1i −2 + ξ+x1i +2 + h2 (ξ+x
2
2
ki =
(ξ+xi +2)
i −2)
where

i
−1
(xi −1)(ξ−1)
(xi +1)(ξ+1)
h3 (ξ+xi −2)3 + (ξ+xi +2)3 + K(xi , ξ) dξ, k = 0, N − 1, i = 0, 2N − 1
The expression (17) presents the system of 2N equations with regard to 2N
unknown constants sk . The construction of the problems solution in the third
case completes by the substitution of the founded constants in the formula
(16) and the following using of the formulae (8).

7 The results of the numerical analyses
The calculations were done for the elastic semi-strip (g = 61.2781955 · 109 Pa,
µ = 0.33), p(x) = 1 Pa, a = 10 m. The purpose of investigation was to find
out the limits of the orthogonal polynomials method application.
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Fig. 4 Normal stresses σy (0, y), a = 10 in the first case

Fig. 5 Normal stresses σy (0, y), a = 10 in the second case

The Fig. 4 appear the situation when there are no fixed singularities, and
the orthogonal polynomials method is applied. At Fig. 4 one can admit that
the values of the normal stress σy at the lateral side x = 0 are increasing when
parameters a0 = a − a1 are decreasing. So the fixed singularity is ought to be
considered when a0 = a − a1 < 0.005a.
The situation when the fixed singularity is considered at the left side is
presented at Fig. 5, 6. The normal stresses values σy (0, y) at Fig. 5 are almost
equal when the parameter a1 is changing, which was achieved by the consideration of the fixed singularity at the point x = 0, y = 0. At Fig. 6 one can
observe that the values of the normal stress σy at the lateral side x = a are
increasing when parameter a1 is getting close to the semi-strip’s width a. So
when the load is applied near the right lateral side and a − a1 < 0.005a the
fixed singularity at the point x = a, y = 0 should be considered as well as the
fixed singularity at the point x = 0, y = 0.
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Fig. 6 Normal stresses σy (10, y), a = 10 in the second case

Fig. 7 Normal stresses σy (0, y), σy (10, y), a = 10 in the third case

The Fig. 7 appears the situation when the fixed singularities are considered
at the both sides. The normal stresses values σy changing presented at Fig. 7
at the lateral side x = 0 are smooth and equal to the normal stresses values
σy at the lateral side x = a.

8 The conclusions
1. The problems for three different types of the load which was given for the
shortest edge of the semi-strip were solved. The problem was reduced to the
SIE in dependence of the type of the load.
2. The special solving methodic with regard of fixed singularities was proposed in the article.
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3. Zones of the orthogonal polynomials method’s applicability are established. When the load is close to the lateral side less than 0.005a fixed singularities should be considered. Thus the numerical calculations show that without
consideration of the fixed singularity the use of classical-type singularities allows to get to the angular point in average to the distance no more than 0.005a
(Fig. 4), while its consideration allows to get to this point anywhere close (Fig.
7).
Acknowledgements Gratitude for Simon Dyke for the editing of the articles text.
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