RAPID COMMUNICATIONS

PHYSICAL REVIEW E 95, 040201(R) (2017)

Collective dynamics out of thermodynamic equilibrium
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Thorough numerical studies reveal that spatially extended dissipative systems with long-range interactions may
give rise to a large-scale dynamics. This phenomenon, which generalizes mean-field chaos, can be interpreted as
a form of subtle pattern formation, where a chaotic microscopic dynamics coexists with a macroscopic irregular
behavior, sustained by the spontaneous emergence of long-wavelength “hydrodynamic” modes. This regime
can emerge only if the coupling is sufficiently long ranged, otherwise normal space-time chaos is observed. In
Stuart-Landau oscillators a further regime is found, where the amplitude of the hydrodynamic modes exhibits an
anomalous intermediate scaling between that of collective and standard space-time chaos.
DOI: 10.1103/PhysRevE.95.040201

Understanding the behavior of systems steadily kept out
of equilibrium is one of the most formidable tasks currently
confronting physicists. The presence of many different spatial
and temporal scales such as those, for instance, encountered in
turbulence and neuroscience is in fact one of the many different
facets in which the complexity of the problem manifests
itself. So far, a large amount of effort has been focused on
understanding steady macroscopic states in stochastic models,
as they are more amenable to analytical treatments. The
asymmetric exclusion process is one of the most prominent
such examples, where different phases have been detected and
fully characterized (see, e.g., Refs. [1–3]). In general, however,
the absence of detailed balance and the presence of long-range
interactions (see, e.g., Ref. [4]) make even the development
of heuristic arguments rather problematic, so that most of the
investigations are inevitably of a numerical nature.
Currently, mean-field-type models are an active field of
research, as this is the simplest setup where collective
dynamics can be investigated. For instance, in both logistic
maps [5] and Stuart-Landau oscillators [6,7], macroscopic
observables have been proven to exhibit a complex dynamics
[8,9]. The collective behavior should not be confused with the
possibly chaotic microscopic evolution: It refers to average
variables whose fluctuations go beyond the usual statistical
fluctuations due to the finite number of elements they are
composed of. Evidence of irregular evolution has been found
in sparse networks [10]. However, nothing is known about such
dynamics in spatially extended systems. Early simulations of
nonlinear oscillators embedded in regular lattices revealed no
more than (collective) periodic oscillations: This is the case of
both cellular automata and coupled maps [11–13].
In this Rapid Communication we contribute to bridge
this gap by investigating one-dimensional systems where the
coupling of the local variable vj with the rest of the chain is
expressed by a term proportional to

G(j − m)vm (t),
(1)
vj G ≡
j
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where G expresses the coupling strength. A constant G(n)
corresponds to a mean-field model. Here, we focus on G(n) =
Kδ n−δ (n = 0) [14] and G(n) = A + B cos(2π n/N).
The former coupling type is often invoked in statistical
mechanics as a surrogate for the (numerically) more expensive
simulations in spaces of increasing dimension. In fact, for
small δ, the dynamics is substantially equivalent to that of a
system embedded in a high-dimensional space, while large
δ values correspond to effectively short-range interactions in
low-dimensional spaces. One example of such studies is the
effective breaking of ergodicity in spin glasses [15–17]. The
Hamiltonian dynamics of self-gravitating systems is another
setup where slowly decaying interactions are naturally present
[18–20]. Further examples are Bose-Einstein condensates
(BECs) [21], ion chains [22], and strongly correlated condensed matter systems [23], where the role of the interaction
range of a system undergoing a “quantum quench” has
been an area of active recent study. Finally, setups with no
collective stationary dynamics such as the Kuramoto model
have been investigated to determine the critical dimension,
where qualitative changes in the synchronized regimes are to
be expected [24]. The sinusoidal coupling scheme is instead
a key ingredient in another class of nonequilibrium collective
phenomena, chimera states, where identical oscillators split
into two groups with distinct synchronization properties
[25,26].
Standard space-time chaos, such as that arising in the
Ginzburg-Landau or the Kuramoto-Sivashinsky equation [27],
can be characterized in terms of
 the scaling behavior of
the Fourier modes Ṽk = (1/N ) j vj e−2πikj/N (where N
is the system size): Their amplitude is of order 1/N (with
the possible exception of a constant zero mode), meaning that
the “energy” is distributed over all wavelengths (up to some
ultraviolet cutoff). The collective chaos observed in mean-field
models is instead characterized by finite temporal fluctuations
of the average variable, i.e., of Ṽ0 .
Here, we show that a spatially structured collective chaos
may arise, where the amplitude of low-k Fourier modes
remains finite in the thermodynamic limit. Collective chaos
emerges in a finite range of δ values, suggesting that it can be
observed also in regular lattices of sufficiently high dimension.
At variance with hydrodynamic systems, where the relevant
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low-k modes are associated with the diffusive dynamics of
some conserved quantities (e.g., energy, mass, etc.), here there
are no such relationships. The study of the sinusoidal coupling
suggests that sufficiently long-ranged interactions may suffice
to trigger low-k modes.
We have studied two models: (i) logistic maps (LMs) and
Stuart-Landau oscillators (SLOs). The former one offers the
advantage of faster simulations and thereby the possibility
to access larger system sizes; the latter one is appealing, as
it corresponds to the normal form for dynamical systems
which have undergone a Hopf bifurcation and is often used
to test different synchronization scenarios. In SLOs, a second
anomalous regime exists where the dynamics is dominated by
low-k modes, whose amplitude decreases slower than 1/N.
Coupled maps. Given the scalar variable uj (t) ∈ [0,1]
defined on site j at time t, the evolution rule is uj (t + 1) =
vj (t) + g[vj (t)G − vj (t)], where vj (t) = auj (t)[1 − uj (t)]
is the result of a logistic transformation, while vj G is
defined as in Eq. (1). The power-law coupling is conveniently
estimated in Fourier space, where it reduces to the product
between Ṽk and the transform G̃k of G(n), thereby reducing
the number of operations from N 2 to N log N [28].
In the uncoupled case, the time average Ṽk t of each
Fourier mode is equal to zero, except for Ṽ0 . In order to get rid
of this trivial contribution we decided to monitor the temporal
2
standard deviation defined as σk2 = |Ṽk − Ṽk t | t , with an
obvious meaning of the symbols.
In the mean-field limit, the onset of collective dynamics is
signaled by a nonzero σ√
0 , while all other σk ’s are equal to one
another and of order 1/ N, due to their statistical origin.
How does this scenario change when δ is increased from
zero? The results for typical parameter values are presented
in Fig. 1. There, we can see that the collective dynamics
persists up to the critical point δc ≈
√ 1.15, beyond which σ0
is no longer finite, decreasing as 1/ N with the system size.
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FIG. 1. The standard deviation of the first two Fourier modes
in a chain of coupled logistic maps with a = 3.9 and g = 0.1. The
solid (dashed) curves refer to standard deviation of the zeroth (first)
mode. Blue, green, red, and black lines correspond to N = 217 , 219 ,
221 , and 223 , respectively. The two vertical dashed lines identify two
transitions (see the text). In the inset, the variance σk2 is plotted vs k
for N = 223 and δ = 0.7.
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Given the tendency of δc to shift to the right for increasing N , it
follows that its asymptotic value is convincingly larger than 1,
i.e., long-range dynamical order is supported beyond the point
where the sum of the interaction terms diverges. Furthermore,
the tendency to shift rightwards suggests that the transition is
discontinuous. No evidence of hysteretical behavior has been
found while sweeping the parameter δ back and forth.
The amplitude of σ1 provides information on the spatial
structure: a nonexisting feature of mean-field
models. Above
√
δs ≈ 0.82, all σk for k > 0 scale as 1/ N , implying that they
behave as in standard space-time chaos. Below δs , σ1 remains
finite, being possibly proportional to δ for δ
1. The existence
of a spatial structure is not only due to a finite zeroth Fourier
mode: An entire range of “hydrodynamic” modes is indeed
present. An instance can be seen in the inset of Fig. 1, where the
low-k spectrum is reported for δ = 0.7 and N = 223 . There,
one can appreciate an approximate power-law decay of the
Fourier modes, σk2 ≈ k −2 . All in all, the fraction of power
contained in the low-k modes is about 38%. The same scenario
is found in a finite range of δ values.
In order to establish the complexity of the collective
dynamics, we start looking at the return map of V0 (t). In
Fig. 2 results are reported for two δ values (for two different
system sizes). For δ = 0.7 [Fig. 2(a)], the points fill a blurred
area which is essentially unchanged when the system size is
increased. This is analogous to what is observed in the meanfield limit [8]. For δ = 1 [Fig. 2(b)], a more regular dynamical
behavior is observed. The decreasing thickness suggests that
it could be quasiperiodic in the thermodynamic limit.
A more quantitative analysis can be performed by embedding V0 (t) in spaces of increasing dimension dE and thereby
estimating the effective fractal dimension DE (ε) as a function
of the resolution ε. We have implemented a fixed-mass method
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FIG. 2. Return map for the amplitude of the zeroth and first
Fourier modes for different setups involving logistic maps. The
first two panels refer to power-law coupling for (a) δ = 0.7 and (b)
δ = 1.0. In both cases, black dots correspond to N = 219 , while red
dots correspond to N = 221 . The last two panels refer to a purely
sinusoidal coupling for N = 222 .
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FIG. 3. Fractal dimension of the zeroth Fourier mode, once
embedded in spaces of increasing dimension (black, red, and green
colors correspond to embedding dimension dE = 3, 5, and 12,
respectively). Dashed lines correspond to N = 219 , and solid lines to
N = 221 . (a) and (b) correspond to δ = 0.7 and δ = 1, respectively.
The power spectrum in the inset has been obtained for N = 221 .

[29], as it has the advantage of self-selecting the range of
statistically meaningful ε distances. The method requires
comparing Nr reference points with an increasing number
m of measurement points to thereby determine the distance
dp of the pth nearest neighbor. The dimension DE (ε) would
then be obtained from the scaling behavior of the average ε of
dp (see Ref. [30] for further details). In Fig. 3(a) we see that
for δ = 0.7, De steadily increases for ε → 0 with a reasonable
evidence of a convergence towards dE itself (for the smaller dE
values). The lack of an appreciable dependence on the system
size N reveals that the resolution dependence of the dimension
is not due to microscopic fluctuations.
This result can be better appreciated by looking at Fig. 3(b),
where the results for δ = 1 are reported. There, we see that
upon increasing N , the increase of DE is “delayed” to smaller
scales, suggesting that the fluctuations seen in Fig. 2 are
nothing but a manifestation of finite-size fluctuations around
a one-dimensional attractor. This interpretation is partially
confirmed by the structure of the power spectrum of V0 (n),
which is composed of several narrow lines (see the inset in
Fig. 3). The dynamical regime is, nevertheless, more complex
than one could expect, since all spectral lines are multiples of
two distinct frequencies (the first two peaks). This suggests that
two degrees of freedom are active, although one amplitude is
pretty small and thus difficult to detect with a fractal-dimension
analysis. Nevertheless, the dynamical complexity decreases
while increasing δ, until, above δc , no collective motion can
be sustained at all.
In order to shed some light on how finite “low-k”
modes can be self-sustained, we investigated the sinusoidal
coupling scheme G(n) = A + B cos(2π n/N). This scheme
corresponds to truncating G̃k to include only the zeroth and
first Fourier modes. In other words, this is the simplest scheme
which goes beyond the standard mean field. Actually, it is also
the scheme often used to analyze chimera states [26]. In order
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FIG. 4. The fluctuations of the first two Fourier modes for a chain
of Stuart-Landau oscillators. Green, red, black, and blue symbols
correspond to N = 214 , 215 , 216 , and 217 oscillators, respectively
(open and solid symbols correspond to the zeroth and first mode,
respectively). For the sake of clarity, the data for σ0 have been
multiplied by a factor 10. The two dashed vertical lines identify
two transitions.

to appreciate the potential role of the nonzero harmonics, we
have set A = 0 and B = 1,i.e., we have studied the model
(j − m)/N], with g =
uj (t + 1) = vj (t) + (g/N) m cos [ 2π
N
0.1 as before, so that the standard mean-field coupling is
absent. As shown in Figs. 2(c) and 2(d), a sinusoidal coupling
function can alone yield a collective chaos. Even more
interesting, the presence of the first harmonic alone is able
to induce a nontrivial dynamics of the zeroth mode.
Stuart-Landau oscillators. Next, we have investigated a
chain of SLOs, whose evolution is ruled by the equation
v̇j = vj − (1 + ic2 )|vj |2 vj + k(1 + ic1 )[vj (t)G − vj (t)],
(2)
where now the variable vj is complex. Most of the simulations
have been performed by referring to the parameter values
selected in Ref. [6], c1 = −2.5, c2 = 3, k = 0.445. One
can again use the trick of determining the velocity field in
Fourier space, thus reducing the computational complexity.
The resulting scenario is summarized in Fig. 4.
As in LMs, a finite zeroth mode survives up until δ ≈
1.15. However, here the additional Fourier modes exhibit a
drastically different dependence on δ. They are negligible up
until a critical value δs ≈ 0.8, implying that the mean-field
scenario remains valid in a finite range of δ values. Above δs ,
the “hydrodynamic” modes are self-sustained and even of the
same size as the zeroth mode. As a consequence, the collapse
of the collective dynamics above δc here follows a different
scenario. First of all, the disappearance of macroscopic
features seems not to be discontinuous (this is confirmed
by preliminary simulations performed for c1 = −2, c2 = 3,
k = 0.47, the set of parameters selected in Ref. [9]): The
process is a sort of intermittency, where patches of collective
dynamics are interspersed on a background of a less coherent
regime.
The analysis of the hydrodynamic component reveals,
nevertheless, a strong similarity with the previous case. The
spectra reported in Fig. 5(a) (obtained for δ = 1.1) exhibit
again a power-law decay with a similar exponent, σk2 ≈ k −1.7 .
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FIG. 5. The (spatial) power spectrum for a chain of SL oscillators
for (a) δ = 1.1 and (b) δ = 1.2. The color code is the same in both
cases: Magenta, black, red, green, and blue lines correspond to N =
217 , 216 , 215 , 214 , and 213 .

Also in this case, the collective dynamics survives above δ = 1.
Before the collapse, the most relevant contribution is given
by finite-k modes. The different scenario finally includes an
anomalous scaling of the Fourier modes, as shown in Fig. 5(b),
which refers to δ = 1.2, where the evolution is neither
collective (no finite modes exist), nor spatially extended in the
usual sense (with a 1/N scaling of all square amplitudes). Our
simulations in fact give evidence of an exponent of −0.65 [31].
As for LMs, we have performed a time-series analysis of
the leading modes for different δ values. Here, the collective
dynamics is everywhere high dimensional, including the
crossover region where δ ≈ 1. We attribute this to the fact
that each Stuart-Landau oscillator has an additional degree
of freedom (the rotation), which is marginally stable in the
uncoupled limit and therefore very responsive to coupling
fluctuations. In fact, higher-order Fourier modes are active as
well. Finally, we have verified that a collective spatially orga-
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