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Abstract This paper estimates cutting safety by
using basin stability, and introduces state-dependent
intermittent controls to improve it. Due to inherent
nonlinearity and non-smoothness in tool-workpiece
interactive forces, metal cutting processes often
exhibit subcritical instability when they lose linear
stability, inducing co-existence of large amplitude
vibration, also called regenerative chatter, with stable
stationary cutting. This phenomenon makes a
considerable part of linearly stable region unsafe,
where pure parameter selection is insuﬃcient to
maintain the cutting stability. To use the unsafe zones
for higher material removal rate without incurring
chatter, the possibility of chatter occurrence should be
estimated as an index of cutting safety. This is
achieved by basin stability estimation with delayed
initial cutting states approximated by Fourier series
and the coeﬃcients generated based on Monte Carlo
principle. It is found that the cutting safety in the
“boundary layer” adjacent to linear stability
boundaries is very severe, and a larger waviness height
in workpiece surface can make the situation even
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severer. To improve the safety by decreasing the
possibility of chatter occurrence, state-dependent
intermittent control with various perturbation
strategies, i.e. linear and nonlinear velocity feedbacks
and spindle speed variation (SSV), are proposed. With
respect to the increase of control threshold or
perturbation strength, the chatter orbits are gradually
destroyed so that the majority of the UZs becomes
globally stabilised.
Keywords Time-delayed cutting dynamics · Multiple
stability · Basin stability · Unsafe cutting · Statedependent intermittent control

1 Introduction
As secondary or finishing operations, machining parts
manufactured by other processes, such as casting,
forming, or shaping, is critical for high quality surface
ﬁnish, tight tolerances and drilling long and small
diameter holes [13]. These highly depend on
machining stability and suppression of unwanted
vibration [39]. The source of cutting instability has
been
classiﬁed
into
frictional,
regenerative,
mode-coupling and thermo-mechanical types [42], and
the regenerative is the most common one widely
existing in various metal cutting operations, such as
turning [36], milling [21], drilling [43] and grinding
processes [52]. The regenerative instability is induced
by successive material removal in tool-workpiece
interaction, where instantaneous chip thickness
depends on both current and previous tool passes [1].
The involvement of previous tool displacements makes
the governing equations of cutting dynamics to be
delayed diﬀerential equations (DDEs) [53]. Linear
analysis of these models yields the so-called “lobes”
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diagrams, based on which parameters are selected to
avoid chatter [38].
In the past two decades, results of this linear
analysis have been being challenged as the nonlinear
tool-workpiece
interactions
often
promote
large-amplitude chatter to co-exist with linearly stable
cutting processes [47]. This multiple stability is called
unsafe cutting (UC) as the cutting operation here has
a level of possibility to vibrate even it is supposed to
be stable base on the “lobes” diagrams. Stépán [34]
presumed that the global cutting stability can be
guaranteed only when the parameters are selected
8 − 10% lower than the linear stability boundary. It
was thereafter realized that the UC is induced by
subcritical Hopf bifurcation on stability boundaries,
which bends unstable branches of periodic vibration
towards the linearly stable zone until non-smoothness
folds them back to yield large-amplitude chatter [22].
Based on this hypothesis, the unsafe zones (UZs)
where chatter co-exists with stable stationary cutting
can be estimated by tracking the unstable periodic
solution and checking the non-smoothness [6].
Practically, the UZs are abandoned to avoid chatter,
in spite of the fact that cutting eﬃciency is sacriﬁced.
When the UZs are used for higher cutting
eﬃciency, initial conditions should be selected inside
the basin of attraction of the steady cutting process to
avoid chatter [44]. However, conventional basin of
attraction is not easily applicable to cutting multiple
stability as the DDEs governing cutting dynamics
have inﬁnite many dimensions [7]. This is a general
problem with all DDEs, which requires a reasonable
adjustment of the conventional basin of attraction. A
simple example was proposed by Shang and Xu [31]
and Shang [30], who hypothesised that there is no
control signal before the time instant t = 0 for systems
with delays only in their feedbacks. Thus the
conventional basin of attraction is applicable to this
kind of systems. Based on this argument, they studied
safe basin erosion of systems with delayed position,
velocity and state feedbacks. In a similar manner,
Höhne [8] artiﬁcially switched oﬀ delayed feedback for
one period at the very beginning of a limit cycle
oscillation, shrinking the inﬁnite-dimensional space to
be 2-dimensional for the selection of initial conditions.
Alternatively, Ji [12] assumed constant initial
conditions instead of time-varying functions to
simplify the delayed states of a mass-damper-spring
system with delayed feedbacks for the analysis of
coexisting small- and large-amplitude vibrations. This
method can be classiﬁed into the approximation of
delayed initial functions by using polynomials. A
systematic description of this concept was given by
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Wang et al. [40] and Zheng and Sun [54], who
employed the coeﬃcients of polynomials to represent
the functional space of delayed initial states.
Beside the polynomials’ approach, Hu [9] argued
that approximating delayed initial functions by
Fourier series can be an alternative approach, and this
would be especially useful for systems with oscillatory
properties. Leng et al. [14] extended this idea by using
three diﬀerent orthogonal bases to randomly generate
a large number of initial conditions to estimate the
basin stabilities of two dynamical systems, which
discovered that a selection of diﬀerent orthogonal
bases does not make too much diﬀerence. Then the
approximation of delayed initial states by orthogonal
sinusoid basis was employed by Yan et al. [51] to
study the unsafe cutting, ﬁnding a narrow “boundary
layer” in the UZs with large possibilities of chatter
occurrence. It was also found that the cutting is prone
to vibrate when the space frequency of workpiece
surface is close to primary chatter frequency or its
harmonics. However, this approach to some extent is
over simpliﬁed as it uses only individual sinusoid
function to approximate the initial functions. A better
approximation requires combinations of the basis
functions.
With such approximation, the basin of attraction
or basin stability can be computed as an index of
cutting safety in the UZs, based on which one can
verify the eﬀects of various control methods in
improving the cutting safety. A simple and eﬃcient
method for higher cutting safety is continuous active
or passive controls, such as linear and nonlinear
feedbacks [25, 37], spindle speed variations [19, 46],
vibration absorbers [6, 33], etc. These conventional
methods changes dynamic properties of cutting
processes, continuously requiring energy input for
chatter suppression. Instead of this, an alternative
method is to use the intrinsic dynamic properties of
the cutting, which only requires a small energy
expense to drive the chatter to the steady cutting.
Yan et al. [51] have undertaken a very preliminary
work in this area by introducing an impact to prevent
large amplitude chatter and drive it towards the
steady cutting. They estimated an impact strength
and understood that it must be opposite to the tool’s
motion when the tool accelerates from zero velocity
towards its maximum. This method is very eﬃcient,
but it may be hard to practically implement as it
requires a large actuating force during a very short
period of time.
A simple improvement of this is to divide one
strong impact into “several small impacts” to
accurately perturb and destroy the chatter orbit. This
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idea is a kind of state-dependent intermittent control,
where the control is activated only when system state
enters a predeﬁned region and the intrinsic dynamic
behaviour of the original system is preserved outside
this region [41, 29]. This idea was successfully adopted
by Yadav et al. [45] to directionally switch the
dynamics of a 3-dimensional system with 2 chaotic
attractors. When the intermittent control law is
designed properly, it is possible to directionally switch
attractors by a single control action within a very
short duration. A good example of this is the
impulsive control used by Liu et al. [17]. Up to now,
the eﬀectiveness of controlling multiple stability in
delayed systems by state-dependent intermittent
control has not been discussed yet, and we are going
to use it to improve the cutting safety discussed above.
To estimate the cutting safety and then to improve
it, this paper is organised as follows. A brief
introduction of the metal cutting dynamics and unsafe
cutting is given in Section 2. Then Section 3 discusses
the approximation of delayed initial functions and the
evaluation of cutting safety. After that, three
state-dependent intermittent control strategies are
proposed and compared in Section 4. Finally,
conclusions are drawn in Section 5.

2 Unsafe cutting
Cutting multiple stability has already been observed
in various machining processes, such as the turning
[23], milling [4], grinding [52], drilling [16], etc. This is
normally induced by subcritical Hopf bifurcation born
on linear stability boundaries, which generates an
unstable branch of periodic orbit bending towards the
linearly stable region [11]. This branch is then folded
back by non-smoothness in the tool-workpiece
interaction, loss of contact, to yield stable
large-amplitude chatter co-existing with the steady
cutting [50]. Due to the multiple stability, a stable
cutting process cannot be guaranteed purely by
parameter selection based on linear analysis, but
requires proper initial conditions as well [35].
Therefore this operation is deemed as unsafe cutting
(UC), and the region with multiple stability is called
unsafe zones (UZs) [22,51].
The mechanism of UC can be revealed by
bifurcation analysis with a very simple but widely
accepted 1-dimensional turning model. Other cutting
processes can be regarded as an extension of this as
they all share the same intrinsic dynamic property,
the delayed regenerative eﬀect with non-smoothness in
the cutting depth [26,18,49,24].
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Fig. 1 Cutting dynamics with regenerative tool-workpiece
interactive force generated in the chip formation process,
where the scanning electron microscopy (SEM) image of the
chip is adopted from Ref. [42]

2.1 Simple regenerative cutting model
Firstly, let us revisit the simplest classic dynamic model
of regenerative cutting dynamics shown in Fig. 1 [5].
The workpiece rotates towards the cutting tool with
an angular speed of Ωp [rad s−1 ] while the tool moves
downwards with a feeding speed of h0 [m] per workpiece
revolution. With equivalent mass of m [kg], damping
coeﬃcient of c [N s m−1 ] and stiﬀness of k [N m−1 ],
the tool has its vertical displacement governed by
ẍ(T ) + 2ξωn ẋ(T ) + ωn2 x(T ) =

F (T )
,
m

(1)

√
c
k
−1
where ωn =
] and ξ = 2mω
are the natural
m [s
n
frequency and damping ratio of the tool, respectively.
The tool-workpiece interactive cutting force, F (T ) [N],
is a nonlinear function of cutting depth [32, 22]:
(
)
F (T ) = w ρ1 h(T ) + ρ2 h(T )2 + ρ3 h(T )3 ,

(2)

where h(T ) [m] and w [m] are instantaneous cutting
depth (chip thickness) and width, and ρ1 [N m−2 ], ρ2
[N m−3 ] and ρ3 [N m−4 ] are coeﬃcients [32]. Based on
the regenerative theory shown in Fig. 1, the chip has its
upper surface generated by previous tool pass, so that
its thickness is represented by [23]
h(T ) = h0 + x(T − Tp ) − x(T ),
where Tp =
workpiece.

2π
Ωp

(3)

[s] is the rotation period of the
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By introducing the following dimensionless variables
and parameters [51]

Unstable

h
Ωp
, τ = ω n Tp , Ω =
,
h0
ωn
)
x
w (
dy1
y1 =
−
ρ1 + ρ2 h0 + ρ3 h20 , y2 =
2
h0
mωn
dτ
)
w (
2
η1 =
ρ1 + 2ρ2 h0 + 3ρ3 h0 ,
mωn2
)
w
w (
ρ2 h0 + 3ρ3 h20 , η3 =
ρ3 h20 ,
η2 =
2
mωn
mωn2
t = ωn T,

η1/ηmin

6

d=

(4)

Monostable (safe)

Stable
0.21

0.22

0.23

0.24

0.25

Ω

(5)

where the prime represents the derivative with respect
to the dimensionless time, t, and the matrices are
)
( )
(
)
(
0 0
0
1
y1
, D=
,
, A=
y(t) =
y2
−1 − η1 −2ξ
η1 0
(
)
0
N=
2
3 .
η2 (y1 (t − τ ) − y1 (t)) + η3 (y1 (t − τ ) − y1 (t))
In Eq. (4), τ and Ω are the dimensionless rotational
period and speed of the workpiece, and η1 , η2 and η3
are dimensionless coeﬃcients of the cutting force. The
dimensionless time, chip thickness, tool displacement
and velocity are represented by t, d, y1 and y2 ,
respectively. When the cutting is static without tool
vibration, one has y1 = 0 and d = 1 corresponding to
the equilibrium of Eq. (5). This static state is
expected to be stable for stationary cutting, which
will be discussed in the following analysis via
eigenvalue analysis.

2.2 Unsafe cutting
By using eigenvalue analysis (See more details in
Ref. [5]), one can ﬁnd the following parametric
functions of the critical “lobes” curves
(ω 2 − 1)2 + 4ξ 2 ω 2
,
2(ω 2 − 1)
(
( 2
))
ω −1
2
iπ − arctan
,
τc (ω) =
ω
2ξω

2
0
0.20

the regenerative model, Eq. (1), is simpliﬁed into
y′ (t) = Ay(t) + Dy(t − τ ) + N,
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η1c (ω) =

i = 1, 2, 3, · · · ,
(6)

where η1c and τc represent the critical values of η1 and τ
on stability boundaries, and ω ∈ (1, +∞) is the chatter
frequency. Letting ηmin = 2ξ(1 + ξ) be the minimum
of η1c and using ξ = 0.01, ρ1 = 6109.6, ρ2 = −54141.6
and ρ3 = 203769 [5,32], one obtains the typical “lobes”
curves (solid) shown in Fig. 2 to separate the linearly
stable (below) and unstable (above) regions.

Fig. 2 ’Lobes’ diagram for the cutting stability, where the
solid lines separates the linearly stable and unstable regions,
while the stable one is further divided by the dot-dashed lines
into unsafe (bistable) and safe (monostable) zones.

By applying bifurcation analysis on the solid
curves and tracking the unstable periodic solutions,
one can further obtains the boundaries (dot-dashed)
of the UZs (yellow) in Fig. 2 [23, 52]. To determine the
long-term cutting dynamics in the UZs, the initial
conditions should be considered as well besides the
parameters. However, due to the inﬁnitely-many
dimensions introduced by the inherent delay in
Eq. (5), one cannot study the cutting multistability by
conventional basin of attraction [28]. Thus a
reasonable approximation of the delayed initial states
is required to calculate basin stability and evaluate
cutting safety. To this end, we will revisit the method
used in Ref. [51] and then extend it with a random
combination of basis functions.

3 Estimation of cutting safety
The cutting process in Fig. 1 is replotted in the left
part of Fig. 3(a), where its outmost layer is to be
removed by successive tool passes. This layer is
unfolded and mapped onto the θ − p coordinate in the
right of Fig. 3(a), showing the tool passes on the
workpiece surface. There are three kinds of tool passes
in Fig. 3(a), namely the unbent (pu ), static (ps ) and
dynamic (pd ) ones, respectively corresponding to the
unbent (dashed), statically bent (solid) and dynamical
bent (thick solid) tools displayed in Fig. 3(b).
Before the tool contacts with the workpiece, it is
unbent (x ≡ 0), so Eq. (4) yields
y1 ≡ y10 = −

w
(ρ1 + ρ2 h0 + ρ3 h30 )
mωn2

(7)

= −(η1 − η2 + η3 ),
for the unbent tool pass, pu . When the cutting begins,
the tool pass is expected to be static (ps ) without any
chatter, which corresponds with y1 ≡ 0. However, the
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As depicted in Fig. 3(a), s and pu are functions of
θ as follows

t=-τ p
Chip width

Tool

y1-y10

Surface s
-y10
t=0 0

Feed r
θ

t=τ

θ
1+y10

d(t)

1

Map

t=2τ

s(θ + 2π) = s(θ).

...
...

2πr
(b)

(c)

t=0

Tool
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y1(t)
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Tool

x=0 Workpiece

Feed

Workpiece

lw
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Fig. 3 (a) The outmost layer of the workpiece to be cut is
mapped onto θ −p plane, where the thick curve represents the
workpiece surface, s. The dot-dashed line is unbent tool pass,
pu , before it engages with the workpiece, the dash lines are
static tool passes, ps , and the solid curves are the dynamics
passes , pd , involving tool vibration. (b) Unbent (dot-dashed),
statically bent (dashed) and dynamically bent (solid) tools.
(b) Initial workpiece surface with waviness height, hw , and
wavelength, lw .

tool is often perturbed to follow the dynamic tool pass
oscillating around the static one, with the diﬀerence
y1 = y1 − 0 = pd − ps ,

(10)
θ
, θ ∈ [0, 2π].
2π
When perturbations, such as chip breakage, external
noise and etc., are ignored, s(θ) can be treated as a
periodic function as the workpiece is cylindrical, which
has
pu = pu (θ) = 1 −

y1

Workpiece
Ω

s = s(θ),

(11)

If external perturbations during the tool cutting into
the workpiece is considered, one can add an extra
random function to mimic its eﬀect. With respect to
the workpiece rotation, the angle, θ, before
tool-workpiece engagement (t = 0) can be regarded as
a function of time as follows
t
θ(t) = 2π + 2π, t ∈ [−τ, 0].
(12)
τ
Next, substituting Eqs (10), (11) and (12) into
Eq. (9) and using Ωτ = 2π yield the function for the
delayed initial states as follows
y1 (t) =s(θ(t)) − pu (θ(t)) + y10
t
t
=s(2π + 2π) + + y10
(13)
τ
τ
Ω
t + y10 , t ∈ [−τ, 0].
=s(Ωt) +
2π
At the instant of t = 0, this equation yields y1 (0) =
s(0) + y10 , while it is also known that the tool is unbent
(y1 (0) = y10 ) when the cutting is about to begin. This
yields a boundary condition of s(θ) as follows
s(0) = 0.

(14)

(8)
3.1 Approximation of initial functions

as the dimensionless tool displacement governed by
Eq. (5). Equivalently, the initial wavy surface of the
workpiece, s, can be regarded as an imaginary
dynamic tool pass before the cutting starts, which
oscillates around the unbent pass, pu , with the
diﬀerence
y1 − y10 = s − pu .

(9)

From Fig. 3(a), it is seen that the distance between the
unbent pass and the ﬁrst static pass, which is 1 + y10 ,
is smaller than the distance between successive static
passes which is 1. This is due to the static deformation
of the tool after it engages with the workpiece, which
gradually bends the tool from x = 0 towards y = 0
during the tool cutting into the workpiece.

In Eq. (13), only the term, s(Ωt), is undeﬁned for the
selection of the initial function, y1 (t) (t ∈ [−τ, 0]). It is
known from Eqs (11) and (14) that s(Ωt) is a periodic
function with s(2π) = s(0) = 0. These properties
indicate that a series of sinusoid functions can be used
to approximate s(Ωt). In addition, given the
hypothesis [9] that Fourier basis is a good choice to
approximate initial functions of delayed systems with
oscillatory dynamic properties, the following
approximation is used
s(Ωt) ≈

N
∑

ai sin (iΩt + iϕ) − ai sin (iϕ)

i=1

+

N
∑
i=1

(15)
bi cos (iΩt + iϕ) − bi cos (iϕ) ,
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%
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0
4
3

Given Eq. (15), the basin of attraction of the UC can
be deﬁned in a (2N + 1)-dimensional parameter space,
ai − bi − ϕ (i = 1, 2, · · · , N ), which requires excessive
amount of simulations. Moreover, visualization of this
high-dimensional results would be very diﬃcult if not
impossible [3]. Alternatively, a simpliﬁed version of
Eq. (15) with bi = ϕ = 0,
s(Ωt) ≈

N
∑

ai sin (iΩt) ,

(16)

ai

3.2 Basin of attraction approach

4.4

Unstable

4.0
4.2
η1/ηmin

SBc

SBc

Stable

3.8

Unstable

UZ
Stability boundary
Boundary of UZs
SBc=10%
Boundary layer
SBc<10%

%
100 (a)
75
50
25
0
3.6
%
100 (b)
75
50
25
0
4.60

4.62
2ω

ω/2 ω

(c)

4.64
η1/ηmin
ω/2 ω 2ω

4.66

4.68
2ω

ω/2 ω
(d)

Si

where ai , bi and ϕ are undetermined parameters. The
selection of ai and bi determines the waviness height
and wavelength, hw and lw , of the workpiece surface
illustrated in Fig. 3(c), while ϕ depends on the
geometry of tool-workpiece engagement when the
cutting begins [51]. Beside the Fourier basis used here,
it should be remarked that other orthogonal bases,
such as Chebyshev and Legendre polynomials, can be
used as well. Since the selection of basis functions has
already been discussed by Leng et al. [14], who found
no signiﬁcant diﬀerence in their investigation of time
delayed systems, the following analysis will use
Eq. (15) to approximate the functional initial
conditions and other basis functions will be employed
in our future works.

(e)

2
1
0

3

6
i

9 12

3

6
i

9 12

3

6
i

9 12

Fig. 4 (a) Basin stability of the chatter, SBc , for Ω = 0.24 is
plotted as a function of η1 /ηmin , with the region adjacent to
the stability boundary enlarged in Panel (b) and the basins
of attraction for η1 /ηmin = 4.6, 4.63 and 4.64 displayed in
Panels (c), (d) and (e) [51].

i=1

has already been employed by Yan et al. [51] to
approximate the initial functions. In addition, to
reveal the eﬀect of individual harmonic on the
possibility of chatter occurrence, they [51] did not
combine the basis functions but successively
investigated each harmonic.
In this simpliﬁed case, it is possible to construct an
equivalent basin of attraction shown in Figs 4(c), (d)
and (e), where the initial functions selected in the black
regions go towards chatter but the white regions lead
to stable cutting. It is seen that the black regions are
accumulated around the primary chatter frequency and
its sub- and super-harmonics, so that the basin stability
for each harmonic, Si , reaches its peaks around ω2 , ω
and 2ω. Letting As and Ac represent the areas of the
white and black regions, one can deﬁne
SBc =

Ac
× 100% and SBs = 100% − SBc , (17)
Ac + As

to represent the basin stabilities of chatter and steady
cutting, respectively. As seen in Figs 4(a) and (b), the
basin stability of chatter, SBc , monotonously increases
with respect to the increase of η1 /ηmin towards the
linear stability boundary, and the trend of growth is

accelerated in the “boundary layer” adjacent to the
stability boundary, indicating a severe cutting safety
in this zone.

3.3 Basin stability estimation
Although the above simpliﬁed approach can reveal the
eﬀects of individual harmonics on the cutting safety,
Eq. (16) to some extent is not precise enough to
approximate real workpiece surface described by
Eq. (15), not to mention the absence of the
combination of basis functions in the construction of
basin of attraction in Fig. 4. Thus the following
discussion will be based on Eq. (15), with random
combinations of the basis functions. However, only
basin stability will be used next as a high dimensional
basin of attraction is diﬃcult to visualize [3].
The basin stability is estimated based on Monte
Carlo principle [2], which considers ai , bi and ϕ as
random numbers uniformed distributed in predeﬁned
intervals. For a limited waviness height, hw , we can
use an amplitude bound, α, to conﬁne the selection of
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Fig. 5 Inﬂuence of the sample size, M , on the convergence
of the basin stability, SBc , for Ω = 0.24, η1 /ηmin = 4.64,
N = 1 and α = 1. The randomly generated coeﬃcients,
(j) (j)
{(a1 , b1 )}M
j=1 , for M = 1000, 2000, 3000, 4000, 5000 and
6000 are displayed in Panels (b-g), where the red and blue
dots go to steady cutting and chatter, respectively.

N
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Fig. 6 (a) Basin stabilities of chatter, SBc , for Ω = 0.24,
η1 /ηmin = 4.64 and α = 1, with M and N undetermined.
Bar charts for (b) M = 1000, (c) 2000 and (d) 10000 are
added to illustrate the inﬂuence of N .

In addition, ϕ can be restricted as follows without loss
of generality
ϕ ∈ [0, 2π).

(19)

Letting M be the sample size, the Monte Carlo
principle generates M groups of parameters,
(j)
(j) (j)
(j)
{(a1 , · · · , aN , b1 , · · · , bN , ϕ(j) )}M
j=1 , corresponding
with M initial functions. If Mc out of M groups lead
to the chatter in the UZs, the basin stabilities of the
chatter and steady cutting are respectively estimated
as
SBc =

Mc
× 100% and SBs = 100% − SBc .
M

(20)

A simple example of this estimation is illustrated
in Fig. 5, where Ω = 0.24, η1 /ηmin = 4.64, N = 1 and
α = 1 are used. In Panels (b-g), the randomly
(j) (j)
generated {(a1 , b1 )}M
j=1 are displayed with the blue
and red points leading to chatter and stable cutting,
respectively. While the points distribution in
Figs 5(b-g) becomes denser and denser with respect to
the increase of the sample size, the basin stability,
SBc , gradually convergent for M ≥ 2000. The same
trend is also observed in Fig. 6(a), where the basin
stabilities always convergent for M ≥ 2000, no matter
how many basis functions are used.
Next we consider the inﬂuence of the number of
basis functions, N , on the convergence of SBc . It is
seen in Figs 4(c), (d) and (e) that higher order

harmonics hardly make any contribution to the
chatter occurrence in the UZs [52]. Thus the basin
stabilities in Figs 6(b), (c) and (d) gradually
convergent with respect to the increase of the number
of basis functions for N > 8. Simply put, there is no
signiﬁcant diﬀerence in the estimation of SBc with a
diﬀerent sample size or number of basis functions
provided that M and N are large enough.
Finally, the inﬂuence of the amplitude bound, α, is
studied in Fig. 7(a), where Ω = 0.24, η1 /ηmin = 4.64
and N = 10 are used. It is seen that SBc always
convergent for M ≥ 2000 no matter what the value of
α is selected in [0.5, 4], which conﬁrms our above
argument. In addition, Fig. 7(b) illustrates that a
possibility of chatter occurrence grows monotonously
with respect to the increase of the amplitude bound,
which is very fast for α < 2 but gradually level oﬀ to
100% thereafter. This warns us that the waviness
height has a very signiﬁcant inﬂuence on the cutting
safety, and a smoother workpiece surface is helpful for
chatter avoidance in the UZs. In practice, it is
reasonable to presume that the waviness would not be
larger than chatter marks left by a failure cutting
operation, so the following analysis will use α = 1 as
the amplitude bound of the surface waviness.
Based on the above discussion, the following
analysis will employ N = 10, M = 2000 and α = 1 to
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as functions of M , with the (b) bar chart for M = 2000 added
to display the inﬂuence of α.
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Fig. 8 (a) Comparison of the basin stabilities for Ω = 0.24
obtained without and with random combinations of basis
functions for initial function approximation. Evolutions of
SBc with respect to the increase of η1 /ηmin for (b) Ω = 0.22
and (c) 0.25 are displayed as well.

estimate the basin stability, i.e. cutting safety. This
estimation is ﬁrstly compared with the result obtained
by using Eq. (16) without combinations of the basis
functions. Figure 8(a) shows a slight diﬀerence
between the estimations obtained by the simpliﬁed
approximation [51] and based on the Monte Carlo
principle. Nonetheless, the growing trend of SBc with
respect to the increase of η1 /ηmin is the same, which
has a very low possibility of the chatter occurrence in
the majority of the UZs but the cutting safety
signiﬁcantly decrease in the “boundary layer” adjacent
to the stability boundary. Similar results for Ω = 0.22
and 0.25 are displayed in Figs 8(b) and (c), which
show the same trend along the stability boundary.
This phenomenon is in accordance with the
conclusions drawn in Ref. [52].
4 Improving cutting safety by state-dependent
intermittent perturbation
Next the decrease of the basin stability of chatter,
SBc , will be used as an index to monitor the
improvement of cutting safety. In Ref. [52], a single
impulsive force was employed to perturb the orbit of
large-amplitude chatter to successfully quench it.
However, this simple method could be very hard for
application as it requires a single accurate and strong
control force applied in a very short period. Thus a
gentler control strategy is expected to continuously
disturb the chatter orbit with a relatively small
control force. In addition, the control should
accurately disturb the chatter orbit only so that the
intrinsic dynamic property of the cutting can be
preserved. That is, the control power is unnecessary
once the cutting dynamics is already on its trajectory
towards the stationary cutting. Unlike continuous
control laws, this kind of multistability control keeps
absent even when a small-amplitude vibration around
the target has been promoted by external noise, so
that its energy requirement can be very small [15].
The above idea is actually a state-dependent
intermittent control, where the control is active only
in a predeﬁned region in the state space [45].
Introduction of this control transforms the governing
equation of the cutting dynamics, Eq. (5), into
y′ (t) = Ay(t) + Dy(t − τ ) + N + U,

(21)

where U = (0, h(y)u(t))T is the state-dependent
intermittent control. Here h(y) is a non-smooth
state-dependent function given by [45]
{
1 if y ∈ S 2
(22)
h(y) =
0 if y ∈
/ S2
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Fig. 9 (a) Time series of the regenerative chatter for
Ω = 0.24 and η1 /ηmin = 4.64, with the section for t ∈
[2000, 2400] enlarged in Panel (b) to illustrate the statedependent intermittent control. (c) A success and (b) a
failure of chatter suppression by state-dependent intermittent
control are displayed, with parts of the time series respectively
enlarged in Panels (e) and (f).

where S 2 is the predeﬁned subspace of the full state
space R2 . Thus the control, u(t), is active only for y ∈
S2.
To improve the cutting safety in the UZs, the large
amplitude chatter displayed in Fig. 9(a) is expected be
suppressed to make the cutting dynamics monostable.
Thus part of the chatter orbit should be included in a
subspace S 2 for disturbing but the stationary cutting
(d ≡ 0) should be excluded for the absence of control
force. A simple subspace of this kind is depicted as the
yellow regions in Fig. 9(b) and described as follows
S 2 = {y|Abs(d − 1) ≥ 1 − ∆, y2 ∈ R1 }
= {y|Abs(y1 (t − τ ) − y1 (t)) ≥ 1 − ∆, y2 ∈ R1 },
(23)
where Abs(a) takes the absolute value of a, and ∆ ∈
[0, 1] is the threshold for the switch of control. For ∆ =
1, the control is always active (continuous), while ∆ = 0
keeps the perturbation inactive until the tool loses its
contact with the workpiece.
Once ∆ is ﬁxed, the most important factor
inﬂuencing the cutting safety is the selection of the
control law in S 2 . To illustrate, Figs 9(c) and (d)
select the same initial condition and threshold
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Fig. 10 (a) Eﬀect of the state-dependent intermittent
control with linear velocity feedback on the basin stability,
where the chatter occurrence for diﬀerent threshold and
feedback strength is represented by the grayscale. Basin
stabilities for ∆ = 0.6 and 0.1 are plotted as functions of
ϵ in Panels (b) and (c).

(∆ = 0.7) but use diﬀerent control laws, where the
ﬁrst control law fails but the second one successes in
quenching the chatter. More details are given in the
blown-up windows in Figs 9(e) and (f). The
unsuccessful case in Fig. 9(e) forces the cutting depth,
d, to oscillate between the switch surfaces. Although it
reduces the chatter amplitude, it cannot completely
eliminate the unwanted vibration. By contrast, the
oscillation shown in Figs 9(d) and (f) enters S 2 only
before t = 30 for several times, and it is gradually
damped out thereafter without any control force.
Next, the eﬀects of three diﬀerent control laws,
including linear and nonlinear feedbacks and spindle
speed variation (SSV) will be studied.

4.1 Linear velocity feedback
A simple method to perturb the chatter orbit is
increasing the damping to dissipate more mechanical
energy. Thus the ﬁrst control law selected for the
state-dependent intermittent perturbation is
u(t) = −ϵy2 (t),

(24)

where ϵ is the strength of the negative linear velocity
feedback. It is worth noting that Eq. (24) is only an
idealized linear control, and time delays always exist in
the feedback loop in practice. However, the feedback
delay is neglected here to keep the discussion as simple
as possible, but it will be considered in our future works.
To verify the eﬀectiveness of this feedback,
∆ ∈ [0.1, 0.9] and ϵ ∈ [0, 9.5] are used to improve the
cutting safety for Ω = 0.24 and η1 /ηmin = 6.46, which
has 53.6% chance to vibrate when no control is
applied. The basin stability of the chatter, SBc , is
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stability, where the chatter occurrence for diﬀerent threshold
and feedback strength is represented by the grayscale. Basin
stabilities for ∆ = 0.8 and 0.7 are plotted as functions of ϵ in
Panels (b) and (c).

illustrated by the greyscale in Fig. 10(a), where the
greyest region is the left-most column for no control
force (ϵ = 0). For any speciﬁed threshold, ∆, the
greysacle uniformly decreases with respect to the
increase of ϵ, and this trend is especially evident when
∆ is large. For a small threshold (∆ = 0.1), SBc in
Fig. 10(c) decreases fast for ϵ < 3 but levels oﬀ to a
small value thereafter. As SBc never reduces to zero
even when it is very small, ∆ = 0.1 cannot make the
UC 100% safe. By contrast, SBc for a large threshold
(∆ = 0.6) immediately becomes zero for ϵ > 1.5 in
Fig. 10(b), indicating monostability for the safe
cutting.

displayed in Fig. 11. Unsurprisingly, its overall
eﬀectiveness in improving the cutting safety is less
compared with Fig. 10 for the linear feedback as the
nonlinear control force is usually smaller than the
linear one when the vibration amplitude is small.
However, a very attractive result shown in Fig. 11
points out an existence of a critical threshold
(∆ = 0.8) for safe cutting. For a threshold below this
critical value, e.g. ∆ = 0.7, the increase of the
feedback strength can indeed improve the cutting
safety in Fig. 11(c), but it never yields SBc = 0% for a
100% safe cutting process. By contrast, ∆ = 0.8 in
Fig. 11(b) only requires a very small feedback strength
(ϵ ≥ 0.7) to make the cutting 100% safe. This
indicates that increasing the threshold, ∆, for a larger
active region is more important than enhancing the
feedback strength, ϵ. In practice, the measurement
error of y2 (t) can be enlarged by the cubic feedback,
so its application should be performed with caution.

4.3 Spindle speed variation
Except the velocity feedbacks, another eﬀective
method for chatter suppression is spindle speed
variation, which is a kind of open loop perturbation.
The eﬀect of continuous SSV has already been
successfully veriﬁed in turning [10], milling [20], and
grinding [46] dynamics analyses. Instead of a constant
spindle speed, Ω is periodically altered to be
Ω̃(t) = Ω(1 + RV A sin(ωm t)),

4.2 Cubic nonlinear velocity feedback
Beside the linear velocity feedback, cubic nonlinear
damping can also be used to dissipate the chatter
energy. A continuous cubic velocity feedback has
already been employed by Pratt and Nayfeh [27] and
Nayfeh and Nayfeh [25] to manipulate the bifurcation
pattern in the cutting dynamics, where the subcritial
instability was successfully transformed into
supercritical when a large feedback strength was
applied. This method was then veriﬁed by Yan et al.
[48], who successfully suppressed the unwanted
large-amplitude chatter in a regenerative grinding
process. As an eﬀective continuous control method for
cutting safety improvement, its corresponding
intermittent type,
u(t) = −ϵy2 (t) ,
3

(25)

is to be tested next.
The eﬀect of the state-dependent intermittent
control with cubic nonlinear velocity feedback is

(26)

where RV A is the ratio of speed varying amplitude to
the normal spindle speed, and ωm is the variation
frequency. It known that the variation frequency is not
as signiﬁcance as RAV for the eﬀect of SSV provided
it is larger than and is not resonant with the chatter
frequency [46], so the following analysis will use
ωm = 2 and leave RV A undetermined. However, it
should be noted that ωm = 2 might be too higher in
application, and one can choose a lower frequency, say
ωm = 0.05, for engineering practice. When RV A is
small, the time-varying delay corresponding to SSV
can be approximated by [19]
)
(
RV A
(cos(ωm t) − cos(ωm (t − τ ))) . (27)
τ̃ = τ 1 −
2πωm
For the intermittent control, the constant time delay,
τ , in Eq. (5) is replaced by
τ̃ = τ

(
)
RV A
1 − h(y)
(cos(ωm t) − cos(ωm (t − τ ))) ,
2πωm
(28)
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Fig. 12 (a) Eﬀect of the state-dependent intermittent
SSV on the basin stability, where the chatter occurrence
for diﬀerent threshold and speed varying amplitude is
represented by the grayscale. Basin stabilities for ∆ = 0.8
and 0.7 are plotted as functions of RV A in Panels (b) and
(c).

to make the SSV inactive out of the predeﬁned region.
The improvement of the cutting safety induced by
state-dependent intermittent SSV is displayed in
Fig. 12, where the threshold and speed variation
amplitude are selected for ∆ ∈ [0.1, 0.9] and
RV A ∈ [0, 0.9]. The greyscale distribution in
Fig. 12(a) is very similar to that in Fig. 11(a),
showing 0.8 as the critical threshold for cutting safety
improvement. For a threshold below this value
(∆ = 0.7), as seen in Fig. 12(c), the cutting never be
100% safe. Moreover, SBc even goes up with respect to
the increase of RV A for RV A < 0.3, warning us that
the intermittent control may aggravate the cutting
safety in the UZs. For a large threshold (∆ = 0.8),
Fig. 11(b) shows a signiﬁcant improvement of the
cutting safety, where RV A > 0.2 is suﬃcient to
completely eliminate the chatter orbit.
Then the eﬀects of the three intermittent
perturbations are compared for various values of
η1 /ηmin , with Ω ﬁxed as 0.24. Results in Figs 13(b),
(c) and (d) show much smaller UZs compared with
the original UZ in Fig. 13(a). In Figs 13(b) and (c),
the same threshold and feedback strength, ∆ = 0.6
and ϵ = 6.0, are used, but the linear feedback
performs much better than the nonlinear one, leaving
only a very narrow UZ adjacent to the stability
boundary. By contrast, the eﬀect of the intermittent
control with SSV for ∆ = 0.6 and RV A = 0.6 in
Fig. 13(d) is very similar to that in Fig. 13(c), where
the UZ is shrunk to be η1 /ηmin ∈ [4.59, 4.66].

5 Conclusion
This paper has discussed a cutting process multiple
stability, which is called unsafe cutting, in a typical
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RV A = 0.6).

by the
velocity
velocity
0.6 and

time-delayed regenerative metal cutting process. The
cutting safety in the UZs was assessed based on the
basin stability of chatter, i.e. the possibility of chatter
occurrence.
After
that,
the
state-dependent
intermittent control was introduced to perturb the
unwanted chatter to improve the cutting safety, which
successfully shrank the UZs for a better cutting
performance.
The cutting multiple stability lacks tools to deal
with its basin of attraction or basin stability due to
inherent time delays introducing inﬁnite-dimensional
initial conditions. To this end, a Fourier
approximation of the initial functions was proposed
with its coeﬃcients generated based on Monte Carlo
principle. Then the cutting safety in the UZs was
evaluated by the basin stability of chatter, SBc , to
monitor the possibility of chatter occurrence. The
evolution of SBc with respect to the increase of
η1 /ηmin conﬁrmed the “boundary layer” adjacent to
the stability boundary, in which the cutting safety is
signiﬁcantly reduced compared with the majority of
the UZs. In addition, it was revealed that the cutting
safety is deteriorated by the increase of the waviness
heigh in the workpiece texture, so that a smooth
surface is very critical for chatter avoidance in the
UZs.
Then the state-dependent intermittent control,
which is active only in a predeﬁned region to
accurately destroy the chatter orbit, was introduced to
improve the cutting safety. In the predeﬁned region,
three kinds of perturbation, namely linear and
nonlinear velocity feedbacks and SSV, were
successively employed. In general, the linear velocity
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feedback had the best performance in improving the
cutting safety, which can shrink the UZ to be much
narrower compared with the results of the nonlinear
feedback and SSV.
The cubic nonlinear velocity feedback and SSV
showed an important and similar eﬀect that they both
required a suﬃcient large threshold (∆ ≥ 0.8) to
completely destroy the UC. Below this critical
threshold, the improvement of cutting safety is always
limited even a very strong perturbation is used, e.g.
ϵ = 9 or RV A = 0.9. By contrast, only a very small
perturbation is suﬃcient to achieve 100% safe once
∆ ≥ 0.8. Besides, the intermittent control with SSV
could deteriorate the cutting safety when a small
RV A is employed. However, this trend immediately
disappeared when a large threshold (∆ ≥ 0.8) or large
variation amplitude (RV A ≥ 0.3) was used.
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