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Abstract

Brain tumours are masses of abnormal cells that can grow in an uncontrolled
way in the brain. There are different types of malignant brain tumours.
Gliomas are malignant brain tumours that grow from glial cells and are
identified as astrocytoma, oligodendroglioma, and ependymoma. We study
a mathematical model that describes glia-neuron interaction, glioma, and
chemotherapeutic agent. In this work, we consider drug sensitive and resis-
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tant glioma cells. We show how continuous and pulsed chemotherapy can
kill glioma cells with a minimal loss of neurons.

Keywords: brain, tumour, chemotherapy, drug resistance, glia-neuron
interaction

1. Introduction

Tumour cells are abnormal cells that are classified into benign and ma-
lignant. The benign tumours do not invade the normal tissue, while the
malignant tumour invade and can spread around the body [1]. The malig-
nant tumours are cancerous tumours and they have a growth rate much faster
than normal cells [2, 3]. Cancer is one of the main causes of death worldwide
and many treatments have been developed, such as chemotherapy, radiation
therapy, and surgery [4].

Mathematical modelling of tumour growth has been used to understand
different aspects of cancer [5, 6, 7]. Pinho et al. [8] analysed a mathe-
matical model of cancer treatment by chemotherapy agent taking metastasis
into account. Borges et al. [9] used a model to study tumour growth un-
der treatment by continuous and pulsed chemotherapy. Nani and Freedman
[10] studied cancer immunotherapy through models that incorporate tumor-
immune interaction [11]. Behera et al. [12] studied the effec of noise in a
tumour growth model. It was showed that noise can affect the stability of
the dynamic system [13, 14, 15, 16, 17, 18, 19]. One of the most common
type of malignant brain tumour is the glioma that starts in the glial cells
[20]. The glial cells provide neuronal support and protection [21].

Drug resistance in cancer is a major problem in chemotherapy treatment
[22], due to the ability of cancerous cells to develop resistance to chemother-
apeutic agents [23]. Nass and Efferth [24] studied drug targets and resistance
mechanisms in myeloma. Recently, He et al. [25] reported mechanisms re-
lated to drug-resistant ovarian-cancer cells. In the literature, it is possible to
find different brain tumour models. Partial [26] and ordinary [27] differential
equations have been used to simulate the dynamic behaviour related to the
glioma growth. A mathematical modelling of therapy, inducing cancer drug
resistance, was analysed by Sun et al. [28].

Chemoresistance profiles for brain tumours were studied by Haroun et
al. [29] by means of tumour specimens collected from various patients. The
tumours were analised in vitro against different chemotherapeutic agents.
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They reported extreme drug resistance in primary tumours, for instance
glioblastomas and astrocytomas exhibited resistance to paclitaxel and car-
boplatin, respectively. We propose a model with tumour drug resistance by
adding a new differential equation in the model proposed by Iarosz et al. [30]
for gliomas with glia-neuron interactions and chemotherapy treatment. Our
model is able to reproduce the same behaviour that was experimentally ob-
served by Rabé et al. [31] in their studies about the temozolomide resistance
in glioblastoma.

In this way, our model has glia-neuron interactions, resistant and sensitive
gliomas, as well as chemotherapy treatment. The tumour treatment occurs
through continuous or pulsed chemotherapy. We computed the values of the
infusion of chemotherapy agents in which the glioma is suppressed and a
minimum number of neurons is lost, without neurogenesis. In the continuous
chemotherapy, the neuronal lifespan depends on the infusion of chemotherapy
agent rate and the mutation rate from drug-sensitive to drug-resistant cells.
With regard to the pulsed chemotherapy, we show that the chemotherapy
cycle and the time interval of the drug application play a crucial role in the
glioma treatment.

This paper is organised as follows: in Section 2, we introduce the math-
ematical model; Section 3 presents our results for continuous and pulsed
chemotherapy; we draw our conclusions in Section 4.

2. Brain tumour model with drug resistance

We include drug resistance in the model proposed in [30]. Figure 1 dis-
plays a schematic representation of the interactions considered in the mod-
ified model. The sensitive and resistant glioma cells have logistic growth,
allowing for the action on the glial cells and for the influence on the neurons.
The glial cells interact with the neurons and the glioma cells, having a lo-
gistic growth. The chemotherapy agent is a predator that affects the glioma
cells, glial cells, and neurons. Due to the chemotherapy, the sensitive glioma
cells convert to resistant glioma cells through mutations.

The mathematical model considered in this work is described by

dG(t)

dt
= PGG(t)

(

1−
G(t)

C1

)

−ΨGG(t)[S(t) +R(t)]−
I1G(t)Q(t)

A1 +G(t)
, (1)

dS(t)

dt
= PSS(t)

(

1−
S(t) +R(t)

C2

)

−ΨSG(t)S(t)− uF [Q(t)]S(t)
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−
I2S(t)Q(t)

A2 + S(t)
, (2)

dR(t)

dt
= PRR(t)

(

1−
S(t) +R(t)

C2

)

−ΨRG(t)R(t) + uF [Q(t)]S(t),(3)

dN(t)

dt
= ψĠ(t)F

(

−
Ġ(t)

C1

)

N(t)−
I3N(t)Q(t)

A3 +N(t)
, (4)

dQ(t)

dt
= Φ− ζQ(t), (5)

where G is the glial cells concentration (kg.m−3), S is the drug sensitive
glioma cells concentration (kg.m−3), R is the drug resistant glioma cells con-
centration (kg.m−3), N is the neurons concentration (kg.m−3), Q is the che-
motherapeutic agent concentration (mg.m−2), and F (x) is a function defined
as

F (x) =

{

0, x ≤ 0,
1, x > 0.

(6)

Table 1 describes the values of the parameters taken from the cited references.
In Eqs. (2) and (3), the third term is related to the change from sensitive to
resistant glioma cells. In Eq. (4), the first term is associated with the decay
of the neuronal population due to the glial cells death.

Figure 1: Schematic representation of the model.

4



The normalised model is given by

dg(t)

dt
= PGg(t)[1− g(t)]− β1g(t)[s(t) + r(t)]−

i1g(t)Q(t)

a1 + g(t)
, (7)

ds(t)

dt
= PSs(t)[1− (s(t) + r(t))]− β2g(t)s(t)− uF [Q(t)]s(t)

−
i2s(t)Q(t)

a2 + s(t)
, (8)

dr(t)

dt
= PRr(t)[1− (s(t) + r(t))]− β3g(t)r(t) + uF [Q(t)]s(t), (9)

dn(t)

dt
= αġ(t)F [−ġ(t)]n(t)−

i3n(t)Q(t)

a3 + n(t)
, (10)

dQ(t)

dt
= Φ− ζQ(t), (11)

where g(t) = G(t)
C1

, s(t) = S(t)
C2

, r(t) = R
C2

, n(t) = N(t)
C3

, β1 = ΨGC2, β2 = ΨSC1,

β3 = ΨRC1, α = ψC1, ai =
Ai

Ci
, and ii =

Ii
Ci

(i = 1, 2, 3). The values of the
parameters are given in Table 2.

Table 1: Parameters values taken from the referenced literature.
Parameter Values Description

PG 0.0068 day−1

PS 0.012 day−1 Proliferation rate [32, 33]
PR 0.002 and 0.006 day−1

ψ 0− 0.02 Loss influences [32]
I1, I3 2.4× 10−5 m2(mg·day)−1 Interaction
I2 2.4× 10−2 m2(mg·day)−1 coefficients [32, 34]
Φ 0− 200 mg(m2.day)−1 Chemotherapy [35, 36]
ζ 0.2 day−1 Absorption rate [9]
u 0− 1 Mutation rate

A1, A2, A3 510 kg.m−3 Holling type 2
ΨG 3.6× 10−5 day−1 Competition

ΨS,ΨR 3.6× 10−6 day−1 coefficients [32]
C1, C2, C3 510 kg.m−3 Carrying capacity [37]

The equilibria points, which are physiologically feasible, E(g, s, r, n,Q) of
the model are obtained by setting ġ(t) = 0, ṡ(t) = 0, ṙ(t) = 0, ṅ(t) = 0,
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Table 2: Values of the parameters for the normalisation.

Parameter Values
β1 1.8× 10−2 day−1

β2, β3 1.8× 10−3 day−1

α 0− 10
a1, a2, a3 1
i1, i3 4.7× 10−8 m2(mg·day)−1

i2 4.7× 10−5 m2(mg·day)−1

and Q̇(t) = 0. We analyse next the local stability of an equilibrium given by
E0(0, 0, 0, 0,Φζ

−1). The eigenvalues of the Jacobian matrix are

λ
(0)
1 = PG −

i1Φ

ζa1
, (12)

λ
(0)
2 = PS −

i2Φ

ζa2
− u, (13)

λ
(0)
3 = PR, (14)

λ
(0)
4 = −

i3Φ

ζa3
, (15)

λ
(0)
5 = −ζ. (16)

We identify the stability of the equilibrium through the sign of the real part
of each eigenvalue. If the real part of each eigenvalue is strictly negative,
then the equilibrium is locally asymptotically stable, and if positive, then the
equilibrium is unstable. In order to ensure the stability of E0(0, 0, 0, 0,Φζ

−1),
it is necessary that

Φ >
PGa1ζ

i1
, (17)

Φ >
(PS − u)a2ζ

i2
, (18)

which are obtained by requiring that λ
(0)
1 < 0 and λ

(0)
2 < 0. The values of

the normalised parameters are positive (Table 2), then the eigenvalues λ
(0)
4

and λ
(0)
5 are negative. However, the eigenvalue λ

(0)
3 is positive. Therefore,

the equilibrium E0(0, 0, 0, 0,Φζ
−1) is unstable due to the fact that the drug

resistant glioma cells are not affected by the chemotherapeutic agent. It is
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possible to find a stable equilibrium E1(0, 0, r
∗, 0,Φζ−1) for r∗ = 1. The

eigenvalues of the Jacobian matrix are

λ
(1)
1 = PG − β1 −

i1Φ

ζa1
, (19)

λ
(1)
2 = −

i2Φ

ζa2
− u, (20)

λ
(1)
3 = −PR, (21)

λ
(1)
4 = −

i3Φ

ζa3
, (22)

λ
(1)
5 = −ζ. (23)

In order to ensure the stability of E1(0, 0, r
∗, 0,Φζ−1), it is necessary that

Φ >
(PG − β1)a1ζ

i1
, (24)

by requiring that λ
(0)
1 < 0. The eigenvalues λ

(0)
2 , λ

(0)
3 , λ

(0)
4 , and λ

(0)
5 are

negative because the values of the normalised parameters are positive. We
consider a1 = 1, PG = 0.0068, β1 = 0.018, i1 = 4.7 × 10−8, and ζ = 0.2
(Table 2). With these values, we obtain that E1 is linearly asymptotically
stable for Φ > −47, 659. Therefore, when the chemotherapeutic agent kills
all glial cells (g) and drug sensitive glioma cells (s), the normalised drug
resistant glioma cells concentration is r = 1. Although there is no case
where the concentrations of glial cells and neurons are both equal to zero, it
is interesting to analyse the stability of the equilibria E0 and E1 to know the
values of the chemotherapy concentrations that could happen. This analysis
gives us the maximum chemotherapy values that can be used without killing
all the glial cells and neurons.

We also consider the equilibrium E2(g, 0, 0, n,Q) that represents the com-
plete elimination of drug sensitive glioma cells and drug resistant glioma cells,
though the glial and neuron cells are preserved. This equilibrium is obtained
by the solution of

PG(1− g)−
i1Q

a1 + g
= 0, (25)

−
i3nQ

a3 + n
= 0, (26)

Φ− ζQ = 0, (27)
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for n = 0 and Q = Φζ−1. Thus, the equilibrium E2(g, 0, 0, n,Q) is given by
E2(g, 0, 0, 0,Φζ

−1), meaning that all neurons are also eliminated. Equation
(25) can be rewritten as

g2 + g(a1 − 1)− a1 +
i1Φ

ζPG

= 0. (28)

Using the parameters of Table 1 and 2, g has a real, positive and non-null
solution when Φ < 28, 936. The eigenvalues of the Jacobian matrix for E2

are

λ
(2)
1 = PG(1− 2g)−

i1a1Φ

ζ(a1 + g)2
, (29)

λ
(2)
2 = PS − β2g − u−

i2Φ

ζa2
, (30)

λ
(2)
3 = PR − β3g, (31)

λ
(2)
4 = −

i3Φ

ζa3
, (32)

λ
(2)
5 = −ζ. (33)

For a1 = 1, λ
(2)
1 is negative in Equation (29) when

(1 + g)2(1− 2g) <
i1Φ

ζPG

. (34)

From Equation (28), it is obtained that i1Φ
ζPG

= 1− g2. Consequently

(1− g2)− 2g2 − 2g3 < (1− g2). (35)

Therefore λ
(2)
1 < 0 if g > 0. λ

(2)
2 is negative for combinations of u and Φ,

for example: i) u = 0 and Φ > 43.41, ii) u = 0.001 and Φ > 39.15, and iii)

u = 0.01 and Φ > 0.85. The values of λ
(2)
4 and λ

(2)
5 are negative. However,

λ
(0)
3 is positive if PR > β3. Using the parameters from Tables 1 and 2, we

obtain β3 = 0.0018 and PR ≥ 0.002. For realistic parameters, the equilibrium
E2 is unstable due to the fact that the proliferation rate of the drug resistant
glioma cells is larger than the normalized competition between glioma and
drug resistant glioma cells.

The equilibrium E2, which is related to the elimination of all glioma
cells, is unstable. In this case, all neurons are also eliminated, showing that
it is unattainable to find a cure for glioma in the drug resistant case. For
this reason, we focus on the neuronal lifespan during the chemotherapeutic
treatment.
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3. Chemotherapy treatment

3.1. Continuous chemotherapy

Continuous infusion [38] followed by radiotherapy was used as a treatment
for malignant tumour. Many researchers reported that this combination can
improve the tumours’ regression [39, 40]. We consider continuous chemother-
apy as a way to eliminate glioma cells having drug resistance. We show that
our model presents a similar behaviour, recently reported by Rabé et al. [31].
They performed studies about the temozolomide resistance in glioblastoma
considering a combination of mathematical models, RNA sequencing, single
cell analyses, functional and drug essays in a human glioma cell line. It was
identified a transient resistance state in which the cancerous cells have a re-
duced proliferation rate. We verify that our model is able to reproduce a
transient resistance state, as shown in Fig. 2. For u = 10−2 (black line), the
glioma cells (r(t) + s(t)) initially decrease, though, in accordance with [31]
they should increase due to the drug resistance. For u = 0 (blue line) and
u = 10−3 (red line), the glial cells kill the drug sensitive and resistant glioma
cells.

We show that our model presents a similar behaviour, recently reported
by Rabé et al. [31]. They analysed mathematical models and performed drug
assays in a human glioma cell line to study the resistance to temozolomide.
Figure 2 displays that glioma cells (r(t) + s(t)) initially decrease, though, in
accordance with [31] they should increase due to the drug resistance, see the
black line.

0 50 100 150 200
 t

0.0

0.006

0.012

 r
(t

) 
+

 s
(t

)

u = 10
-2

u = 10
-3

u = 0

Figure 2: Time evolution of r(t) + s(t) for Φ = 50, PR = 0.002, and mutation rate u = 0
(blue line), u = 10−3 (red line), and u = 10−2 (black line). We consider g(0) = 1, n(0) = 1,
s(0) = 0.01, and r(0) = 0.
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0.988

0.992

0.996

1

g
(t

)

u = 0

u = 10
-3

u = 10
-2

0

0.005

0.01

s(
t)

0 150 300 450 600 750
t

0.96

0.98

1

n
(t

)

0 150 300 450 600 750
t

0

0.002

0.004

r(
t)

(a) (c)

(b) (d)

Figure 3: Time evolution of (a) glial cells concentration g(t), (b) neurons concentration
n(t), (c) drug sensitive glioma cells concentration s(t), and (d) drug resistant glioma
cells concentration r(t) for Φ = 200, PR = 0.002, and mutation rate u = 0 (blue line),
u = 10−3 (red line), and u = 10−2 (black line). The green and orange vertical dashed lines
correspond to 360 days (12 months) and 540 days (18 months), respectively. We consider
g(0) = 1, n(0) = 1, s(0) = 0.01, r(0) = 0, and Q(0) = 0.

Figure 3 shows the time evolution of normalised (a) glial cells concen-
tration g(t), (b) neurons concentration n(t), (c) drug sensitive glioma cells
concentration s(t), and (d) drug resistant glioma cells concentration r(t).
We consider Φ = 200, PR = 0.002, u = 0 (blue line), u = 10−3 (red line),
and u = 10−2 (black line). The chemotherapeutic agent kills the glial cells,
neurons, and sensitive glioma cells. For u = 0, there is not resistant glioma
and, as a consequence, the malignant tumour is suppressed. However, the
neuron concentration n decreases slightly from 1 to 0.981 for t = 360 days
(12 months) (green vertical dashed line) and to 0.977 for t = 540 days (18
months) (orange vertical dashed line). The glial cells undergo a necrosis by
the chemotherapy in spite of exhibiting logistic growth. For u = 10−3, n
decreases also slightly to 0.980 and 0.976 for 360 and 540 days, respectively.
Considering u = 10−2, we observe n = 0.971 for t = 360 days, and n = 0.966
for t = 540 days. Importantly, the sensitive glioma cells are absent for t
greater than approximately 150 days.

According to Peters et al. [41], there is an overall loss of neurons from
the cerebral cortex with the age about 10%. With this in mind, we compute
the time τ in which brains of patients with glioma have a loss of 10% in the
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neurons concentration (n = 0.9). Figure 4 shows the time τ for a neuron to
achieve the concentration n = 0.9 as a function of Φ. For u = 0 (blue line)
and Φ = 200, τ is equal to 3926 days, while τ is much less for u = 10−3 (red
line) and u = 10−2 (black line). We obtain τ equal to 3672 and 2910 days
for u equal to 10−3 and 10−2, respectively. Then, it is possible to conclude
that u has an important effect on τ .

0 50 100 150 200
 Φ

10
2

10
3

10
4

 τ

u = 0

u = 10
-3

u = 10
-2

Figure 4: τ as a function of Φ for PR = 0.002, u = 0 (blue line), u = 10−3 (red line), and
u = 10−2 (black line).
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 50
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Φ
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150

300

450

600
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τ

II

I

(b)

(a)

III IV

IVIII

II

Figure 5: Parameter space Φ× u for (a) PR = 0.002 and (b) PR = 0.006. The colour bar
shows the values of τ .

We also calculate τ by varying Φ and u, as shown in Fig. 5. The colour bar
represents the values of τ . In our simulations, the blue region corresponds to τ
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greater than 700 days. In the orange, black, and red regions, the τ values are
for about 650, 500 and 350 days, respectively. The τ values less than 300 days
are in the green region. Figure 5(a), for PR = 0.002, is separated into four
regions denoted by I, II, III, and IV. In the region I, we have s(t) < 0.01 and
r(t) < 0.01, namely, when n = 0.9 both sensitive and resistant gliomas have
a concentration less than the initial glioma concentration. Region II, s(t) <
0.01 and r(t) > 0.01, shows that only the sensitive glioma is suppressed. The
sensitive glioma grows in region III, s(t) > 0.01 and r(t) < 0.01. In the region
IV, both sensitive and resistant glioma have a concentration greater than the
initial glioma concentration, s(t) > 0.01 and r(t) > 0.01. For PR = 0.006
and Φ ≤ 200 (Fig. 5(b)), there is no region I.

3.2. Pulsed chemotherapy

0

100

200

300

 Φ
 

0 28 56 84 112 140 168
t

0

200

400

600

800

q
(t

)

(a)

(b)

∆t
2

∆t
1

∆t
1

∆t
1

∆t
1

∆t
1

∆t
1

∆t
2

∆t
2

∆t
2

∆t
2

∆t
2

Figure 6: (a) Intermittent schedule of the pulsed chemotherapy, where ∆t1 and ∆t2 are
the time intervals with (days on) and without (days off) chemotherapy, respectively. (b)
Temporal evolution of the drug concentration q(t).

Pulsed chemotherapy is the use of intermittent schedules of chemothera-
peutic agents to treat cancer [42]. Researchers have been carrying out var-
ious treatment types with different protocols to eliminate cancerous cells.
In the literature, one finds results based on theoretical studies [43, 44] and
experiments [45, 46, 47]. Our intermittent schedule is illustrated in Fig.
6(a), where ∆t1 and ∆t2 correspond to the time intervals with (days on)
and without (days off) chemotherapy, respectively. Figure 6(b) displays the
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temporal evolution of q(t). We observe an exponential growth of drug con-
centration q(t) during the drug application and an exponential decay after
the application.

0.97

0.98

0.99

1

g
(t

)

u = 0

u = 10
-3

u = 10
-2

0

0.004

0.008

0.012

s(
t)

0 150 300 450 600 750
t

0.94

0.96

0.98

1

n
(t

)

0 150 300 450 600 750
t

0

0.005

0.01

r(
t)

(a)

(b)

(c)

(d)

Figure 7: Time evolution of (a) g(t), (b) n(t), (c) s(t), and (d) r(t) for ∆t1 = 7 days with
Φ = 200 and ∆t2 = 21 days with Φ = 0, PR = 0.002, u = 0 (blue line), u = 10−3 (red
line), and u = 10−2 (black line). The green and orange vertical dashed lines correspond
to 360 and 540 days, respectively.

Figure 7 shows (a) g(t), (b) n(t), (c) s(t), and (d) r(t) for ∆t1 = 7 days
with Φ = 200 and ∆t2 = 21 days. We consider PR = 0.002, u = 0 (blue
line), u = 10−3 (red line), and u = 10−2 (black line). At t = 360 days
(green vertical dashed line), we find n = 0.964, n = 0.963, and n = 0.956
for u = 0, u = 10−3, and u = 10−2, respectively. When t = 540 days,
n = 0.963 for u = 0, n = 0.962 for u = 10−2, and n = 0.951 for u = 10−2.
In this intermittent schedule, the n values are less than by considering the
continuous chemotherapy.

There are many types of treatment schedules. With this in mind, we
vary the number of days on and days off to analyse the effects of the drug
resistance on different chemotherapy protocols. Figure 8 exhibits τ (colour
bar) as a function of ∆t2 ×∆t1. In Fig. 8(a), we verify the existence of the
four regions, where the region IV is very small and it is between the regions
II and III. For u = 10−2, there are only the regions I and II, as shown in Fig.
8(b). The region I is larger for u = 10−3 (Fig. 8(a)) than for u = 10−2 (Fig.
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8(b)). Therefore, the region I decreases and the region II increases when u
increases, i.e., the number of treatment schedules that control the growth of
both sensitive and resistant glioma cells decreases.
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(b)

(a)

Figure 8: ∆t2 × ∆t1 for PR = 0.002, (a) u = 10−3, and (b) u = 10−2. The colour bar
shows the values of τ .

4. Conclusions

There are many different types of brain tumours. The treatments depend
on the tumour characteristics. One of the most common malignant tumours
in the brain is the glioma. This tumour begins in the glial cells and affects
the support of the neurons. Due to this fact, without support and protection,
the number of neurons decreases.

We extend the mathematical model of brain tumour growth proposed
by Iarosz et al. [30]. This model describes glia-neuron interaction and
chemotherapy treatment. In this work, we modify the model by splitting
the equation of the glioma cells into two equations. The new equations cor-
respond to sensitive and resistant glioma cells.

We consider continuous and pulsed chemotherapy to destroy glioma cells
without harming a large number of neurons. With regard to the continuous
chemotherapy, the time τ to achieve n = 0.9 decreases when the mutation
rate u from sensitive to resistant glioma cells increases. The τ values depend
on Φ and u. For small PR values, we find values in the parameter space
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Φ × u (region I), where the continuous chemotherapy kills both sensitive
and resistant gliomas. In the pulsed chemotherapy, the region for the best
treatment, according to days on and days off, decreases for larger u values.
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[6] López AG, Iarosz KC, Batista AM, Seoane JM, Viana RL, Sanjuán
MAF. Nonlinear cancer chemotherapy: Modelling the Norton-Simon hy-
pothesis. Commun Nonlinear Sci Numer Simul 2019;70:307-317.

15
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