
On a dissipative dynamics with Hamiltonian structure

Xiaoming Zhanga, Zhenbang Caoa, Denghui Lib, 1

Jianhua Xiea, Celso Grebogic

aSchool of Mechanics and Engineering, Southwest Jiaotong University,
Chengdu, Sichuan 610031, P.R.China

bSchool of Mathematics and Statistics, Hexi University,
Zhangye, Gansu 734000, P.R.China

cInstitute for Complex Systems and Mathematical Biology King’s College,
University of Aberdeen, Aberdeen AB24 3UE, United Kingdom

Abstract

In this work, we study a class of dissipative, non-smooth n degree-of-freedom dynamical
systems. As the dissipation is assumed to be proportional to the momentum, the dynamics
in such systems is conformally symplectic, allowing us to use some of the Hamiltonian
structure. We initially show that there exists an integral invariant of the Poincar-Cartan
type in such systems. Then, we prove the existence of a generalized Liouvilles Formula for
conformally symplectic systems with rigid constraint using the integral invariant. A two
degree-of-freedom system is analysed to support the relevance of our results..
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A class of dynamical systems, whose dissipation is proportional to the momen-
tum, has attracted broad attention recently. They are conformally symplectic
systems that, though being dissipative, have certain structures similar to the
ones in Hamiltonian systems. The existence of non-smoothness in vibro-impact
systems, considered in this work, restricts the application of theories from s-
mooth conformally symplectic systems. In this work, we make a first step in
addressing non-smooth conformally symplectic systems. We show that there
exists an integral invariant of the Poincaré-Cartan type in such systems. By
using the integral invariance, we prove the existence of a generalized Liouvilles
Formula for conformally symplectic systems with a rigid constraint. We illus-
trate the applicability of our proofs through an example of such a dynamical
system.

1. Introduction

Mechanical systems with impacts have received both practical and theoretical interests
in the study of non-linear dynamics [1–3]. Since the impacts introduce new non-linearity
and non-smoothness, the dynamics can be quite rich and complicated, such as grazing
bifurcation [4–7], Neimark-Sacker bifurcation [8], Hopf-Hopf bifurcation [9]. We refer
the reader to the survey [10] for a detailed discussion. In recent years, the conformally
symplectic systems are studied by methods usually that appeared in conservative cases.
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Marò and Sorrentino [11] extend the Aubry-Mather theory to conformally symplectic
systems. Invariant sets such as Mather sets are still well defined and related to attractors.
Moreover, for conformally symplectic systems, classical KAM techniques are also applied
to show the existence of attractive tori, see [12, 13]. In fact, it is a natural generalization
because the usual action can be modified to adapt the dissipative equations, see Section
2 for more details.

Poincaré-Cartan integral invariant plays an fundamental role in conservative dynamical
systems. Basic results in Hamiltonian mechanics can be obtained directly through it, see
[14]. It is natural to ask if there exist integral invariants for conformally symplectic
systems. In this paper, we derive an integral invariant by modifying the classical action
for such systems and prove the existence of it. Then we use the integral invariant to study
forced dissipative systems with one-side constraint and obtain the Jacobian determinant
formulas for two types of Poincaré maps. Since the existence of the constraint causes
the implicity of arrived time at the constraint, one cannot apply the classical Liouville’s
formula to evaluate the Jacobian determinant of a time periodic map. However, the
existence of an integral invariant can overcome this difficulty. In addition, the formulas
may be helpful to study the bifurcation of impact systems. For example, as a simple
application of the generalized Liouville’s formulas, one can infer that Neimark-Sacker
bifurcation does not occur in one degree-of-freedom forced systems with impacts, and that
the singularity of grazing motion is directly followed by the change of Jacobian. A similar
result is obtained in [15] for one degree-of-freedom linear oscillator with impact, though
our result has no restriction about forcing and about the number of degrees of freedom.
The most natural way for the further applications of our results are the establishment of
the dissipative twist map [16, 17], in which attractive periodic orbits, invariant curves and
strange chaotic sets can show up.

The remaining of paper is organized as follows. In Section 2, we use the formalization
of Lagrangian and Hamiltonian mechanics to deduce the existence of an integral invariant
for a class of dissipative systems. We obtain a determinant formula, the generalized Liou-
ville’s formula for impact systems using the integral invariant in Section 3. The numerical
example of a two-degree-of-freedom system is presented in Section 4 to demonstrate our
mathematical result.

2. Integral invariant of the conformally symplectic systems

First we recall the definition of integral invariant. Let x = (x1, x2, . . . , xn) ∈ Rn and
F : Rn → Rn be a C1 vector field of Rn. We assume F (x) ̸= 0 for any x ∈ Rn.

Definition 2.1. Let gi : Rn → R be a C1 function. A 1-form
∑n

i=1 gi(x)dxi is called an
integral invariant of a vector field F , if for any two closed orientated loops C1 and C2 such
that C1 − C2 is the boundary of an orientated cylinder made of the orbits of the vector
field F (see Figure 1), we have∫

C1

n∑
i=1

gi(x)dxi =

∫
C2

n∑
i=1

gi(x)dxi.

For a C2 Hamiltonian H(x, y, t) = 1
2 |y|

2 + V (x, t), where y = (y1, · · · , yn), t ∈ R, | · | is
Euclidean norm and V : Rn × R is a C2 function, it is known that the form

ω =

n∑
i=1

yidxi −H(x, y, t)dt
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Figure 1: The cylinder made of orbits of F .

is an integral invariant of the extended Hamiltonian vector field

(
∂H

∂y
,−∂H

∂x
, 1) = (y,−∇V (x, t), 1)

in R2n+1, where ∇V (x, t) = ∂V
∂x (x, t).

Now we consider a class of dissipative systems

ẋ = y,

ẏ = −∇V (x, t)− λy,

ṫ = 1,

(1)

where λ > 0 is a constant.

Theorem 2.1. The 1-form

ωλ = eλt(

n∑
i=1

yidxi −H(x, y, t)dt) (2)

is an integral invariant for the vector field of equation (1).

Proof. With the notation in Definition 2.1, the 1-form
∑n

i=1 gi(x)dxi is an integral invari-
ant of the vector field F if and only if

d(

n∑
i=1

gi(x)dxi)(F (x), ·) = 0,

where d is the exterior differential operator. See Chapter 9 of [14] or [18] for a proof. By
a direct calculation, for any ξ = (ξ1, ξ2, · · · , ξ2n+1) ∈ R2n+1 we have

d
(
eλt(

n∑
i=1

yidxi−Hdt)
)
(Xλ, ξ) = eλt

( n∑
i=1

(
dyi∧dxi−(

∂H

∂xi
+λyi)dxi∧dt−

∂H

∂yi
dyi∧dt

)
(Xλ, ξ)

)
= eλt

n∑
i=1

(∣∣∣∣∣−λyi − ∂H
∂xi

ξi+n
∂H
∂yi

ξi

∣∣∣∣∣−(
∂H

∂xi
+λyi)

∣∣∣∣∂H∂yi ξi
1 ξ2n+1

∣∣∣∣−∂H

∂yi

∣∣∣∣−λyi − ∂H
∂xi

ξi+n

1 ξ2n+1

∣∣∣∣
)

= 0,

where Xλ = (y,∇V (x, t) − λy, 1). Hence, we have dωλ(Xλ, ·) = 0, which implies the
statement of theorem.
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Significantly, such dissipative systems still have the formalization of Hamiltonian and
Lagrangian systems. More precisely, let L(x, ẋ, t) = 1

2 |ẋ|
2 − V (x, t) and the modified

Lagrangian L̃ be defined by

L̃(x, ẋ, t) := eλtL(x, ẋ, t) = eλt(
1

2
|ẋ|2 − V (x, t)).

Then the Euler-Lagrange equation of the modified Lagrangian becomes

d

dt

∂L̃

∂ẋ
=

∂L̃

∂x
.

A direct calculation yields that

d

dt
(eλt

∂L

∂ẋ
) = eλt(λ

∂L

∂ẋ
+

d

dt

∂L

∂ẋ
),

∂L̃

∂x
= eλt

∂L

∂x
,

hence we have
d

dt

∂L

∂ẋ
= −λ

∂L

∂ẋ
+

∂L

∂x
.

Let ∂L/∂ẋ = y = ẋ, then above equation becomes

ẏ = −λy −∇V (x, t),

which coincides with (1). The corresponding modified Hamiltonian is obtained by Legendre
transformation. Let ỹ = ∂L̃/∂ẋ = eλty. The modified Hamiltonian is given by

H̃(x, ỹ, t) :=
∂L̃

∂ẋ
· ẋ− L̃ = eλtẋ · ẋ− 1

2
eλt|ẋ|2 + eλtV (x, t)

=
1

2eλt
|ỹ|2 + eλtV (x, t) = eλtH(x, y, t).

One can verify that the corresponding Hamiltonian equation of H̃ coincides with (1) and
the 1-form ỹdx− H̃dt coincides with ωλ.

3. A generalized Liouville Formula for the vibro-impact systems

Firstly, we recall the classical Liouville Formula. For a time dependent C1 system
ẋ = F (x, t), we usually take the time-T -map to study it. The time-T -map ϕT is defined
by ϕT (x, y) = ϕ(x, y, T, 0), where ϕ(x, y, t, t0) is the solution of (3) with initial condition
x(t0) = x, y(t0) = y. The classical Liouville Formula is

det(DϕT ) = e
∫ T
0 tr ∂F

∂x
(x(s),s)ds.

Here and in what follows trA denotes the trace of matrix A.
We consider an n degree-of-freedom system:

ẋ = y,

ẏ = −λy −∇k(x, t),
(3)

where x = (x1, · · · , xn), y = (y1, · · · , yn) ∈ Rn, k : Rn × R → R is a C2 function and
k(x, t + T ) = k(x, t) for some T > 0. Assume that there exists a rigid constraint at
x1 = 1 and the impact rule is y1 7→ −µy1, where 0 < µ ≤ 1 is a constant. According
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to Section 2, the integral invariant of system (3) is ωλ = eλt(
∑n

i=1 yidxi − Hdt), where
H(x, y, t) = 1

2 |y|
2 + k(x, t). By the Liouville formula, the Jacobian determinant of time-

T -map of (3) is e−λnT if there is no constraint.
To insure the differentiability of ϕT , we assume that all the impacts are transversal, i.e.,

y1(t) ̸= 0 when x1(t) = 1. For an orbit with initial condition x(0) = x, y(0) = y, if there
exists only one transversal impact in the time interval (0, T ), then, by the Implicit Function
Theorem and the differentiability of solution with respect to initial condition, there exists
a neighborhood of (x, y) such that all the orbits with initial position on this neighborhood
has one transversal impact in the time interval (0, T ). Therefore, our assumption is natural.

Proposition 3.1. If there exists only one transversal impact during a period, then the
Jacobian determinant of time-T -map ϕT is equal to µ2e−λnT .

Proof. Let C0 be any loop at {(x, y, 0) ∈ R2n+1} and φ0 be the map from t = 0 to x1 = 1
under the flow on extended phase space. Let C1 = φC0. By (2), ωλ is an integral invariant
of extended vector field (−λy −∇k(x, t), 1), then we have∫

C0

eλt(

n∑
i=1

yidxi −Hdt) =

∫
C1=φ0C0

eλt(

n∑
i=1

yidxi −Hdt). (4)

Let ω0 = ωλ|t=0 and ω1 = ωλ|x1=1, then ω0 =
∑n

i=1 yidxi, ω1 = eλt(
∑n

i=2 yidxi−H|x1=1dt)
and we have ∫

C0

ω0 =

∫
C1

ω1 =

∫
C0

φ∗
0ω1, (5)

where ∗ is the pull back of differential forms. Let D0 be the domain in t = 0 with boundary
C0, then by Green’s formula and (5) we have∫∫

D0

dω0 =

∫∫
D0

dφ∗
0ω1 =

∫∫
D0

φ∗
0dω1. (6)

Since D0 is arbitrary, we must have dω0 = φ∗
0dω1. Hence,

dω0 ∧ dω0 ∧ · · · ∧ dω0︸ ︷︷ ︸
n times

= φ∗
0dω1 ∧ φ∗

0dω1 ∧ · · · ∧ φ∗
0dω1︸ ︷︷ ︸

n times

= φ∗
0(dω1 ∧ dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸

n times

).

Figure 2: The time-T -map with one impact.

5



According to the definition of ω0 and ω1, we have

dω0 ∧ dω0 ∧ · · · ∧ dω0︸ ︷︷ ︸
n times

= n!dy1 ∧ dx1 ∧ dy2 ∧ dx2 ∧ · · · ∧ dyn ∧ dxn,

dω1 ∧ dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸
n times

= −n!eλnty1dy1 ∧ dt ∧ dy2 ∧ dx2 ∧ dy3 ∧ dx3 ∧ · · · ∧ dyn ∧ dxn.

Let P (x, y, t) = (x,−µy1, · · · , yn, t) and A be a 2n dimension volume on t = 0. Then,∫
A
dω0 ∧ · · · ∧ dω0 =

∫
φ0A

dω1 ∧ · · · ∧ dω1, (7)∫
Pφ0A

dω1 ∧ · · · ∧ dω1 =

∫
φ0A

P ∗(dω1 ∧ · · · ∧ dω1) = µ2

∫
φ0A

dω1 ∧ · · · ∧ dω1. (8)

Denote by φ1 the map from x1 = 1 to t = T under the flow on extended phase space.
Let ωT = ωλ|t=T . With the same calculation as (4), (5) and (6), we get the following
identities:

φ∗
1dωT = dω1, φ∗

1(dωT ∧ · · · ∧ dωT︸ ︷︷ ︸
n times

) = dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸
n times

,

where dωT ∧ · · · ∧ dωT = eλnTdω0 ∧ · · · ∧ dω0. Then according to (8) and (7) we have∫
φ1Pφ0A

dωT ∧ · · · ∧ dωT =

∫
Pφ0A

φ∗
1(dωT ∧ · · · ∧ dωT )

=

∫
Pφ0A

dω1 ∧ · · · ∧ dω1

= µ2

∫
φ0A

dω1 ∧ · · · ∧ dω1

= µ2

∫
A
dω0 ∧ · · · ∧ dω0. (9)

Due to dωT ∧ · · · ∧ dωT = eλnTdω0 ∧ · · · ∧ dω0, by (9) we have∫
φ1Pφ0A

dω0 ∧ · · · ∧ dω0 = µ2e−λnT

∫
A
dω0 ∧ · · · ∧ dω0. (10)

Since ϕT = φ1Pφ0, we obtain∫
ϕTA

dy1 ∧ dx1 ∧ · · · ∧ dyn ∧ dxn =

∫
A
detDϕTdy1 ∧ dx1 ∧ · · · ∧ dyn ∧ dxn

= µ2e−λnT

∫
A
dy1 ∧ dx1 ∧ · · · ∧ dyn ∧ dxn. (11)

Since A is arbitrary, we have the determinant Liouville’s formula, det(DϕT ) = µ2e−λnT .

Remark 1. Observe that Proposition 3.1 does not rely on the periodicity of (3). Therefore,
if there exist p times transversal impacts in a period, then

detDϕT = µ2e−λn(t1−0) × µ2e−λn(t2−t1) × · · · × µ2eT−tp−1 = µ2pe−λnT ,

where ti is the time which impact occurs.
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Remark 2. For one degree-of-freedom systems, we can conclude that there is no Neimark-
Sacker bifurcation because a pair of conjugate eigenvalues of fixed points for time-T -map
does not cross the unit circle on the characteristic plane provided that λ > 0.

Remark 3. We can straightforwardly infer the singularity of grazing motion from the
Jacobian formula, since the Jacobian determinant of time-T -map without impact is e−λnT

by the generalized Liouville Formula.

We can also choose the impact section Π = {(x, y, s) ∈ Rn × Rn × S1 : x1 = 1} ∼=
R2n−1 × S1 as the Poincaré section. Let P : Π → Π be defined by

P (1, x2, · · · , xn, y1, · · · , yn, s) = (1, x2, · · · , xn,−µy1, · · · , yn, s).

Assume that there exists an orbit with twice successive transversal impacts whose states
after impact are (x0, y0, t0), (x

1, y1, t1) ∈ Π. Then we have

Pϕ(x0, y0, t1, t0) = (x1, y1, t1).

According to the Implicit Function Theorem, there exists a neighborhood U of (x0, y0, t0)
on Π such that Pϕ(x, y, s(x, y, t), t) is well defined, where s(x, y, t) is the time such that

ϕ(x, y, s(x, y, t), t) ∈ Π.

Let K(x, y, t) = Pϕ(x, y, s(x, y, t), t) defined on U . For simplicity, we ignore the first coor-
dinate. Like in Proposition 3.1, we can use integral invariant to calculate the determinant
of DK.

Proposition 3.2. Let K(x2, · · · , xn, y1, · · · , yn, s) = (x′2, · · · , x′n, y′1, · · · , y′n, s′), then the
determinant of DK(x2, · · · , xn, y1, · · · , yn, s) is µ2eλ(s−s′)y1/y

′
1.

Figure 3: The map K on extended phase space.

Proof. Let φ = ϕ(x, y, s(x, y, t), t). Since ωλ is an integral invariant in the extended phase
space, for any loop C0 contained in U we have∫

C0

eλt(

n∑
i=1

yidxi −Hdt) =

∫
φC0

eλt(

n∑
i=1

yidxi −Hdt). (12)
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Let D0 be the domain with boundary C0. It follows (12) that∫∫
D0

dω1 =

∫∫
φD0

dω1 =

∫∫
D0

φ∗dω1,

where ω1 = ωλ|x1=1. Therefore, we have

dω1 = φ∗dω1, dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸
n times

= φ∗(dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸
n times

), (13)

where dω1 ∧ · · · ∧ dω1 = −n!eλnty1dy1 ∧ dt∧ dy2 ∧ dx2 ∧ dy3 ∧ dx3 ∧ · · · ∧ dyn ∧ dxn. Let A
be any 2n dimension volume contained in U . Since K = Pφ, by definition of Π and (13)
we have∫
K(A)

dω1 ∧ · · · ∧ dω1 =

∫
φ(A)

P ∗(dω1 ∧ · · · ∧ dω1)

= −µ2

∫
φ(A)

n!eλnty1dy1 ∧ dt ∧ dy2 ∧ dx2 ∧ dy3 ∧ dx3 ∧ · · · ∧ dyn ∧ dxn

= µ2

∫
φ(A)

dω1 ∧ · · · ∧ dω1 = µ2

∫
A
φ∗(dω1 ∧ · · · ∧ dω1)

= µ2

∫
A
dω1 ∧ · · · ∧ dω1. (14)

Moreover, since∫
K(A)

dω1∧· · ·∧dω1 =

∫
A
−n!eλnt

′
y′1detDKdy1∧dt∧dy2∧dx2∧dy3∧dx3∧· · ·∧dyn∧dxn,

it together with (14) yield

µ2

∫
A
−n!eλnty1dy1 ∧ dt ∧ dy2 ∧ dx2 ∧ dy3 ∧ dx3 ∧ · · · ∧ dyn ∧ dxn

=

∫
A
−n!eλnt

′
y′1detDKdy1 ∧ dt ∧ dy2 ∧ dx2 ∧ dy3 ∧ dx3 ∧ · · · ∧ dyn ∧ dxn.

Since A is arbitrary, we have detDK = µ2e−n(t′−t)y1/y
′
1.

Remark 4. For a T -periodic solution of (3) with one transversal impact during a period,
the determinant formula in Proposition 3.1 is coincident with that in Proposition 3.2,
though they are based on different Poincaré maps. Moreover, the Jacobian determinant
tends to infinity as an orbit tends to the grazing motion.

4. An example

We consider the two-degree-of-freedom system:

ẋ1 = y1,

ẏ1 =
1

m1

(
−2k1(x1 − x2)− 4k3(x1 − x2)

3 − λy1 +Acos(t)
)
,

ẋ2 = y2,

ẏ2 =
1

m2

(
2k1(x1 − x2)− 2k2x2 + 4k3(x1 − x2)

3 − λy2
)
,

(15)
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where m1,m2, k1, k2, k3, A, λ are constants. The Lagrangian of (15) is

L(x1, x2, ẋ1, ẋ2, t) =
1

2
(m1ẋ

2
1 +m2ẋ

2
2)−

(
k1(x1 − x2)

2 + k2x
2
2 + k3(x1 − x2)

4 −Ax1cos(t)
)
.

Assume there exists a constraint at x1 = d0 > 0, and the impact rule is y1(t) → −ry1(t).
Numerically, we can construct two types of Poincaré maps by numerical integration.

The perturbations of initial states give the interpolation data such that usual interpolation
methods yields the numerical derivative along different directions. Therefore, we can get
the numerical Jacobian matrices with two orthogonal perturbations. The transversality
insures that this method is reasonable. We can use the classical Newton’s iteration to
search for fixed points of Poincaré maps. In the following we apply this method to (15).

Take the following parameter values:

m1 = 1, m2 = 1, k1 = 0.5, k2 = 0.5,

k3 = 0.0625, A = 1.7, d0 = 0.1, r = 0.8.

According to the formula in Proposition 3.1 and Remark 1, the Jacobian determinant
of the time-2π-map is 0.82pe−4λπ, where p is the number of impact times during a peri-
od. The periodic solutions of (15) with parameter λ are described by Figure 4. During

0.10 0.12 0.14 0.16 0.18 0.20

-2.32

-2.30

-2.28

-2.26

-2.24

-2.22

-2.20

λ

x1

Figure 4: Periodic solutions projected on x1 as λ varies

a period when λ ranges from 0.1 to 0.2, the periodic solutions of Figure 4 has two im-
pacts. For example, for λ = 0.1 and initial condition x1(0) = −2.20442313, y1(0) =
3.27870623, x2(0) = −0.95874086, y2(0) = 4.30083286, the projection of the periodic solu-
tion of (15) on (x1, y1)-plane is presented in Figure 5.

By numerical interpolation we can evaluate the Jacobian determinant of time-2π-map
with different initial conditions. The Jacobian determinant of time-2π-map corresponding
to different periodic solutions and the graph of 0.84e−4λπ are shown in Figure 6. As for the
impact section as a Poincaré section, we consider the initial condition x1(s) = 1, y1(s) =
−1, x2(s) = 2, y2(s) = 2. Then, according to Proposition 3.2, the determinant of DK is
−0.82e−4λ(s′−s)/y′1, where s′ is the next time such that x1(s

′) = 1 and y′1 is the velocity of
x1 after impact. Take s = 0 and λ = 0.1. By numerical integration, we have

K(−1, 2, 2, 0) = (−0.842834, 2.29237,−0.255496, 0.321739).

Then
detDK(−1, 2, 2, 0) = 0.82e−4×0.1×0.321739/0.842834 ≈ 0.71209862,

whose value is extremely close to the numerical value of the Jacobian determinant 0.71209863.
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Figure 5: Periodic solution with two impacts when λ = 0.1
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Figure 6: Theoretical and numerical determinants as λ varies: the blue line is the graph of 0.84e−4λπ and
the red dots are the numerical Jacobian with 50 points for each value of λ. They are on top of each other.

5. Concluding remarks

In this work, a class of vibro-impact system, the non-smooth conformally symplectic
systems, is investigated mathematically. We show the existence of an integral invariant of
Poincaré-Cartan type and a generalized Liouville Formula for such systems. The results
are illustrated using a two degree-of-freedom vibro-impact system. The most natural way
for further applications are the establishment of the dissipative twist map [16], in which
attractive periodic orbits, invariant curves and strange chaotic sets can be present in the
dynamics [16, 17]. For the non-smooth conformally symplectic systems, this would entail
further study.
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