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Abstract In this work, performance of a modified-integral resonant controller with integral tracking is
investigated numerically under the effects of actuator delay and actuation constraints. Actuation delay
and constraints naturally limit controller performance, so much so that it can cause instabilities. A 2-
DOF drill-string m with nonlinear bit–rock interactions is analysed. The aforementioned control scheme
is implemented on this system and analysed under the effects of actuation delay and constraints and it is
found to be highly effective at coping with these limitations. The scheme is then compared to sliding-mode
control and shows to be superior in many regimes of operation. Lastly, the scheme is analysed in detail by
varying its gains as well as varying system parameters, most notably that of actuation delay.

1 Introduction

In the Oil and Gas industry, drill-strings are criti-
cal engineering systems and structures for exploration
and production drilling. Over the years there has been
a significant interest in understanding the dynamics
of drill-strings, namely real-time data gathering via
MWD [1] (Measurement While Drilling) and the use
of FE models [2,3]. Due to the complex dynamics
inherent within drill-strings and their frictional interac-
tions with the borehole, they are highly susceptible to
unwanted oscillatory effects, which come in three pri-
mary forms, namely torsional [4–7], lateral [7,8] and
axial [7,9] vibrations. These problems occur in all types
of well configurations (vertical [10,11], directional [11]
and horizontal [11–13]) and their accompanying drilling
methodologies (rotational [14] and percussive [14]) (Fig.
1).

These unwanted oscillations present challenges with
the drilling procedure and can and will continue to pro-
duce downtime, and incur significant financial losses, on
rigs due to the damage they cause entire drill assemblies
[15]. This paper focuses on a class of torsional vibra-
tions known as stick-slip oscillations [16]. Stick-slip is
one of the most commonly encountered vibration phe-
nomenon in any type of well and is the most common
reason for down-hole tool and tool joint failure [10].
Thus, stick-slip has garnered great interest in its cause
as well as its necessary prevention. Stick-slip studies
began with the majority of its studies focusing on sim-
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plifying and isolating the stick-slip phenomenon to low
DOF drill-string models [17,18] based on the torsional
pendulum. The friction model developed for lumped-
mass modelling, is a discontinuous switch case one by
Navarro-Lopez [19]. This friction model elegantly cap-
tures the stick-slip dynamics while preserving essential
bifurcation behaviour caused by changes in Weight-
on-Bit (WOB) and top-torque. By focusing solely on
stick-slip, low-degree of freedom models have allowed
for a greater understanding of this phenomenon with-
out involving the other aforementioned axial and lateral
vibrations. while simultaneously allowing for the devel-
opment of friction models.

A drill-string, in general, can be modelled by an ‘infi-
nite’ number of rotational spring-mass-dampers con-
nected in series. Due to the overall complexity of drill-
strings, FEA modelling of them was of the utmost
importance to understand the overall behaviour of drill-
strings [20] including their cutting ends [21]. This type
of modelling is too complex to design control signals
for and as a result, lumped-parameter models [17,18]
became popular, as they isolate specific dynamics and
allow for controllers to be designed for these problems.
In recent years, 2-DOF models are still used for produc-
ing and benchmarking novel control methods for stick-
slip [22,23] as well being used for researching dynamics
involving complex blade patterns on rock cutting [24].
In this paper, a 2-DOF vertical drill-string model is
adopted and derived from first principles as the system
of choice. The choice to use a 2-DOF model allows for
a sufficiently complex system that demonstrates multi-
ple rich dynamics of stick (no drilling), stick-slip and
constant drilling to exist for a range of WOB and top-
torque values and is still relevant in the benchmarking
of novel control schemes.
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Fig. 1 A diagram of the simplified 2-DOF representation
of the vertical drill-string modelled as a connected series
of rotating pendulum featuring a highly nonlinear opposing
bit–rock interaction Tb. The accompanying Table 1 presents
the model parameters, their meanings and corresponding
values adopted for this paper (from [37])

A number of strategies aimed at mitigating stick-
slip oscillations have been reported in the literature.
The company Tomax patented their unique AST (Anti-
Stall Tool) [25,26] which tackles the stick-slip problem
from that of a mechanical design perspective. The con-
trol input to the drill-string itself, whether it be top-
torque, WOB or top-drive rpm, acts as other poten-
tial control parameters for the prevention of stick-slip.
In recent times, the μ-synthesis control method [27,28]
has been proposed as a way with which to overcome
stick-slip oscillations, however this methodology relies
on linearisation methods which only possess expected
performance in a very small range around the equilibria
of interest. There has also been the suggestion that a
linear quadratic regulator-based controller to suppress
stick-slip using a discretised model of axial and tor-
sional dynamics [29]. Another source suggested using
WOB as a control parameter [30], but this requires
knowing the exact WOB being applied at any given
instant to a drill-string, which is a very challenging pre-
condition. Consequently, this method lacks robustness

in the face of uncertain values of WOB. PID and PD
control has been proposed by [31–34] as a way with
which to avoid stick-slip. Soft-Torque control (patented
by Shell in [35]) and Z-torque control [36] are effec-
tively PI controllers and have great sensitivity to actu-
ator delays and measurement delays which also belong
to the PID family. None of these control methods are
particularly robust to system parameters or bit–rock
changes. In order to mitigate the very real problem of
system parameter changes while making sure constant
drilling occurs, Sliding-mode Control (SMC) has been
thoroughly investigated [37,38]. Due to its robustness
to parameter uncertainties, the SMC has emerged as a
benchmark against which all other stick-slip mitigating
control schemes are compared. That being said, SMC
has one sizeable downside, its inherent complexity in
its design procedure.

The control of systems with delay is always a chal-
lenging area of research. Drill-strings are subject to
three main types of delay, namely regenerative state-
based cutting delay terms [23,24,39] due to PDC heads,
actuation delays [40] and measurement delays [41].
Actuation delays even exist in experimental setups such
as the in-house experiment [37]. There is a lack of
detailed work with actuation delay as well as measure-
ment delay. Some work in recent times has factored in
studying the effects of state-based delay on PID per-
formance on a lumped-mass model [42]. In addition to
stick-slip and actuation delay, there is also a lack of
literature on actuation constraints affecting the abil-
ity to reach a desired control outcome. In this paper,
a combined control approach to tackling stick-slip fea-
turing both actuation delay and constraints is consid-
ered by utilising the ‘Modified Integral Resonant Con-
trol’ (MIRC) with Integral Tracking [43]. This afore-
mentioned scheme is a modified version of the IRC
damping scheme first developed to mitigate linear sys-
tem resonances [44], and is capable of imparting sig-
nificant damping to nonlinear resonances as well [45].
This combined control scheme is a simple, combina-
tion of two first-order controllers that work by adding
two extra state equations to the system in question
and requires no complicated design as required by the
SMC. It then includes the use of integral tracking to
meet the desired criterion of constant drilling. Inciden-
tally, the scheme only requires a selection of the con-
trol gain/s—easily achievable via a limited numerical
search. Moreover, as it is of a similar complexity to
PID control, this allows for easy implementation. It
should also be noted that this controller does not rely on
the linearisation of the drill-string model unlike the μ-
synthesis control, thus allowing for more realistic global
performance.

The rest of the paper is structured as follows: Sect. 2
presents the open-loop model for the drill-string and
classifies all the different parameters and demonstrates
its well known open-loop behaviour; Sect. 3 introduces
the controller structure and demonstrates how it is
added to the drill-string model presented in Sect. 3
with a subsection devoted to demonstrating its results.
Section 4 introduces the Sliding-Mode Control with
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its parameters and construction. Section 5 compares
said scheme with the SMC directly via more simula-
tions. Section 6 delves into the detail of the scheme’s
behaviour in terms of its gains and also further investi-
gates the effects of varying actuation delay on the drill-
string system response. Finally, Sect. 7 concludes the
paper.

2 Experimental model with open-loop
behaviour

In this section, the open-loop model for a 2-DOF under-
actuated drill-string is presented along with a table of
parameters. The model is numerically simulated and
its dynamical behaviour is explored via bifurcation dia-
grams, phase portraits and time histories.

To derive the system equations, the Euler–Lagrange
equation can be used:

∂

∂t

(
∂L

∂q̇k

)
− ∂L

∂qk
+

∂D

∂q̇k
= Qk, (1)

where the generalised coordinates can be defined as
qk = [φt, φb]

T ∈ R
2×1, time is {t ∈ R : t ≥ 0},

the Langrangian is L : R2×1 → R such that L = T − U
(where T : R2×1 → R and U : R2×1 → R), Rayleigh’s
Dissipation Function is D : R

4×1 → R and the gen-
eralised force vector Qk : R

2×1 → R
2×1. Assuming

that; φt > φb (as choosing a consistent convention for
Lagrangian Mechanics is essential), the total kinetic
energy T can be defined as follows:

T =
1
2
Jtφ̇

2
t +

1
2
Jbφ̇

2
b . (2)

The total potential energy U can be defined as follows:

U =
1
2
ks(φt − φb)2. (3)

Consequently, Rayleigh’s Dissipation Function D can
be defined as follows:

D =
1
2
crφ̇

2
t +

1
2
cs(φ̇t − φ̇b)2. (4)

Lastly, the generalised force vector Qk can be defined
as follows:

Qk = [u, −Tb]
T

. (5)

where u and Tb are the input top- and friction torques,
respectively. By substituting Eqs. (2, 3, 4 and 5) into
(1) and evaluating for each coordinate qk, the set of
differential equations which describe the model are

Jtφ̈t + (cs + cr) φ̇t + ksφt − csφ̇b − ksφb = u, (6)

Jbφ̈b + csφ̇b + ksφb − csφ̇t − ksφt = −Tb. (7)

Table 1 Model parameters, values and units

Symbol Name Value(s) and Units

μcb Coulomb friction coeff. 0.0685
μsb Static friction coeff. 0.0843
Rb Bit radius 0.0492m
WOB Weight-on-bit 1760N
γb Vel. decrease rate 0.3
νf Vel. constant 0.1935
ζ Small positive constant 10−6

u Open-loop top-torque u = [0, 60] N m
Jt Top-drive inertia 13.93 kgm2

Jb Bit inertia 1.1378 kgm2

cr Top-drive damping coeff. 11.38 N m s rad−1

cs Torsional damping coeff. 0.005 N m s rad−1

ks Torsional stiffness coeff. 10m rad−1

τd System-induced delay 0.4 s
uh Maximum control input 68.46 N m
ul Minimum control input 22.63 N m

The friction model for Tb used is defined as follows [17]:

Tb =

⎧
⎪⎨

⎪⎩

τr, if ‖φ̇b‖ < ζ and ‖τr‖ ≤ τs

τs sgn (τr) , if ‖φ̇b‖ < ζ and ‖τr‖ > τs

μbRbWOB sgn
(
φ̇b

)
, if ‖φ̇b‖ ≥ ζ.

(8)

The adopted friction model operates the drill-string in
one of the three key phases. Phase 1 is the sticking
phase in which the bit is not moving (φ̇b < ζ) due to
the static friction torque τs being equal to or more than
the absolute value of the reaction torque τr: ‖τr‖ ≤ τs.
Phase 2 is the stick-to-slip shase in which the bit just
about to move (φ̇b < ζ) as the static friction torque τs
is less than the absolute value of the reaction torque τr:
‖τr‖ > τs. Phase 3 is the slip phase in which the bit
begins to move (φ̇b ≥ ζ) and cuts into the rock. Table 2
presents the relevant mathematical expressions/ranges
for all the system parameters.

For simulation purposes, Eqs. (6, 7) and the fric-
tion model (8), can be seen as producing three separate
state-space models that the system can discontinuously
switch between, based on initial conditions, WOB and
u. To numerically simulate Eqs. (6 and 7), the following
state-variables are defined:

X =
[
φ̇t, φt − φb, φ̇b

]T
= [x1, x2, x3]

T
. (9)

Equations (6 and 7) can be rearranged as a system of
first-order differential equations as follows:

ẋ1 =
1
Jt

[u − (cs + cr) x1 + csx3 − ksx2]

ẋ2 = x1 − x3,

ẋ3 =
1
Jb

[csx1 − csx3 + ksx2 − Tb] .

(10)
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Table 2 Description of model parameters

Symbol Name Expression/range of values

τr Reaction torque τr := cb

(
φ̇r − φ̇b

)
+ kb (φr − φb) − cbφ̇b

τs Static friction torque τs := μsbRbWOB

μb Dry friction coeff. μb := μcb + (μsb − μcb) e−γb‖φ̇b‖/νf

sgn(x) Signum function sgn(x) =

⎧
⎪⎨

⎪⎩

−1 if x < 0

0 if x = 0

1 if x > 0

‖x‖ Absolute value function ‖x‖ =

{
−x if x < 0

x if x ≥ 0

To classify the precise behaviour of the drill-string,
details about the equilibria of the uncontrolled system
need to be extracted. Let Γ be a manifold where the bit
velocity equals zero:

Γ:={qk ∈ R
2×1 : φ̇b = 0}. (11)

Similarly, let Σ be a manifold where the bit velocity
equals some constant angular velocity Ωc:

Σ:={qk ∈ R
2×1 : φ̇b = Ωc}. (12)

There exists a subset of Γ that represent a unique
attractive region depending upon the WOB, u and the
initial conditions of the system. Let Γ̂s ⊆ Γ which
relates to the Stick-phase, i.e. φ̇b = 0:

Γ̂s:={qk ∈ Γ : |csφ̇t + ks (φt − φb) | < μsbRbWOB}.

(13)

Let Σ̂c ⊆ Σ which concerns the case of steady drilling,
namely [φ̇t, φ̇b] = Ωc, where Ωc represents a constant
angular velocity:

Σ̂c:={qk ∈ Σ : |ks (φt − φb) | > μsbRbWOB}. (14)

The creation of these subsets is caused by the friction
model defined by Eq. (8) and can lead to three dif-
ferent behaviours. The bit remains stuck in the bore-
hole: ∀t > ttr, qk ∈ Γ̂s. Thus, after a finite tran-
sient time ttr, the system reaches the attractive region
Γ̂s and remains there indefinitely. The bit goes into
steady drilling mode and enters the attractive region
Γ̂c: ∀t > ttr, qk ∈ Γ̂c. Thus, after a finite transient
time ttr, the system reaches the attractive region Γ̂c

and remains there indefinitely. The system enters and
leaves the subset Γ̂s in the form of stick-slip oscillations.
In this case, the system can never permanently stay in
the attractive region of permanent sticking nor can it
reach constant-drilling region.

To infer some important information about the drill-
string model, the equilibria of the system should be con-
sidered. There exists two distinct equilibria, namely the

constant drilling and the stick equilibria, respectively.
Consider the case of stick in which the top-drive and
bit-head velocities are zero, respectively, (x1 = x3 = 0)
and the state variable derivative is also zero (Ẋ = 0
and) in Eq. (10). Then, the equilibrium for xe2 is

xe2 =
u

ks
. (15)

This translates to an overall equilibrium vector x̄s as
follows:

x̄s =
[
0,

u

ks
, 0

]T

. (16)

Now, consider the case of constant drilling in which
the top-drive and bit-head velocities are some positive
constant Ωc, respectively, (x1 = x3 = Ωc) and the state
variable derivative is also zero (Ẋ = 0 and x1 = x3 =
Ωc) in Eq. (10). Then, the equilibrium xe2 can be shown
to be

xe2 =
u − crΩc

ks
. (17)

This translates to an overall equilibrium vector x̄c as
follows:

x̄c =
[
Ωc,

L

ks
,Ωc

]T

. (18)

With these system equilibria demonstrated, the
behaviour of Eq. (10) and the aforementioned bit–rock
model (8) is shown overleaf in the form of a labelled
centre figure (see Fig. 2).

Bifurcation diagrams (d) and (f) show that the
WOB and top-torque both play an equally pivotal
role for producing co-existing attractors. The region of
u = [8, 20]N m in (d) possesses an unstable constant-
drilling branch not accessible practically (or via tradi-
tional numerical integration) except with the method
of numerical continuation or via some stabilising con-
trol method. As can be seen in Fig. 2d, stick-slip and
constant-drilling attractors coexist within the region
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Fig. 2 Red triangles, blue circles and black squares rep-
resent the states of stick-slip, constant drilling and stick,
respectively. a–c represent combined time histories with
phase portraits for the top-torques of; u = 3, 15, 60, respec-
tively. d is the central top-torque bifurcation diagram from

which (a–c), (e) and (f) are generated from. e represents a
co-existing basins plot at u = 45. f shows the Weight-On-Bit
bifurcation perspective of (d). g shows the two co-existing
responses of stick-slip and constant drilling together on the
same phase-plane for u = 45
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bound by u = [21, 56]N m while u = [57, 60]N m
denotes region where the drill-string only operates in
the constant-drilling mode. Another important point to
note is that as shown in the basins of attraction plot-
ted in Fig. 2e, the parameter-space defined by the range
of initial conditions analysed herewith is dominated by
stick-slip. With the adopted drill-string and bit–rock
models validated via the simulation results shown in
Fig. 2, this work proceeds to design and implement
the Modified Integral Resonant Control with Integral
Tracking aimed at eliminating the unwanted stick-slip
oscillations featuring actuation constraints and actua-
tion delay.

3 Modified integral resonant control-based
damping with integral tracking featuring
delay and constraints

The main control objective for any effective drill-string
control strategy is to minimise (ideally eliminate) the
damaging stick-slip oscillations and guide the system
into a state of constant drilling where possible [46,47].
The MIRC-based damping scheme with Tracking Con-
trol is a combination of four gains with a desired refer-
ence variable viz: the Output gain λ, the Feed-Through
gain κ and the Integrator gain η, which are all con-
nected to an Integrator belonging to the MIRC; as
depicted in Fig. 3f, [43] and then a single integrator
gain ki with desired reference Ωc. These gains are eas-
ily selected via a simple numerical search over a range of
parameter-space. Two new controller states ψ and ν are
defined and then embedded into Eqs. (6 and 7) by pro-
ducing extra state differential equations. Consider the
following closed-loop Lagrangian, with an adapted set
of generalised coordinates qclk = [φt, φb, ψ, ν] ∈
R

4×1 accompanied by a new generalised forcing vector
Qcl

k :

Lcl = L +
1
2

∫
ψ̇2dt − κη

2
ψ2 +

1
2

∫
ν̇2dt. (19)

The updated generalised force vector Qk is then rede-
fined as

Qcl
k =

[
u + ηψ, −Tb, −λ

(
φ̇b − φ̇t

)
, Ωc − φ̇t

]T
. (20)

Thus, by applying the Euler–Lagrange equation to
Lcl the controller differential equation can be written
as

ψ̇ + κηψ + λ
(
φ̇b − φ̇t

)
= 0. (21)

Consequently, the system dynamics can be described
by

Jtφ̈t+(cs+cr) φ̇t+ksφt − csφ̇b − ksφb =

New Input︷ ︸︸ ︷
u + ηψ + kiν,

Table 3 Controller parameters and value(s)

Symbol Name Value(s)
u Closed-loop torque range ul ≤ u ≤ uh

λ Output feedback gain −10
η Integrator gain 70
κ Feed-through gain 1
Ωd Desired velocity User chosen
ki Tracking integrator gain 3

Jbφ̈b + csφ̇b + ksφb − csφ̇t − ksφt = −Tb,

ψ̇ + ηκψ + λ
[
φ̇b − φ̇t

]
= 0,

ν̇ − [Ωc − x1] = 0. (22)

To aid in simulation, a state-vector X̄ includes the con-
troller variable:

X̄ =
[
φ̇t, φt − φ1, φ̇1, ψ, ν

]T
= [x1, x2, x3, x4, x5]

T
.

(23)

This redefinition allows the aforementioned equations
(22) to be re-written as a system of first-order differen-
tial equations given by

ẋ1 =
1
Jt

[u + ηx4 + kix5 − (cs + cr) x1 + csx3 − ksx2] ,

ẋ2 = x1 − x3,

ẋ3 =
1
Jb

[csx1 − csx3 + ksx2 − Tb] , (24)

ẋ4 = −κηx4 − λ [x3 − x1] .
ẋ5 = Ωc − x1.

A full discussion on the closed-loop stability as well
as closed-loop equilibria is shown in the appendix.
Both experimental and real-life drill-string structures
are subject to system-induced delay and in the case of
many experiments, actuator constraints as well. Equa-
tions (24) are modified to include control actuation
delay and actuation according to Table 1:

ẋ1 =
1
Jt

[u + ηx4(t − τd) + kix5(t − τd) − (cs + cr)x1

+csx3 − ksx2] ,
ẋ2 = x1 − x3,

ẋ3 =
1
Jb

[csx1 − csx3 + ksx2 − Tb] ,

ẋ4 = −κηx4 − λ [x3 − x1] ,
ẋ5 = Ωd − x1. (25)

The following table details the exact scheme gains used
for the following simulations seen in Fig. 3.

To verify the effectiveness of the scheme, the notion
of ‘Vibration Reduction Factor’ (VRF) must be intro-
duced. VRF is a relative means of comparing the ampli-
tude of stick-slip oscillations in open-loop with the
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Fig. 3 a–c Represent the time-history, 2D and 3D phase-
plane, respectively, for the case in which u = 40. The natu-
ral system response is given by (.- red) and scheme altered
response (- blue), respectively. d is the central top-torque
bifurcation diagram from which the results of (a–c), (e)

and (g) are derived and is marked to show the stick-slip
to constant-drilling transition. e shows the control input
for this case. (f) shows the scheme’s structure. g shows the
scheme controlled basins of attraction

amplitude of the closed-loop response. There exists
four possible controller outcomes with which VRF can
assist with classifying effectiveness, namely Case 1
(≥ 95%VRF) which is constant drilling, Case 2 (≤
95%VRF) and no bit-sticking which is torsional vibra-
tion, Case 3 (+ve%VRF) with bit-sticking (reduced

stick-slip amplitude) and lastly, Case 4 (−ve%VRF)
with bit-sticking (in which the stick-slip is made worse).
Successful results lie in Cases 1 and 2, respectively,
wherein the drill-string is no longer undergoing stick-
slip. The formula used to classify VRF is as follows:
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V RF% = 100 · āol − ācl

āol
, (26)

where āol is the average open-loop stick-slip amplitude
of vibration and ācl is the average closed-loop vibration
amplitude. It should be noted that this formula does not
indicate if a system is under stick-slip or not in cases
3 and 4. In these cases, extra care is required to label
and classify the response along with the VRF result.
The following simulation shows preliminary results of
the MIRC with tracking control under the effects of
delay and constraints.

Figure 3d shows the detailed bifurcation diagram.
In this diagram, the top-torque is varied from u ∈
[0, 60]N m. In the experimental setup, as discussed in
Table 1, there are minimum and maximum torque con-
straints. To reflect this, the unstable constant-drilling
solutions that are not reachable are represented by
grey pentagons. When within these control input lim-
its, the scheme is capable of finding the blue circle
constant-drilling attractors and eliminating the stick-
slip found within this region. Figure 3a, b and c shows
the natural system response of stick-slip being driven
to that of the other natural system response of con-
stant drilling thanks to the scheme’s resonance sup-
pression and tracking effects. The system is first set-
tled into a stick-slip regime up to t = 30 s and then
the scheme is activated therewith. Under both actua-
tion constraints and actuation delay, tracking a con-
stant velocity of Ωd = 2.992rad s−1 and suppressing
stick-slip is observed. Figure 3e depics the control input
graph and demonstrates a brief saturation of the upper
and low control input limits and settles once constant
drilling is achieved. Figure 3g demonstrates that with
the scheme enabled, the initial conditions do not affect
the final response of the system thereby demonstrating
invariance. The following simulations demonstrate the
scheme’s ability to track from different scenarios.

In these simulations, six test scenarios are chosen.
(a), (b) and (c) are all started in stick-slip at ust = 40
and then lower, middle and higher desired velocities are
chosen. Each case is successful as none of these desired
velocities rely on a final u < ul. The next three cases
consider the situations of starting from stick, attempt-
ing to track from stick-slip to the natural constant-
drilling attractor and starting from constant drilling
and going to a high desired velocity. The scheme is suc-
cessful for cases Fig. 4e and g as the desired velocity
requires a final u that is within the constraints given.
Figure 4f is naturally unsuccessful as the scheme is
attempting to track a velocity that requires a lower
u than the minimum constraint. To examine the con-
troller’s robustness, a multi part bifurcation diagram
which examines how the change in the drill-string stiff-
ness ks changes affects the controller’s ability to sup-
press stick-slip and track a desired velocity is examined
overleaf.

The centre Fig. 5c acts as the primary bifurcation
diagram for all other plots around it. In (d) the bifur-
cation variable is the torsional spring coefficient ks and
for each ks, the controlled system is made to track

Ωd = 2.552 rad s−1. Figure 5a and e is sub-bifurcation
diagrams derived from Fig. 5d at ks = 10N m rad and
ks = 20N m rad, respectively, in which the bifurcation
parameter is the desired velocity Ωd. Overall the scheme
has great success up to ks = 15 upon which it fails to
suppress stick-slip and guide the system to the desired
velocity (100% V RF ) which is confirmed by Fig. 5a. In
addition to this, Fig. 5a shows that when ks ≤ 15, any
desired velocity that requires a final u within the con-
straints mentioned, it is successful. Overall, there exists
some excellent robustness to the main changing system
parameter ks and the scheme, when not working opti-
mally for ks > 15, does not cause system instabilities as
seen in Fig. 5e, but overall the scheme can not stabilise
the majority of velocities for this ks range. In the follow-
ing section, the SMC is defined and compared directly
to the scheme in question (Tables 3, 4).

4 Sliding-mode control

In this section, the SMC is defined mathematically,
investigated and compared directly to the scheme in
question. Bifurcation plots and basins of attraction like
plots are used to make these comparisons. The SMC
adopted as a candidate for comparison starts by defin-
ing a sliding surface given by [37]

s = (x1 − Ωd) + Γ
∫ t

0

(x1 − Ωd) dτ + Γ
∫ t

0

(x1 − x3) dτ,

(27)
where Γ is a user chosen control variable and Ωd is the
desired angular speed. The key benefit of this SMC is
its capability of utilising estimated system parameters.
But this is easily matched by the proposed MIRC-based
damping+tracking scheme by its excellent robustness
to parameter uncertainty. The estimated parameters
are denoted as: ĉr, ĉs, k̂s and Ĵt. The ideal controller
equation can be derived by differentiating (27) and sub-
stituting it into equations (10) and rearranging for u.
Upon doing this, by replacing all original variables with
their estimated ones, the estimated controller equation
is shown to be:

uest = (ĉr + ĉs)x1 − ĉsx3 + k̂sx2 − ĴtΓ (x1 − Ωd)

−ĴtΓ (x1 − x3) . (28)

In addition, the upper bounds of the estimated model
are given as

‖ĉr − cr‖ ≤ Mcr, ‖ĉs − cs‖ ≤ Mcs,

‖k̂s − ks‖ ≤ Mks, ‖Ĵt − Jt‖ ≤ Mjt. (29)

From this, the asymptotically convergent switching law
is defined as

usw = − Mcr‖x1 − x3‖s

‖s‖ + δ1 exp
(
−δ2

∫
‖x1 − x3‖dτ

)
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Fig. 4 Open-loop (.- red) and scheme controlled (- blue).
a–c show three cases in the scheme aims to Ωd =
2.11 rad s−1, Ωd = 2.99 rad s−1 and Ωd = 3.87 rad s−1

from stick-slip, respectively. e–g show three more cases in

which the scheme tracks Ωd = 2.99 rad s−1 starting in stick,
attempts to track Ωd = 1.28 rad s−1 starting in stick-slip
and tracks Ωd = 5.19 rad s−1 from constant drilling
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Fig. 5 c is the central bifurcation diagram in which the
bifurcation parameter is spring coefficient ks. Bifurcation
diagrams (a) and (e) use the desired velocity Ωd as the

bifurcation parameter and are derived from (c). b, d and
f show three examples of successful, unsuccessful and par-
tially successful responses from the bifurcation diagrams

− Mcs‖x1‖s

‖s‖ + δ1 exp
(
−δ2

∫
‖x1‖dτ

) + · · ·

− Mks‖x2‖s

‖s‖ + δ1 exp
(
−δ2

∫
‖x2‖dτ

)
− MjtΓ‖x1 − Ωd‖s

‖s‖ + δ1 exp
(
−δ2

∫
Γ‖x1 − Ωd‖dτ

) + · · ·

− MjtΓ‖x1 − x3‖s

‖s‖ + δ1 exp
(
−δ2

∫
Γ‖x1 − x3‖dτ

) − ρs,

(30)

where δ1 and δ2 are small controller parameters that
are user chosen and are much smaller than 1 and ρ is
another user chosen control parameter. The final SMC
control input is defined as

u = uest + usw. (31)

The SMC parameter table can be found in the appendix.
To compare the SMC to the scheme in question, Fig.
5a, c, and e is repeated for the SMC. In addition to
this, a basins of attraction like analysis for ks and Ωd
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Fig. 6 b is the central bifurcation diagram in which the
bifurcation parameter is spring coefficient ks. Bifurcation
diagrams (a) and (d) use the desired velocity Ωd as the
bifurcation parameter and are derived from (b). c and e

show a basins of attraction style plot in which the ks and
Ωd are varied on a grid to infer regions of desired responses
for both the SMC and the scheme in question

is carried out for the SMC and scheme, respectively, to
compare their regions of success. For the simulations
overleaf, the scheme control gains are set to κ = 1,
η = 70, λ = −10 and ki = 3.

5 Scheme vs sliding-mode control
comparison

To compare the scheme in question with the SMC, sim-
ilar analyses seen in Fig. 5 are carried out. To fully
compare the two methodologies, additional basins of

attraction like simulations are also carried out between
the two to fully compare the regions of operation.

When comparing Fig. 6b to Fig. 5c, it is clear that
the SMC performs much more poorly than the scheme
highlighted in this work. There exists only a single
100% V RF result whereas the scheme had constant
100% V RF results up to and including ks = 15. Com-
paring Fig. 6a to Fig. 5a reinforces the success of the
scheme over the SMC as the SMC is incapable of gen-
erating any 100%V RF results for a range of desired
velocities. Comparing Fig. 6e to Fig. 5d, a similar per-
formance is observed between the two methodologies
with the SMC coming out on top slightly by providing
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Table 4 Weighted percentage results

Controller stick-slip % Torsional vibration % Constant drilling % Weighted % success

MIRC&IT 46.72 3.04 50.24 53.28
SMC 68.48 29.44 2.08 31.52

Fig. 7 a–c show the effects of varying each respective controller gain when tracking the same desired velocity. d–f show
the effects of varying each respective gain while also varying the desired velocity target

more partial successes (torsional vibration responses)
for ks = 20. Figure 6c and e perfectly summarises
the performance difference between the two method-
ologies. The scheme in question has a large range of
constant-drilling responses whereas the SMC only has
a large range of torsional vibration responses with a
few constant-drilling ones. It is clear that the scheme
has superior performance to the SMC. In the follow-
ing result table, a constant-drilling response scores 2/2,
torsional vibration response 1/2 and stick-slip response
0/2 and any positive result is scaled and added together
appropriately.

6 Detailed scheme analysis

To understand the effects that the scheme’s gains have
on the system response, a gain study for; λ, η and κ is
performed. In the following simulations top row of sim-
ulations, the desired outcome is to suppress stick-slip
and reach the desired velocity of Ωd = 2.552 rad s−1. In
the second row of simulations, the desired velocity Ωd

is varied along with the gain of interest. When investi-
gating a single gain, others are kept constant. Table 6
used for this simulation can be found in the Appendix
and details each simulation’s parameters.

The λ and κ gains are the two main gains, as seen
in Fig. 7b and c, and e and f, that produce resonance
suppressive effects or can even induce torsional vibra-
tions in the drill-string as evidenced by the small regions
of torsional vibrations in the basins-like plots. The η
gain serves to engage the scheme and has only a small
part to play in producing the ideal response of con-
stant drilling. Conclusively, there exists very defined
regions of optimal operation for each gain which aids
in the robustness of the scheme to variations in system
response as well the desired velocity. Further to this,
a detailed analysis is carried out with three test cases
of ks = 1, 10, 20 under the effects of varying actuator
delay τd and desired velocity Ωd. Table 7, seen in the
appendix, details the simulation parameters for inves-
tigating varying delay and changing the λ gain.

In the first row of simulations, there are clear regions
in which the scheme successfully produces the ideal
response under varying delay and even under chang-
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Fig. 8 a–c show the effects of the row 1 gains chosen in
Table 7 for the cases of ks = 1, 10, 20 and demonstrates
clear regions of success and failure in each case. d–f show
the effects of the row 2 gains chosen in Table 7 for the cases

of ks = 1, 10, 20. For these cases, the change in λ creates
a greater desired regime for Ωd ≥ 3 for τd ∈ [0, 2.4]. This
comes at the price of losing access to lower desired velocities
across most delays

ing ks. In general, the higher the ks, the harder it
becomes to drive in the presence of increasing delay.
In these simulations, it is shown that under the effects
of varying delay and the same actuation constraints,
extra robustness to delay can be produced by altering
the λ gain, but this comes at the cost of the ability to
track smaller target velocities even within the actua-
tion constraints. The overall robustness to the incredi-
bly detrimental effect of actuator delay is an impressive
feature of this scheme especially when aggressive con-
trol is not possible due to the actuation limits thereby
proving its worth over the SMC (Fig. 8).

7 Closing remarks

In this work, a modified integral resonant controller
with integral tracking is investigated on a 2-DOF drill-
string featuring actuator delays as well as actuation
constraints. The combination of these systematic limi-
tations, which are based directly on an in-house experi-
ment, make for a unique investigative opportunity to
test the aforementioned controller. First, the 2-DOF
model with nonlinear bit–rock interaction is verified
numerically in the form of torque and weight-on-bit
bifurcation diagrams. Time histories, combined with

2D and 3D phase portraits are shown to demonstrate
the three main drilling responses available to the afore-
mentioned model, namely stick (no drilling), stick-slip
(a limit cycle response) and constant drilling. Further
to this, the bifurcation diagrams also reveal the co-
existence of system solutions for a given torque and
weight-on-bit, i.e. the co-existence of constant drilling
and stick-slip. The ideal case of constant drilling is the
desired response and is the main control focus in this
work.

The scheme in question is subsequently introduced
and it is able to successfully track to steady drilling
when the drill-string is started in stick-slip. Due to
the control input constraints caused by the motor’s
characteristics as well as actuation delay, saturation
of the control input is observed, but despite this sat-
uration and delay it does not affect the chosen case
with the stabilisation of constant drilling. Subsequent
to this, numerous cases from different starting points
on the torque bifurcation diagram in to determine if
the scheme runs into stick-slip on the way to any
of the solutions. It is found that tracking is possible
from almost any starting torque or initial condition
except when it comes to trying to reach an unsta-
ble constant-drilling solution due to the lower control
input constraint imposed. When verifying the scheme’s
robustness, it is tested under the most commonly vary-
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ing drill-string model parameter, namely the torsional
spring coefficient and is the primary bifurcation vari-
able of choice. Change in stiffness of this variable has
the potential to greatly affect the ability for it to work
properly especially while contesting with constrained
inputs and actuation delay. It is found that stabilisation
of the ideal constant-drilling response is possible for a
large range spring coefficients is possible, but failure
occurs for larger spring values when the gains are not
changed. Two sub-bifurcation diagrams, which utilise
the desired velocity as the bifurcation parameter, also
confirm its success and failure in extreme cases. Using
these bifurcation diagrams as the framework for con-
trol performance, the Sliding-Mode Controller is subse-
quently introduced as the previous state-of-the-art for
comparing the scheme to. It is found that the SMC
has much worse performance over the successful range
that the scheme in question has and at best, produces
a torsional vibration response only with many stick-slip
responses. The scheme is found to have a very clear and
defined region of constant drilling whereas the SMC has
only a clear torsional vibration response with a small
region of constant drilling for low spring values. These
simulations confirmed that the scheme is superior in
overall performance as well as for consistency in opera-
tion when compared to the SMC.

A detailed gain analysis on the MIRC portion of it
is carried out as it is responsible for the majority of
the stick-slip suppression. It is found that there is con-
nection between reaching the desired response of con-
stant drilling and each gain. In particular, the output
feedback gain λ has the greatest effect on reaching the
desired response as it has the greatest affect on reso-
nant dynamics present within a system. The feedfor-
ward gain κ is also found to have an impact on the res-
onant dynamics of the system response but to a lesser
degree. Lastly, the scheme is also investigated under
varying actuator delay while still under the same actu-
ation constraints. It is found that there exists small
regions of successful constant drilling when its gains are
not tuned to the system. When tuning the output feed-
back gain λ, it is found that greater consistent ranges of
constant drilling can be produced as the cost of losing
the ability to track lower desired velocities for smaller
actuator delay values.

Conclusively, the scheme has promising robustness to
varying system parameters, varying actuator delay and
actuation constraints and proves itself to be superior
to that of the previous state-of-the-art SMC. Further
work would include an experimental verification of the
controller with extensive gain testing to confirm the
simulations in this work.

Open Access This article is licensed under a Creative Com-
mons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in
any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to
the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this arti-
cle are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statu-
tory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

A Appendix

See Tables 5, 6, 7.

Table 5 Values of SMC parameters

Symbol Name Value

ĉr Estimated top-drive damping coeff. 10.242
ĉs Estimated Torsional damper coeff. 0.0045

k̂s Estimated Torsional stiffness coeff. 9

Ĵt Estimated Top-drive inertia 12.573
Mcr Upper bound of top-drive damping coeff. 1.393
Mcs Upper bound of torsional damping coeff. 5×10−4

Mks Upper bound of torsional stiffness coeff. 1
Mjt Upper bound of top-drive inertia 1.138
Ωd Desired angular speed 3.5
Γ Integral gain 0.8
δ1 Switching law constant one 1×10−2

δ2 Switching law constant two 1×10−5

ρ Switching law surface gain 1
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Table 6 Gain simulations parameters

Row 1 simulations η λ κ ki Ωd [rad s−1] τd [s]

η Study ∈ [1, 50] −10 1 5 2.552 0.4
λ Study 75 ∈ [−50, −1] 1 5 2.552 0.4
λ Study 75 −10 ∈ [0.01, 1] 5 2.552 0.4
η Study ∈ [1, 50] −10 1 5 ∈ [1, 5] 0.4
λ Study 75 ∈ [−50, −1] 1 5 ∈ [1, 5] 0.4
λ Study 75 −10 ∈ [0.01, 1] 5 ∈ [1, 5] 0.4

Table 7 Delay simulations parameters

Row 1 Simulations η λ κ ki Ωd [rad s−1] τd [s]

ks = 1 Study 75 −10 1 5 ∈ [1, 5] ∈ [0, 2.4]
ks = 10 Study 75 −10 1 5 ∈ [1, 5] ∈ [0, 2.4]
ks = 20 Study 75 −10 1 5 ∈ [1, 5] ∈ [0, 2.4]
ks = 1 Study 75 −0.05 1 5 ∈ [1, 5] ∈ [0, 2.4]
ks = 10 Study 75 −0.05 1 5 ∈ [1, 5] ∈ [0, 2.4]
ks = 20 Study 75 −0.05 1 5 ∈ [1, 5] ∈ [0, 2.4]
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