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ABSTRACT: The impurity effect on the crystal properties, such as particle size and shape
distribution is significant, having significant impact on the downstream processes as well as on
the product effectiveness. Currently very few studies exist that provide a quantitative model to
describe crystal purity resulting from crystallization processes in impure media and none to take
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into account the simultaneous effect of multiple impurities. Hence, the understanding of the
effect of multiple impurities on crystallization process is important in order to obtain the desired
product properties. Batch crystallization of potassium dihydrogen phosphate (KDP) from
aqueous solution in the presence of impurities was investigated experimentally by using online
Particle Vision and Measurement (PVM) tool with real-time image analysis. A mathematical
model to describe crystal purity and aspect ratio is proposed based on a morphological
population balance equation including primary nucleation, growth of characteristic faces and
multi-site, competitive adsorption of impurities. The model parameters were identified and
validated using crystallization experiments in mixtures of two impurities with variable
composition. The developed and validated model can be an efficient tool for the investigation of
crystallization processes in impure media with multiple impurities. The model can also serve as
an effective tool for process and product design or optimization.

1. Introduction
Crystallization is a key separation process used by many process industries, including food,
pharmaceutical and fine chemicals. The key crystalline product properties that are controlled by
the crystallization process are purity, polymorphic form, size and shape distributions, which all
have significant effect on the efficiency of downstream operations and on the product
effectiveness, such as bioavailability or tablet stability. Although the key objective of
crystallization is purification, very few contributions exist that provide quantitative models that
are able to describe the effect of impurities in solution on the purity of the product crystals
together with their influence on size and shape. Additionally, quantitative description of the
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interplay between crystal purity and size and shape distribution is important to exploit the
potential that growth modifiers may offer for shape control1-4.
Controlling crystal shape distribution can be achieved by using different operational
procedures. It is possible by combining crystallization with other unit operations such as milling
as post process treatment5. Shape control is also possible by manipulating the operating
parameters during crystallization. The control of supersaturation is the most common way to
manipulate crystal shape6-8, although it provides a very narrow window for shape manipulation9.
Induced crystal breakage can also be used for shape manipulation, typically for decreasing aspect
ratio of needle shaped crystals. Breakage and attrition of the particles caused by stirring was
studied experimentally as well as theoretically by numerous researchers10-12. The effect of
impurities on the crystal shape is an area of increasing interest in crystallization with
considerable amount of experimental work looking into shape changes and purity of the
product13-17. Several mathematical models including nucleation and growth kinetics for
crystallization in the presence of impurities was proposed in the past18,19, however considering
the effect of single impurity in the system. Rosenberg and Riveros developed a mathematical
model and investigated the effects of impurity based on the heat of mixing terms, while Cabrera
and Vermilyea, Davey and Sizemore et al. developed mathematical models based on adsorption
theorems20-23. Kubota and Mullin, Kubota and Kubota and co-workers developed a model, using
Langmuir’s adsorption isotherm24-26. This model was further improved and combined with
population balance modelling and mass balance to describe the dynamic variation of crystal
purity as well as shape distribution by Majumder and Nagy, in order to investigate and control
the shape evolution of KDP crystals27.
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The aforementioned models only consider the effect of a single impurity, although
crystallization often occurs in impure media with multiple impurity species acting
simultaneously. In other areas of chemical processes, such as chromatography, extended
Langmuir adsorption models have been developed in order to describe multi-component
adsorption mechanisms28,29. Furthermore, Lim et al. investigated competitive adsorption of
enantiomers on dual-site adsorbent30, while different adsorption mechanisms were described and
investigated by Gu et al.31. Recently a morphological population balance model for describing
the competitive adsorption of impurities was developed32. In this work these models are extended
and combined with population balance model and mass balance equations to provide a novel
multi-impurity adsorption model (MIAM) for the simultaneous modelling of the effect of
multiple impurities in the crystallization slurry with different possible adsorption mechanisms on
the crystal purity and shape and size distribution of solid product.
Effective monitoring techniques are required in order to attain proper shape control of
crystallization as well as to determine kinetic parameters and product properties. Most of these
techniques and sensors for particle shape characterization are imaging and video microscopy
tools coupled with image analysis. An early work of image analysis based process monitoring
and optical imaging was developed and applied by Patience et al.33. There are numerous
companies that provide in situ imaging sensors (e.g., DuPont, USA; Perdix, The Netherlands;
Mettler-Toledo, Switzerland) as well as flow-through cell imaging devices (Malvern, U.K.;
Sympatec, U.K.)3,8,18,34. Low-cost, endoscope based systems were also integrated into process
monitoring system35. Different image analysis strategies have been developed in order to obtain
information about the crystallization process, including the detection of nucleation or metastable
zone width, particle size and crystal polymorphs8,34,36-40. The image analysis based process
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monitoring can provide necessary data for model development, validation and process
control3,41,42. Population balance modeling is widely used in order to describe the evolution of
crystal properties such as size and shape distribution43,44. Multidimensional population balance
models are suitable for investigation and simulation of crystal morphology when the shape of the
particles is described by the sizes of the characteristic crystal faces9,45-53,78.
The aim of the present work is to investigate crystallization processes in impure media in the
presence of multiple impurities, with impact on the crystal shape via growth kinetics. The broad
impact off the crystal growth modifiers (impurities) on the growth kinetics is observed in real
time by using in situ video imaging probe and real-time image analysis. A morphological
population balance model is developed, which incorporates a multi-site, competitive adsorption
mechanisms of the impurities on the crystal faces. The kinetic parameters of primary nucleation,
growth and impurity adsorption for a model system of potassium dihydrogen phosphate (KDP)
crystallization in water in the presence of two impurities, were estimated and validated with
experimental results. Using a model-based sensitivity analysis, it was demonstrated that the
model can be used to describe the dynamic evolution of crystal properties, such as size and
aspect ratio during crystallization for different impurity profiles in the system.

2.

Materials and methods

2.1. Materials and experimental setup
Pure potassium dihydrogen phoshpate (KDP) provided by Fisher Scientific (purity: >99.5%),
aluminium sulphate (CGM1) from Sigma-Aldrich (purity: >98%), sodium hexametaphosphate
(CGM2) from Fisher Scientific (purity: >97%) and deionised water of laboratory grade were
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used in all experiments. The physical experiments were performed in a 1000 ml jacketed glass
vessel. The temperature was measured by a PT100 thermocouple, recorded and controlled by
Crystallization Process Informatics System (CryPRINS) software via a Huber Ministat 230
thermostat. The process was monitored in situ using a Lasentec Particle Vision and Measurement
V819 (PVM) probe which was set up to capture 6 images in a second. Images were
simultaneously acquired and analyzed by Lasentec PVM On-Line Image Acquisition and the
Lasentec PVM Stat Acquisition software.
Initially, the crystallizer was heated up and temperature was held at 50 °C until all solids
dissolved. Subsequently the temperature was lowered to 45 °C, which is slightly above the
equilibrium temperature at the solute concentration used. Finally, linear cooling rate was applied
from 45 °C to 20 °C in 180 min. The same temperature profile was used in each experiment.
Table 1 shows the amounts of substances used in all experiments. The first three experiments
were used for parameter estimation of the primary nucleation and growth kinetics, while the
other six were used for validation of the model predictions.

Table 1. Materials with amounts used in each experiment.
No. H2O [g] KDP [g] CGM1 [ppm] CGM2 [ppm]
Exp1
400
150
0
0
Exp2
400
150
12.5
0
Exp3
400
150
0
5
Exp4
400
150
17.5
0
Exp5
400
150
12.5
7.5
Exp6
300
112.5
11.5
0
Exp7
300
112.5
11.2
5.4
Exp8
300
112.5
12.6
11.8
Exp9
300
112.5
17.2
11.7
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The effect of growth modifiers on the shape is closely linked to the molecular arrangement in
the crystal lattice. Often different crystal faces exhibit different charges hence impurities with
positive or negative charges will adsorb preferentially on different faces of the crystal 16,24,27,5457,75-78

. In the case of the current work, divalent and trivalent metal ions preferably adsorb on the

{100} face of KDP crystal, which leads to decreased growth rate of the corresponding
characteristic length. While anionic growth modifiers preferentially adsorb on the {101} face
resulting growth rate inhibition for the corresponding characteristic length. Therefore the
presence of CGM1 in the crystallization media results in increased aspect ratio (AR) of the
crystal, while CGM2 has the opposite effect of decreasing the aspect ratio.

2.2. Observation, image analysis
Generally, imaging sensors such as PVM generates images or image sequences during the
process, which can be used to obtain meaningful information about crystal properties. The image
analysis techniques applied in the crystallization literature, can be divided in two main classes18.
The first category includes strategies which are based on using texture analysis to detect changes
in the image descriptors58-61. The second type of techniques is based on image segmentation and
detection. This method detects the boundary of the crystals using blob analysis. Numerous
studies use the blob analysis technique in order to obtain information about particle number and
particle size or shape distribution4,39,40,62,63. The online image analysis methodology applied here
is similar to the work of Zhou et al.62, and contains the following steps based on the generic blob
analysis strategy: (1) imaging/selection, (2) image enhancement, (3) edge detection, (4)
morphology operation, (5) calculation of the rate of changes of the edges.
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Many of these studies have discussed the difficulties of the image analysis, which cause errors
and/or noise in the detected property; and it is notable that the monitoring conditions such as
imaging frequency, particle number density, particle size ranges can have significant impact on
the quality of the detection and the accuracy of the results. Several different strategies were
developed to decrease measurement error, for example due to particle overlapping, or orientation
of the crystal and distance from probe61-65. Design of experiments also helps improving the
accuracy of the parameter estimation. Experiments are often carried out in order to avoid multikinetic effects, such as nucleation, growth and/or additional events such as fragmentation or
agglomeration. Hence, seeding and constrained supersaturation (e.g. achieved by supersaturation
feedback control) are often used strategies80,81,82,83 to provide a framework of sequential
parameter identification, using subset of experiments that trigger certain mechanisms or subsets
of mechanisms For example seeded experiments with controlled supersaturation are commonly
used to generate data that can decouple the estimation of growth kinetics from nucleation.
However the experiments presented in this paper all used in situ seed generation to attempt to
minimize uncertainties that may arise from variations in seed quality. Decoupled experiments
were used instead to estimate the effects of each impurity on the growth kinetics independently.
Additionally, since the concentrations of additives in the solution have a direct and much
stronger effect on the crystal aspect ratio than on crystal purity (additives incorporate in the
crystal in very low concentrations), the model parameters related to the impurity adsorption were
estimated inferentially from the AR. Measuring the low concentration of impurities in the
crystals can be difficult and subject to errors depending on sampling, filtration and washing
procedures, hence using the more sensitive crystal property (AR) in the parameter estimation can
yield better model parameters than using off-line crystal purity measurements.
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Although PVM probes are extensively used for qualitative in situ visualization of crystals
during crystallization, it is very seldom used for quantitative image analysis (IA). This work
demonstrates that the PVM probe connected to the image analysis software is a suitable tool for
automated in-situ and real-time measurement of the crystal size and shape distribution by using
blob analysis. Fig. 1a presents a sample raw picture with crystals captured by the PVM probe,
whereas Fig. 1b shows the crystal with detected box representing the minimum and maximum
Ferret sizes of crystals after enhancement as shown in the real-time on-line image acquisition
software. The images were simultaneously analyzed and data of shape/aspect ratio distribution
was recorded by the Lasentec PVM Stat Acquisition software. Images were acquired and
individually analyzed with a frequency of 10 images per second and the results averaged with a
frequency of 20 seconds. This frequency provided particle properties averaged from about 200
images, which was found to provide representative values. Fig. 2 shows an example of aspect
ratio distribution during the process generated based on the information provided by the tool.
The measurements provide real-time monitoring of the crystal shape changes in time. The spread
of the aspect ratio distribution at the end of the process shows that the aspect ratios of the crystals
are non-uniform. The real-time measurement of the AR distribution provides the opportunity to
fit growth kinetics required for 2D morphological population balance based modeling.
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Figure 1 (a) Raw PVM image captured and (b) treated image in the on-line image acquisition
software using blob analysis.32
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Figure 2. Evolution of the aspect ratio distribution during a crystallization process, measured and
computed in real-time using the PVM probe with on-line image analysis.
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3. Multi-dimensional PBM with multi-impurity adsorption model
(MIAM) for crystallization processes
There are considerable numbers of papers reporting on investigations of the effects of
adsorption mechanism of crystal growth modifiers on the growth kinetics during crystallization.
Despite the fact that most industrial crystallization processes occur in impure media where
multiple impurities can have simultaneous effect on the crystallization process, in general all
published literature focuses on the growth mechanisms influenced by a single impurity at a
time21-23,66. Kubota and Mullin and Kubota et al. developed a growth kinetic model based on the
Langmuir adsorption isotherms, considering only single CGM, which was used for example for
the modeling of shape evolution of potassium dihydrogen phosphate (KDP) crystals in the
presence of different type of impurities that selectively influence the growth of a particular
crystal face24-26.
Multi-component adsorption models have been used in the generic adsorption literature.
Ruthven and Gu et al. provided on overview of the theories and models of adsorption28,31.
Extended Langmuir adsorption models were developed by Rabe et al. for protein adsorption on
solid surfaces29, whereas Lim et al. proposed a competitive adsorption model of enantiomers on
dual site adsorbent30. Sitprasert et al. investigated a similar competitive adsorption model on dual
site adsorbent in heterogeneous carbonaceous porous media67. More recently the competitive
adsorption of multi-component CGMs on the growth mechanism was studied for the first time by
Ferreira et al.68.
In the present work, a multi-impurity adsorption model (MIAM) is developed based on a
multi-component, multi-site, multi-facet adsorption mechanism. The key steps of this
mechanisms are shown schematically in Fig. 3 where k = k1, k2, …, kn is the different types of
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adsorption sites, j = j1, j2, …, jn are the various crystal growth modifiers (impurities) and i = i1,i2,
…,in is the different type of crystal facets present in the system. In the case of multi-site
adsorption, CGM can adsorb on different types of sites. When the different CGMs can compete
with each other for the same site, the mechanism is called as competitive adsorption. In the case
of multi-facet adsorption, active sites with same adsorptive behavior are located on different
faces; however properties of it such as the site density or the effectiveness of it can be different.
Thus, multi-surface adsorption means CGM is suitable to connect to sites which can be found on
different facets.

Figure 3. Schematic representation of the competitive multi-component multi-site and multi-face
adsorption mechanism in the case of three components (j = 3) and three sites (k = 3) as well as
three different types of faces (i = 3).

In accordance with the competitive, multi-site, multi-facet adsorption mechanism on a
particular face i of the crystal, the modified growth kinetics is described by the following
equations:
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gi

 c  csat 
Gi  k g ,i 
 pimp ,i
 csat 

(1)

where G i is the growth rate of the i th characteristic crystal face, c and csat are the
concentration of the solute in the solution and the saturation concentration, respectively. The
terms g i , k g ,i are the growth exponent and kinetic coefficient. The power law type growth rate
expression is used here arbitrarily as a generic empirical growth rate model. Growth mechanism,
hence rate expressions/constants can change with supersaturation. However, the proposed MIAM
model that modifies the nominal growth rate expression would be the same and is not directly
dependent on the supersaturation. The model could be easily extended to use more mechanistic,
supersaturation dependent nominal growth rate expressions. The term pimp,i is the impurity
coefficient on the i th face, which describes the combined effect of all CGMs on the crystal growth
of the i th characteristic crystal face. The extended Langmuir adsorption isotherm model can be
used to describe competitive adsorption on a multiple site adsorbent. According to this
mechanism the pimp ,i is described by the following equation:



  j  

pimp ,i  1    i , keq ,i , j , k 1  exp  

 


j k

 i , j , k  


(2)

where the right hand side of the equation represents the coverage on the i th crystal face by the
j th

CGM, when competitive adsorption is possible on multiple sites, with k being the number of

different types of sites,  j is the time spent by a particle in the solution in the presence of
impurities, and  is the adsorption time constant. When the impurity is present in the solution
from the beginning of the crystallization (e.g., originated from upstream processes) the contact
time does not depend on the different additives, only on the ages of the particles. The  i ,k
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denotes the effectiveness factor of the adsorption on the k th site on i th characteristic face, similarly
to the Kubota’s model25.

 i ,k 


 i ai
 i ,k
kBT Li ,k T

(3)

where  i is the edge free energy on the i th crystal face per unit length, ai denotes the area per
growth unit appearing on the crystal surface, k B is the Boltzmann constant ( 1.3806e-23 m2 kg s-2
K-1), T is temperature (K),  denotes the relative supersaturation,   c  c sat  c sat while Li ,k
is the average distance between k th type of sites.
The equilibrium coverage is which provides the connection between the concentration of the
CGMs in the solution and the growth rate takes the form
qeq,i , j ,k =

K i , j ,kcCGM , j
1+

å

(4)

K i , j ,kcCGM , j

j

The Langmuir constant, Ki , j ,k , of the j th CGM on the k th active site on i th characteristic crystal
face described by the adsorption and desorption rate coefficients. It may be expressed by66

K i, j ,k 

k ads,i , j , k
k des,i , j , k



k ads,0,i , j , k
k des,0,i , j , k

 Gdes,i , j , k  Gads,i , j , k
exp 
RT







(5)

where kads,i , j ,k and kdes,i , j ,k denote the adsorption and desorption rate coefficients, respectively;
which can be expressed by the Arrhenius type forms including kinetic energies of adsorption and
desorption. The Gads,i , j ,k , Gdes,i , j , k are the free energies of the j th CGM adsorption and
desorption on the k th sites at i th characteristic surface.
The adsorption time constant,  , is defined by Kubota and Mullin as24:
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 i, j ,k 

1
k ads,i , j , k cCGM i  k des,i , j , k

(6)

Eq2 represents a non-equilibrium Langmuir adsorption model. However, high adsorption
and/or desorption rates lead to fast approximation of the equilibrium. In this case, the exponential
part of the equation can be neglected and equilibrium coverage may be considered24. The
simplified growth kinetic model takes the form

pimp ,i  1   i ,keq ,i , j ,k 
j

(7)

k

The population balance equation (PBE), in which two characteristic lengths x   x1 , x2  are
considered to describe the evolution of the crystal shape distribution can be written as




n t, x 
G1n  t , x  
G2 n  t , x   Bp  x1  x1,0    x2  x2,0 
t
x1
x2 

(8)

where n  t , x  is the distribution function,   x  x0  is the delta distribution which determines
the appearance of the nuclei and B p is the primary nucleation rate defined as69,74



 Ep 
2  c 
Bp  k p ,0 exp  

 exp  ke ln 
 RT 
 csat  

The k p ,0 and

(9)

ke are kinetic constants of primary nucleation. The initial and boundary

conditions of the PBE take the form of
n  0, x   n0  x 
Gi n (t , x) = 0 ,

x  x

(10a)
(10b)

where  x is the boundary of the size space. The mass balance is also required for the solution
of PBE. Concentration of solute is expressed as follows
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dc  t 
dt

  c

d 1,2

(11)

dt

where  c is the density of the solute crystals. The mass balance for the impurity concentration
in the solution is27

dcCGM , j



dt

 c, j

1    c, j

M CGM , j dc
M C dt

(12)

j

where

M CGM , j

and M c are the molecular weights of the impurities/CGMs and solute. The  c , j

is the mole fraction of the j th CGM in the crystal phase, which can be written as the mole fraction
of the j th CGM in the solution multiplied by its interfacial distribution coefficient, K d ,i , j . Thus
the mole fraction can be given by

 c , j   K d ,i , j
i

cCGM , j  c
cCGM , j


M CGM , j  M c
j M CGM , j






1

(13)

The cCGM , j and c are the concentrations of the j th CGM and solute, M j and M c are the molar
weights of the j th CGM and the solute, while the distribution coefficient, K d ,i , j is
K d ,i , j  1  1  Ke, j 

Gmin,i km,i , j

(14)

Gi kmin,i , j

In this equation, K d ,i , j is thermodynamic distribution coefficient of the j th CGM, the km, j and
kmin, j are the mass transfer coefficients with crystal growth at the actual growth rate and at the
Gmin,i which is the specific growth rate when impurity distribution does not occur70,

kmin,i , j


 G 
 Gmin,i 1  exp   min,i  
 k


 m 0, j  

1

(15a)
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k m ,i , j


 G
 Gi 1  exp   i
 k

 m 0, j


 
 

1

(15b)

where k m0, j is mass transfer coefficients without crystal growth.
The solution of multidimensional PBE is computationally expensive. However, since only
average properties are needed to calculate the mean aspect ratio (AR) of the crystals, the method
of moments (MOM) can be used for efficient solution of the resulting multi-dimensional PBE71.
The cross-moments in the two dimensional cases are calculated as the follows,


m,n (t )    x1m x2n n(x, t )dx1dx2 , m, n = 0,1 ,2…

(16)

0 0

Using this moment definition the PBE is transformed in a set of ordinary differential equations.
The general form of the moment equation system based on joint moments is
d 0,0
dt
d m, r
dt

 Bp

(17)

 mG1  m1,r  nG2  m, r 1 , m = 1, 2, … and n = 1, 2,…

(18)

The closed set of the ordinary differential equation (ODE) system including moment equations
and mass balances for the solute and impurities provides a detailed moment model of
crystallization process in impure media. These moments determine parameters of the crystal
population. The evolution of the particle number is calculated by the differential equation of the
zeroth order joint moment, 0,0 . The 1,2 moment is related to the crystal volume in a unit
volume of the suspension. Moments are also suitable to determine indirectly the mean crystal
sizes of the characteristic lengths, while the mean aspect ratio of the crystals can be calculated
from the mean crystal sizes:
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x1 

0,1
0,0

(19a)

x2 

1,0
0,0

(19b)

AR =

x1

(20)

x2

The model presented in this section that combines the multi-impurity adsorption model
(MIAM) with multi-dimensional population balance equation and mass balances for solute and
all impurities, provides a general modelling framework for crystallization in impure media. This
model is the first one which is able to describe the effect of multiple impurities, simultaneously
present in the crystallization media, on the crystal size and shape distribution as well as on the
evolution of crystal lattice composition and purity.

4. Model identification and validation and sensitivity study
The crystallization of KDP (potassium dihydrogen phosphate) from solution was taken as the
model system, for which multidimensional kinetic parameters are available in the
literature11,47,49,50,72,73. As it is shown on Fig. 4, the shape of KDP crystal can be described by two
characteristic sizes (x1, x2). The applied growth modifiers, which are used in the experimental
and simulation studies have different impact on the KDP crystal. The CGM1 is aluminium
sulphate dissociates into trivalent Al3+ metal ions can adsorb on the {100} face. This adsorption
mechanism leads to more needle like crystals. Sodium hexametaphosphate is considered as
CGM2, which preferably adsorbs on the {101} face. Hence, metaphosphate can result in
opposite impact on the crystal shape (decrease the aspect ratio).

18

Figure 4. Molecular arrangement and morphology of the KDP crystal.54
In the case of the investigated processes, the kinetic model can be reduced by taking the
following assumptions into account in accordance of the behavior of KDP crystals and the two
CGMs considered:
1. Two impurities (j = 2) and two different types of active sites are considered (k = 2),
which are located on two different crystal faces. On the {100} face of the crystal, the
effect of the negatively charged active sites is the dominant, which leads to preferential
adsorption of CGM1. After experimental investigations, the effect of the positively
charged active sites and adsorption of the CGM2 are neglected on this face.
2. The behavior of the {101} face is opposite to the {100} face. Thus, impact of the
CGM1 is neglected here.
3. There is no interaction between the active sites (rare sites).
4. Impurity effect on the nucleation in this case is insignificant and neglected in the
model.
5. Equilibrium adsorption model is considered
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After these assumptions, the growth kinetic models are reduced to the following forms:
1
K1,CGM 1,1cCGM 1,1  
 c  csat  
 

G1  k g ,1 
 
 1   1,1
1  K1,CGM 1,1cCGM 1,1  
 csat  
 


(21a)

2
K 2,CGM 2,2 cCGM 2,2  
 c  csat  
 

G2  k g ,2 
 
 1    2,2
1  K 2,CGM 2,2cCGM 2,2  
 csat  
 


(21b)

g

g

The power law growth expressions and/or growth rate parameters may be dependent on the
supersaturation range the crystallization is operated. However, the maximum level
supersaturation used in the experiments reported in this paper was moderate (𝜎𝑚𝑎𝑥 < 5%). It has
been reported84 (Alexandru & Antohe 2003) that for KDP crystals, at this level of
supersaturation the growth mechanism for prismatic face {100} does not change. Moreover it
has been reported that growth of the pyramidal face {101} at supersaturation below 5% is
dominated by a dislocation mechanism85,86. These findings support the usage of the single growth
kinetics model for the level of supersaturation used in these experiments; however the effect of
the transient supersaturation on the growth rate expression can be included easily in the model by
changing the equations or parameters of the growth model as a function of several levels of
supersaturation.

The solubility [g/g solvent] of anhydrous KDP in water is given by27,
csat  0.2087  9.7629e  5  T  9.3027e  5  T 2

(22)

where the temperature, T is in C. Three of the nine experiments presented in Table 1 (Exp1,
Exp2, Exp3), were used for parameter estimation. To minimize the difficulty associated with the
simultaneous estimation of multiple, highly correlated kinetic parameters, the experiments were
designed to decouple mechanisms and allow sequential parameter estimation. First, the kinetics
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of primary nucleation was investigated and fitted to experimental data by using the mathematical
model in the case of KDP crystallization from pure aqueous solution (Exp1). The impurity
parameters of CGM1 included in the growth rate equation are estimated by fitting data to Exp3.
Finally, the parameters of the effect of CGM2 impurity on the growth kinetics are obtained by
fitting the model to Exp2. The non-estimated kinetic parameters, which are used in the model
were previously determined by Gunawan et al. 26,, Kubota et al. 47, and Maeda et al.

70

. Parameter

estimation was carried out in Matlab based on a standard nonlinear least square method. The
estimation problem is defined as
min   y l  ~
yl 


2

(23)

l



B p  k p,0 , E p , ke



(24a)

CGM 1  kCGM 1,ads,0 , kCGM 1,des,0 , 1 , Gmin,1 , kCGM 1,m,o , kCGM 1,e , GCGM 1,ads , GCGM 1,des 

(24b)

CGM 2  kCGM 2,ads,0 , kCGM 2,des,0 , 2 , Gmin,2 , kCGM 2,m,o , kCGM 2,e , GCGM 2,ads , GCGM 2, des 

(24c)

where yl and yl are measured and calculated values of the mean aspect ratio in the lth
sampling point in time. The  vectors are the various subsets of the vectors of the estimated
model parameters. The results of the parameter estimation are presented in Table 2.

Table 2 Estimated values of the kinetic parameters.

Bp

CGM 1

CGM 2

kads,0

27.3 ± 13.8

11.24 ± 1.5

kp0

6.5 ± 2.3

kdes,0

0.56562 ± 1.7e-5

0.49127 ± 1.2e-5

Ep

2814.5 ± 1.02e3



4.6 ± 1.44

5.15 ± 0.49

ke

1.576e-3 ± 2.8e-6
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Gmin,i

4.5e-4 ± 0.13

246.952 ± 2.8e-6

km,o

389.348 ± 2.1e-5

61.1286 ± 6.6e-4

Ke

0.999 ± 0.14

0.994 ± 0.02

ΔGads

2436.48 ± 0.12

5301.48 ± 0.01

ΔGdes

22994.9 ± 0.27

24181.6 ± 0.1

The confidence intervals of the estimated parameters are acceptable indicating a robust and
predictive model. Using further experimental data the confidence intervals could be improved
further.
The process and other kinetic parameters are presented in the Table 3 and Table 4.

Table 3. Process parameters and physical properties.
T0 [°C]

Tend [°C]

Time [sec]

 c [kg/m3]

m H 2O [g]

m KDP [g]

45

20

10800

2338

400

150

Table 4 Kinetic and other parameters which are used in the model.
kg1

g1

kg2

g2

R

MKDP

MH2O

MCGM1

MCGM2

12.21

1.478

100.75

1.741

8.314

136.1

18.00

26.98

97.98

The mean AR trends from simulation and experiments for the three experiments used in the
parameter estimation are shown on Fig 5a. The experimental data during the initial part of the
process were not used in the identification to avoid the non-reliable measurements due to the
small number of captured particles after the nucleation. The AR measurement is relatively noisy
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due to the relatively lower number of captured particles and changing orientation of the crystals;
however the simulated trends are in very good correlation with the experimental data.
Experiments Exp4 (with different amount of CGM1) and Exp5 (with a mixture of CGM1 and
CGM2) were used for validation of the estimated kinetic parameters. Fig. 5b indicates very good
correlation between the experiments and simulation in both cases when the impurity has
independent effect (Exp4, Exp5) as well as when they act simultaneously (Exp6-9) suggesting
that the MIAM proposed with the assumptions applied for the KDP-Al3+-metaphosphate system
are valid. Trends on Figure 5, corresponding to Exp5 show a case when particle number is
critical for the detection and measurement of statistically relevant AR. If the number of particles
detected is small this can lead to large perturbation in the trend. The increasing number of
particles due to nucleation, lead to larger numbers detected and thus decreases the noise in the
AR measurement towards the second half of the process. Figure 6 presents sample PVM images
at the end of the process. These images illustrate the changes in the crystal shape in each
experiment.

5. Sensitivity study of the effect of impurities on crystal shape and purity
The validated model is suitable to study the crystallization process in impure media by
investigating the effect of the concentrations of the impurities (or mixtures of impurities) on the
crystallization process and crystal properties such as mean size and shape. By using the validated
model, the effect of impurity concentrations on the crystallization behavior and crystal properties
can be investigated using numerical simulations. Fig. 7 represents the simulation based study of
evolution of supersaturation and the concentrations of the impurities (growth modifiers) in the
case of different amounts of (a) CGM1 or (b) CGM2 in the initial solution. The results indicate
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that the lowest supersaturation values are achieved in the case of crystallization from pure
solution. The impurities have inhibition effect on the phase transformation and on the
crystallization process via growth inhibition, thus the depletion of supersaturation is slower in the
presence of impurities which means, impurity indirectly affects not only the aspect ratio but the
kinetics of the competitive processes such as nucleation and growth. The concentration of the
CGMs is presented in ppm CGM per total amount of solvent. The figure also shows the
dynamics of impurity concentration changes in the solution as they are integrated in the crystal
lattice. It can be seen the higher the initial impurity concentration the faster they integrate into
the crystal lattice, leading to more impure product.
a.)

b.)

11

11
10
9

Aspect ratio

8

E1
E2
E3
S1
S2
S3

10
9
8

7

7

6

6

5

5

4

4

3

3

2

2

1

1

0
80

100

120
140
Time [minutes]

160

180

0
80

E4
E5
E6
E7
E8
E9
S4
S5
S6
S7
S8
S9

100

120

140

160

180

Time [minutes]

Figure 5. (a) Comparison between the experimental and simulated mean aspect ratio evolution
for the data used in the identification of

nucleation kinetic and parameters of impurity

adsorption term (Table 2); (b) Comparison between the experimental and simulated mean aspect
ratio evolution for the validation experiments.
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Figure 6. Sample PVM images at the end of each experiment.

Fig. 8 presents the changes in the kinetics of primary nucleation and growth rates during the
crystallization process in the presence of different amounts of impurities. The CGM’s inhibition
effect on the growth of a specific characteristic crystal size can be observed. Since the inhibition
slows down the supersaturation depletion, it influences the growth in the other direction as well
as the primary nucleation indirectly via the changed supersaturation. Hence, the addition of the
CGM1 into the system results in decreased growth rate of width (x2) and increased growth rate of
length (x1) while CGM2 causes higher growth rate of width and lower rate of length. The
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primary nucleation rates are increased in both cases since the supersaturation overall is kept
higher in the system.
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Figure 7. Evolution of supersaturation, liquid concentration of CGM1 and CGM2 in the presence
of different amounts of (a) CGM1 and (b) CGM2 (concentration of other CGM is zero;
concentration units are in ppm of CGM).

Fig. 9 presents the product properties at the end of the crystallization process, such as particle
number, mean crystal length, and mean crystal width. It can be seen that not only the particle
sizes but also the particle number of the product changes with the amount of CGMs. As
expected, the product particle number is the smallest when there is no impurity in the system, to
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inhibit growth, as it could also be considered by investigation of the primary nucleation kinetics
in Fig. 8.
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Figure 8. Evolution of the crystallization kinetics in the presence of different amounts of (a)
CGM1 and (b) CGM2.
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Figure 9. Effect of the impurity concentration (CGM1 and CGM2) on (a) particle number (# m3); (b) mean crystal length (m); and (c) mean crystal width (m) of the crystal product at the
end of the batch. The dots in the figure correspond to the product with no impurities.

Fig. 9a also shows the mixtures of the CGMs, that inhibit growth in both directions, result in
increased number of particles. Furthermore, Fig. 9b and Fig. 9b represent the effect of the
impurities on the mean crystal length and width at the end of the processes. The results show that
since CGM1 is decreases the growth of the characteristic length x 2 (width), increasing the
concentration of CGM1 in the initial mixture leads to larger x 1, and smaller x2. Contrary,
increasing the concentration of the other impurity (CGM2) decreases x1, and increases x2. The
resulting increase in a characteristic size of the crystals in the presence of a particular impurity is
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also due to the increased supersaturation in the system when the growth is partially inhibited for
the other characteristic dimension.
Fig. 10 indicates how the amount of crystals produced and purity of crystal product changes
with the impurity concentration in the initial solution. Fig10a shows the concentration of the
solid KDP crystal in unit of solvent, obtained from the mass balance:

csolid (t ) = cinitil - c (t )

(25)

It can be seen that the impurity addition will influence not only the yield of the process. The
red square represents the achievable maximum solid concentration of product, corresponding to
the case of pure solution. Fig. 10b and Fig. 10c indicates the influence of the impurity
concentrations of CGM1 and CGM2 on the purity of solid crystals with respect to each impurity,
while Fig.10d represents the total impurity concentration in the solid phase at the end of the
processes when different mixtures of CGMs were added. It is shown that the impurity is
changing according to changes of both CGMs.
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Figure 10. Influence of the concentration of two impurities in the initial solution on a) crystal
concentration at the end of the process and purity of product crystals with respect to b) CGM1 c)
CGM2 and d) total impurity at the end of the process. The impurity concentrations for b), c) and
d) are presented in ppm based on unit solid crystals. The square on a) represents the maximum
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This work illustrates how trace amounts of impurity can have significant effect on the crystal
product property such as size and shape. The concept is general as long as the suitable
crystallization additives are identified that have the opposite effect on crystal shape as the
impurities. Suitable additives can be found considering the different mechanisms of the
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adsorption and the potential chemical interactions at the surface of the crystal due to the
molecular arrangements of the molecules within the crystal lattice, or based on general
hydrophilic or hydrophobic nature of the crystal faces, which can be determined experimentally.
While generally introducing additives in the crystallization system was not a preferred approach
in the pharmaceutical industries, using approved hydrophilic/hydrophobic excipients and very
low concentration of additives is gaining increasing applicability and interest. As in the case of
the current study, often total impurity levels of the product remains at the ppm range, which is
acceptable in most cases.

Conclusions
Physical experiments of batch KDP crystallization from aqueous solution, in the presence of
mixtures of crystal growth modifiers were carried out in order to investigate the impurity effect
on the growth and the morphology changes of the crystal. In situ, real time measurement of
shape distribution by using Particle Vision and Measurement was used and the image sequences
were analysed simultaneously in real time based on blob analysis technique. This automated
optical monitoring system provided reliable data of shape distribution and mean aspect ratio. A
multi-dimensional morphological population balance model was developed that included
primary nucleation and growth of two characteristic crystal sizes in order to describe the shape of
KDP crystals. A novel multi-impurity adsorption model (MIAM) is proposed and used in
describing crystal growth in impure media. The MIAM model can describe the different effects
of multiple impurities or impurity mixtures with components having different effects on the
growth of certain characteristic sizes of crystals, using a mechanism of multi-component and
multi-site adsorption. The parameters of the primary nucleation and growth kinetics, including
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the effect of a mixture of two impurities, were estimated by using least square method and
validated by physical experiments. The developed and validated simulator is suitable to make
dynamic observations of the kinetics and the evolution of the crystal properties such as size,
shape and purity, during the crystallization process in impure media making the proposed model
an effective tool for process and product design as well as for process optimization or control.
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Notation
a

-

Area of the crystal per unit [m2]

Bp

-

Primary nucleation [#/s]

c

-

Concentration of KDP crystals in the solution [g/g solvent]

cCGM , j

-

Concentration of the jth crystal growth modifier [g/g solvent]

csat

-

Saturation concentration of KDP crystals in solution [g/g solvent]

Ep

-

Kinetic energy of primary nucleation [kJ/mol]

Gads,i , j ,k

-

Adsorption energy [kJ/mol]

Gdes,i , j , k

-

Desorption energy [kJ/mol]

gi

-

th
Exponent of growth kinetic equitation of the i characteristic facet [-]

Gi

-

th
Crystal growth rate of the i characteristic facet [µm/s]
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Gmin,i

-

Specific growth rate when distribution does not occur [µm/s]

kB

-

2
-2 -1
Boltzmann factor [m kg s K ]

K d ,i , j

-

Distribution coefficient [-] (Eq14)

kads ,0,i , j ,k

-

th
th
Adsorption rate constant of the j crystal growth modifier on the k type

th
site at i characteristic crystal facet [-] (Eq5)

kads ,0,i , j ,k

-

th
th
Desorption rate constant of the j crystal growth modifier on the k type

th
site at i characteristic crystal facet [-] (Eq5)

ke

-

Kinetic constant of Primary nucleation [-]

K e, j

-

Thermodynamic distribution coefficient [-]

k gi

-

Growth kinetic constant [µm/s]

K i , j ,k

-

th
th
th
Langmuir constant of j CGM on the k active site on i characteristic

km, i , j

-

Mass transfer coefficient with crystal growth [m/s]

km 0

-

Mass transfer coefficient without crystal growth [m/s]

k p ,0

-

Coefficient of primary nucleation [m-3 s-1]

Li , k

-

Average distance between k th type of sites [m]

M CGM , j

-

Molecular weight of CGM [g]

Mc

-

Molecular weight of KDP [g]

n

-

Size and shape distribution [#/m2]

p imp,i

-

Impurity factor of the growth rate of i th characteristic facet (Eq2 and Eq7)

facet (Eq7)
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R

-

Ideal gas constant [Pa m3 mol-1 K-1]

t

-

Time [s]

T

-

Temperature [K]

xi

-

Size of ith characteristic crystal facet [µm]

yl

-

Numerically calculated aspect ratio at k th point in time [-]

y%l

-

Measured aspect ratio at k th point in time [-]

Greek letters

 i,k

-

Effectiveness factor of the adsorption on the k th site on i th characteristic

b i ,k

-

Constant of the effectiveness factor [m/K]

gi

-

Edge free energy on the i th crystal face per unit length [J/m]

n

-

Size and shape distribution [# m-2 s-1]

j

-

Time spent by a particle in the presence of impurities [s]

 m, r

-

m,r order joint moment (Eq16)



-

Relative supersaturation [-]

c

-

Density of the KDP crystals, 2.338 [kg/m3]



-

Angle between {101} and {100} surfaces (Majumder and Nagy, 2013)



-

Vector of estimated parameters

 eq ,i , j , k

-

Equilibrium coverage (Eq2)

 c, j

-

Mole fraction of the CGM in the crystal phase (Eq15)

 i , j,k

-

Adsorption time constant [s]

facet (Eq5)
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