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We carry out a theoretical investigation on the collective dynamics of an ensemble of correlated atoms,
subject to both vacuum fluctuations of spacetime and stochastic gravitational waves. A general approach is
taken with the derivation of a quantum master equation capable of describing arbitrary confined
nonrelativistic matter systems in an open quantum gravitational environment. It enables us to relate the
spectral function for gravitational waves and the distribution function for quantum gravitational fluctuations
and to indeed introduce a new spectral function for the zero-point fluctuations of spacetime. The
formulation is applied to two-level identical bosonic atoms in an off-resonant high-Q cavity that effectively
inhibits undesirable electromagnetic delays, leading to a gravitational transition mechanism through certain
quadrupole moment operators. The overall relaxation rate before reaching equilibrium is found to generally
scale collectively with the number N of atoms. However, we are also able to identify certain states of which
the decay and excitation rates with stochastic gravitational waves and vacuum spacetime fluctuations
amplify more significantly with a factor of N2. Using such favorable states as a means of measuring both
conventional stochastic gravitational waves and novel zero-point spacetime fluctuations, we determine the
theoretical lower bounds for the respective spectral functions. Finally, we discuss the implications of our
findings on future observations of gravitational waves of a wider spectral window than currently accessible.
Especially, the possible sensing of the zero-point fluctuations of spacetime could provide an opportunity to
generate initial evidence and further guidance of quantum gravity.
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I. INTRODUCTION

A. Background

Recently, there has been considerable interest in exper-
imenting with gravity using a quantum instrument [1,2], to
better explore its theory, predictions, and applications in
uncontested regimes [3–5]. This trend has been established
through laboratory measurements of the gravitational
acceleration by ultracold atom interferometers with accu-
racies exceeding that achievable by conventional gravim-
eters [6]. The realization of such quantum gravity and
gravity gradient sensors as portable devices would herald a
new level of quantum applications in engineering and
technology [7].
For physicists, it has been hoped that major progress

across a range of areas could be enabled by the availability
of precision quantum gravity sensors. These include testing
of the equivalence principle as a foundation of general
relativity in the quantum domain [8], confronting macro-
scopic quantum behavior with a microgravity environment
[9], and assessing a long range effect such as gravitational

time dilation on quantum coherence [10]. Above all,
quantum experiments may promise fundamental break-
throughs by offering a unique opportunity to access
phenomena from quantum gravity and Planck-scale physics
that would otherwise have required an inconceivable
1019 GeV Grand Unified Theory (GUT)-scale particle
collider [11–14].
There are a number of counterintuitive effects unavail-

able in the classical domain to justify novelties and
advantages of quantum measurements. For Bell’s inequal-
ity related experiments [15,16], quantum entanglement,
and nonlocality are the key. More relevant to precision
measurements, in the case of atom interferometry metrol-
ogy, the short matter wavelength underpins a fine scale
resolution. When atom interferometry is applied to gravity
measurements including gradiometry and spacetime fluc-
tuations, the slowness of the motion for cold atoms
contributes to a longer interaction time to build up effects
in terms of phase shift due to acceleration and decoherence
due to granulation [8].
For quantum systems with a large number of correlated

particles, nontrivial collective behaviors can arise [17,18].
An early remarkable example shows up in Hanbury Brown
and Twiss’s intensity interferometry [19]. Collective behav-
iors can give rise to significant amplifications of quantum
effects associated with a large number of correlated
particles, as exemplified in Dicke’s seminal superradiance
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[20]. In this paper, we will analyze previously unexploited
collective quantum interactions between a large number of
particles with gravitational waves that may be relevant for
their detections beyond the existing observation windows,
e.g., in the frequency domain of fundamental, astronomical,
and cosmological interest [21–24].
In particular, we consider stochastic gravitational waves

of frequencies higher than the existing detection range, that
may have a primordial origin and carry imprints of post-
inflation structure formation processes [21,25–27]. The
nature and possible observation of such stochastic gravi-
tational waves have attracted significant recent attention
since the groundbreaking detection of gravitational waves
by the LIGO and Virgo collaborations [28] with the
anticipation of broader gravitational wave astronomy and
cosmology [23,29,30]. In what follows, we present a
theoretical analysis with Gaussian stochastic gravitational
waves [31] having a generic distribution function NgwðωÞ
and the equivalent spectral function ΩgwðfÞ. The atoms are
assumed to be bosonic so that the collective quantum
dynamics of a large number of atoms occupying a common
state is possible.
The effects of spacetime curvature on individual atoms

have been considered in a number of works [32–36],
showing slight shifts in the energy spectrum and weak
transitions between the energy levels of the atoms induced
by gravitational interactions. Gravity has been proposed to
induce decoherence in atomic states [5,37,38], making the
analysis of the evolution of atomic states a potential method
for the detection of gravitational fluctuations [39–42].
However, these effects have also been found to be generally
too small to be measured in practice [33].
It can be noted that Rydberg atoms [43,44] have received

particular attention for atom-gravity interactions due to a
number of their distinct physical characteristics they pos-
sess: Their large principal quantum number nmeans that the
effective mass quadrupole moment, which provides exter-
nal gravitational wave coupling and scales with n4, can be
greatly enhanced. These atoms are very stable, having
extremely long lifetimes of the internal transitions up to
the order of 1 sec, allowing us to neglect them in many
practical situations [45]. Furthermore, increasingly large
numbers of Rydberg atoms with high principal quantum
numbers n > 102 have been produced in laboratories [46].
The investigations of Rydberg atoms as a many-body
system have often featured in the recent literature [47] with
their collective quantum dynamics receiving current
research interest both theoretically [48–51] and experimen-
tally [52–58].

B. Summary

Rather than considering gravitational interactions
with individual atoms, here we investigate the coherent
quantum interactions for a large number of correlated
atoms with gravitational waves. We find that the resulting

collective interactions can lead to amplified quadrupole
transition rates of atomic states in a fashion akin to
superradiance [20].
This collective amplification could be compared and

combined with the application of Rydberg atoms, which
are more sensitive as individual atoms to spacetime pertur-
bations [42,59]. However, their larger size can also decrease
the number density and increase dipole-dipole interactions of
the atoms. Consequently, we find that smaller atoms can
provide more collective strength for gravitational wave
interactions as described below, with specific numerical
examples shown in Fig. 1, using an ensemble of heliumlike
atoms for detecting high frequency stochastic gravitational
waves and spacetime fluctuations. Our investigations may
form a basis for a possible future detection scheme for
gravitational waves with a wider spectral window, especially
toward higher frequencies than currently accessible, which
may be of fundamental and cosmological importance.
In the present theoretical investigation, we hypothesize

for simplicity a setup of N identical two-level atoms with a
quadrupole moment transition frequency f ¼ ω=2π used to
evaluate the distribution function NgwðωÞ and the equiv-
alent spectral function ΩgwðfÞ for the stochastic gravita-
tional waves. Further refinement is possible to reduce the
present level of idealization but will be deferred to future
work. The system of atoms is considered to be placed in an
off-resonant high-Q cavity with controlled boundary con-
ditions that effectively inhibits undesirable electromagnetic
delays [60–62]. The presence of the high-Q cavity can also
change the quantum electrodynamics of the atom to modify
the interaction between the nucleus and the electron so as to
increase the quadrupole interaction while suppressing the
dipole-dipole interactions between the atoms [63].
In Sec. II, we further the theoretical foundation of how

general confined nonrelativistic matter interacts with an
open gravitational environment, relevant to, for example, a
system of atoms in a cavity attracting much recent
attention. Specifically, we provide a general master equa-
tion through Eq. (14) with negligible self-interactions to
focus on the collective interactions between such a matter
system and gravitational waves in the environment due to
both vacuum and stochastic fluctuations.
In Sec. III, the theoretical formulation is applied to a two-

level atom that allows us to derive specific transition
mechanisms through the quadrupole moment operator with
respect to the two atomic states given by Eq. (28), satisfy-
ing a set of selection rules (31). In particular, we derive a
formula for the gravitational transition rate Γ0 in Eq. (29)
for such a two-level atom. Unsurprisingly, the transition
rate Γ0 for a single atom is too small to be measured under
typical laboratory conditions, as has been pointed out even
for Rydberg atoms [33].
In Sec. IV, we invoke the generality of the formalism

developed in Sec. II to extend the interaction between a
two-level atom and gravity to accommodate a correlated
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ensemble of N such atoms. In this case, as illustrated in
Fig. 2, we find an overall factor of N collective amplifi-
cation of the transition rate from any initial state to the final
equilibrium state satisfying the distribution in the large-N
limit (48).
In Sec. V, we establish a relation between the spectral

function ΩgwðfÞ for gravitational waves and distribution

function NgwðωÞ for open quantum gravitational systems
and introduce a new spectral function ΩvacðfÞ for the zero-
point, i.e., quantum vacuum, fluctuations of spacetime.
Although we have introduced a spectral function for
vacuum fluctuations of spacetime ΩvacðfÞ in Eq. (64), it
should be emphasized that the detection of zero-point
fluctuations of spacetime requires a quantum detector
through decoherence as classical detectors have already
decohered and so can no longer provide this function.
Indeed, the possibility of sensing the zero-point fluctua-

tions of spacetime provides unique physical characteristics
for the collective quantum process which could lead to
initial evidence and further guidance of quantum gravity.

FIG. 1. Theoretical lower bounds for the spectral functions of
stochastic gravitational waves ΩðfÞ determined by Eq. (66) that
could be detected using an ensemble of correlated two-level
atoms contained in an off-resonant high-Q cavity of volume L3

and measurement time τ. Specifically, we consider helium-
like atoms with atomic quantum numbers n1¼n2¼2,
l1 ¼ l2 ¼ 1, and −m1 ¼ m2 ¼ 1, with a transition frequency
induced by a Zeeman-type shift. For conventional stochastic
gravitational waves, we have ΩðfÞ ¼ ΩgwðfÞ with τ ¼ τgw,
whereas for zero-point, i.e., vacuum, metric fluctuations, we
have ΩðfÞ ¼ ΩvacðfÞ with τ ¼ τvac introduced in this work by
Eqs. (62) and (64). In both cases, we choose τ ¼ 1 sec, min, and
h as possible (future) transition times for the atoms with L ¼ 1
and 10 m in generating the above diagram. It suggests, for
example, measuring the zero-point fluctuations of spacetime
would require a 1 m3 cavity with a measurement time of
1 sec at f ¼ 1 THz approximately. Note that regions where
the values of ΩgwðfÞ are below that of ΩvacðfÞ would present a
less stochastic gravitational wave signal to the vacuum fluctua-
tions “noise” ratio and hence the detection of the latter would be
more likely using the discussed quantum methods. For compari-
son, we have superimposed the expected spectral functions of
stochastic gravitational waves from various sources such as
inflation, up to frequencies dominated by spacetime fluctuations,
that may be detected by different methods such as LIGO from
Ref. [21] and its references.

FIG. 2. Simulations with N atoms using the master equation (1)
with the quantum dissipator (37) for the correlated two-level
atoms and negligible matter interaction Hint. From Eq. (45), the
relaxation time is approximately given by τN ¼ ðNΓ0Þ−1. The
initial state of the forms (32) and (33) at t ¼ 0 is given by
j0; Ni ¼ jp ¼ N þ 1i with all N atoms occupying the excited
atomic level. During the dynamical evolution, the density matrix
remains diagonal of the form (39) and relaxes into an inverse
exponential profile represented by Eq. (48), yielding the asymp-
totic height of ρp¼1 ¼ ½Ngwðω0Þð1 − e−N=Ngwðω0ÞÞ�−1. The sto-
chastic gravitational wave distribution function evaluated at the
atomic transition frequency ω0 is chosen to be Ngwðω0Þ ¼ 1.
Accordingly, in plot (a) with N ¼ 100 atoms, the initial state
corresponding to the spike of height 1 at ðp;Γ0tÞ ¼ ð101; 0Þ
relaxes into an inverse exponential profile peaked at ðp;Γ0tÞ ¼
ð1; 0.1Þ on a time scale of τN ¼ 0.01=Γ0. Similarly, in plot
(b) with N ¼ 200 atoms, the initial state corresponding to the
spike of height 1 at ðp;Γ0tÞ ¼ ð201; 0Þ relaxes into an inverse
exponential profile similarly peaked at ðp;Γ0tÞ ¼ ð1; 0.1Þ but on
a halved time scale of τN ¼ 0.005=Γ0.
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For optimal measurements, we have identified favorable
states of which the decay and excitation rates with
gravitational waves and spacetime fluctuations scale
amplify with a factor of N2, as described by Eqs. (60)
and (61) and illustrated in Figs. 2 and 3.
We then determine the theoretical lower bounds given by

Eq. (66) for the spectral functions of gravitational waves
that could in principle be detected using an ensemble of
identical two-level atoms given their excitation states and
the size of the cavity as well as measurement time. The
lower bound relation (66) applies to both conventional
stochastic gravitational waves and novel zero-point space-
time fluctuations. Importantly, we find that, although as
individual atoms with larger quadrupole moments Rydberg
atoms may have stronger interactions with gravitational
waves, smaller atoms can nonetheless provide more col-
lective strength for such interactions thanks to a higher
possible number density of the atoms in a cavity. Specific
numerical examples using an ensemble of heliumlike atoms
are studied, leading to new prospects for detecting high

frequency stochastic gravitational waves and spacetime
fluctuations as shown in Fig. 1.
Finally, in Sec. VI, we conclude this work with an

additional discussion.

II. GRAVITATIONAL MASTER EQUATION FOR
CONFINED NONRELATIVISTIC SYSTEMS

In the interaction picture with relativistic units where
c ¼ 1, the general gravitational master equation for matter
that may be interacting and relativistic has recently been
obtained in Ref. [5] to be

_ρ ¼ −
i
ℏ
½Hint; ρ� þDρ ð1Þ

with Hint describing matter interaction with itself or other
fields not part of the gravitational environment and the non-
Markovian quantum dissipator

Dρ¼−
8πG
ℏ

Z
d3k

2ð2πÞ3k
�Z

t

0

dt0e−ikðt−t0Þð½τ†ijðk;tÞ;τijðk;t0Þρ�

þNgwðωkÞ½τ†ijðk;tÞ;½τijðk;t0Þ;ρ��ÞþH:c:
�

ð2Þ

describing in general nonunitary statistical quantum evo-
lution of the matter system as a result of dissipative
iterations with the environment [5,27]. Here, NgwðωÞ is
a general distribution function for the fluctuating gravita-
tional environment assumed to be Gaussian. If this envi-
ronment is in thermal equilibrium at temperature T, then
NgwðωÞ is given by the Planck distribution

NgwðωÞ ¼
1

eℏω=kBT − 1
: ð3Þ

However, we will be considering generic stochastic gravi-
tational waves described by NgwðωÞ not restricted to the
Planck distribution (3).
Since typical compact nonrelativistic systems have

spatial extensions much smaller than the effectively
coupled gravitational wavelength [64,65], we have
e−ik·r ≈ 1 and therefore

τijðk; tÞ ¼
Z

τijðr; tÞe−ik·rd3x

≈
1

2
̈ĪTTij ðk; tÞ; ð4Þ

where

ĪTTij ðk; tÞ ¼ PijklðkÞĪklðtÞ ð5Þ

and

FIG. 3. Simulations of short-time collective spontaneous de-
cays due to vacuum fluctuations of spacetime without additional
stochastic gravitational waves so that Ngwðω0Þ ¼ 0. In plot
(a) with N ¼ 100 atoms, the initial state corresponds to the
spike of height 1 at ðp; tÞ ¼ ð50; 0Þ. As shown, it decays into
adjacent lower states with a relaxation time τvac ¼ 4=ðN2Γ0Þ ¼
0.0004=Γ0 according to Eqs. (61) and (62). In plot (b) with N ¼
200 atoms, the initial state corresponds to the spike of height 1 at
ðp; tÞ ¼ ð100; 0Þ. For a doubled N, this state decays into adjacent
lower states with a quarter of the preceding relaxation time with
τvac ¼ 4=ðN2Γ0Þ ¼ 0.0001=Γ0.
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ĪijðtÞ ¼
1

3

Z
d3xQijðrÞT00ðr; tÞ ð6Þ

in terms of the transverse-traceless (TT) projection operator
Pijkl [5,64] and the quadrupole moment tensor

Qij ¼ 3xixj − δijr2: ð7Þ

It is useful to introduce the frequency domain reduced
quadrupole moments ĪijðωÞ for some positive frequencies
ω by writing

ĪijðtÞ ¼
X
ω

�
ĪijðωÞe−iωt þ Ī†ijðωÞeiωt

�
: ð8Þ

Let us consider the following integral in Eq. (2),

Z
t

0

dt0e−ikðt−t0Þτijðk; t0Þ

¼ −
X
ω

ω2

2
ĪTTij ðω; kÞ

Z
t

0

dt0e−ikðt−t0Þe−iωt0

−
X
ω

ω2

2
ĪTT†ij ðω; kÞ

Z
t

0

dt0e−ikðt−t0Þeiωt0 ; ð9Þ

which is nonlocal in time representing the non-Markov
memory effect.
To apply the Markov approximation, valid for physical

time scales where short-term transient memories are
damped away [66], we change the time variable from t0
to s using t0 ¼ t − s in the above to get

Z
t

0

dt0e−ikðt−t0Þe�iωt0 ≈ e�iωt

Z
∞

0

dse−iðk�ωÞs

¼ e�iωt

�
πδðk� ωÞ − iP

1

k� ω

�
;

where the Sokhotski-Plemelj theorem [see Eq. (A15)
below] has been used in the last step.
Using the above and neglecting the Cauchy principal

values, as they do not contribute to quantum decoherence
and dissipation, we see that Eq. (9) becomes

Z
t

0

dt0e−ikðt−t0Þτijðk; t0Þ

¼ −
X
ω

πω2

2
ĪTTij ðω; kÞe−iωtδðk − ωÞ

−
X
ω

πω2

2
ĪTT†ij ðω; kÞeiωtδðkþ ωÞ; ð10Þ

where the second term does not contribute as k ≥ 0 and
ω > 0. Using Eqs. (4) and (8), we have

τ†ijðk; tÞ ≈
1

2
̈ĪTT†ij ðk; tÞ

¼ −
ω2

2
½ĪTTij ðω; kÞe−iωt þ ĪTT†ij ðω; kÞeiωt�: ð11Þ

Substituting Eqs. (10) and (11) into the dissipator (2) and
applying the rotating wave approximation, we have

Dρ¼−
Gω5

8πℏ

Z
dΩðkÞfð½ĪTT†ij ðω;kÞ;ĪTTij ðω;kÞρ�

þNgwðωÞ½ĪTT†ij ðω;kÞ;½ĪTTij ðω;kÞ;ρ��ÞþH:c:g

¼Gω5

4πℏ

Z
dΩðkÞPijklðkÞ

×

�
ðNgwðωÞþ1Þ

�
ĪijðωÞρĪ†klðωÞ−

1

2
fĪ†ijðωÞĪklðωÞ;ρg

�

þNgwðωÞ
�
Ī†ijðωÞρĪklðωÞ−

1

2
fĪijðωÞĪ†klðωÞ;ρg

��
;

ð12Þ

summing over ω > 0 and i, j, k, l ¼ 1, 2, 3. With the aid of
the formulas [65]

Z
kikjdΩ ¼ 4π

3
k2δij

Z
kikjkkkldΩ ¼ 4π

15
k2ðδijδkl þ δikδjl þ δilδjkÞ;

we can calculate that

Z
PijklðkÞdΩ ¼ 4π

15
ð3δikδjl þ 3δilδjk − 2δijδklÞ: ð13Þ

Substituting Eq. (13) into Eq. (12) and using the trace-
lessness of Īij, we obtain the following general dissipator,

Dρ¼2Gω5

5ℏ

×
�
ðNgwðωÞþ1Þ

�
ĪijðωÞρĪ†ijðωÞ−

1

2
fĪ†ijðωÞĪijðωÞ;ρg

�

þNgwðωÞ
�
Ī†ijðωÞρĪijðωÞ−

1

2
fĪijðωÞĪ†ijðωÞ;ρg

��
;

ð14Þ

of the Lindblad form for any nonrelativistic matter systems
with frequency domain reduced quadrupole moments
ĪijðωÞ. For particles in an isotropic harmonic potential
with NgwðωÞ ¼ 0, Eq. (14) recovers the corresponding
dissipator discussed in Ref. [27].
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III. GRAVITATIONALLY INDUCED
TRANSITIONS OF QUANTUM STATES

The theoretical framework established above is applied
in this section to the quantum gravitational decoherence
and radiation of a real scalar field ϕ with mass m and the
associated inverse reduced Compton wavelength μ ¼ m=ℏ,
subject to an external potential νðrÞ described by the
Lagrangian density

L ¼ −
1

2
gαβϕ;αϕ;β −

�
1

2
þ ν

�
μ2ϕ2: ð15Þ

To consider the nonrelativistic dynamics of the scalar
field representing nearly Newtonian particles, we assume
the potential energy to be much less than the rest mass
energy so that ν ≪ 1 and the total energy density is given
approximately by

T00 ¼ 1

2
ð _ϕ2 þ μ2ϕ2Þ: ð16Þ

The unperturbed part of Eq. (15) satisfies quantum field
equation

ϕ̈ ¼ ∇2ϕ − ð1þ 2νÞμ2ϕ; ð17Þ

having solutions of the convenient form

ϕ ¼
ffiffiffiffiffiffiffiffi
ℏ

2ωn

s
anψnðrÞe−iωnt þ H:c: ð18Þ

with some operators an and orthogonal complex functions
ψnðrÞ. Hence, Eq. (17) reduces formally to the time-
independent Schrödinger equation

−
ℏ2

2m
∇2ψn þ Vψn ¼ Enψn; ð19Þ

where V ¼ mνðrÞ and

En ¼
1

2m
ðℏ2ω2

n −m2Þ ð20Þ

represent the potential and eigenenergies respectively.
Let us consider the atom potential energy VðrÞ. In the

nonrelativistic domain, Eq. (18) becomes

ϕ ¼ ℏffiffiffiffiffiffiffi
2m

p ðane−iωnt þ a†neiωntÞψnðrÞ;

using the multiple indices n ¼ ðn; l; mÞ and the atom wave
functions

ψnðrÞ ¼ RnlðrÞYm
l ðθ;ϕÞ

with

ωn ¼ μþ En=ℏ

arising from the nonrelativistic limit of Eq. (20), where the
corresponding ladder operators an and a†n are annihilation
and creation operators respectively. From Eqs. (6) and (16),
we have

Īij ¼
m
3

X
n;n0

ðωn>ωn0 Þ

ðn0jQijjnÞa†n0ane−iðωn−ωn0 Þt þ H:c:; ð21Þ

where any irrelevant time-independent parts with ωn ¼ ωn0

have been left out and for simplicity we have adopted the
quantum mechanics styled notation

ðn0jQijjnÞ ¼
Z

d3xQijψn0 ðrÞψnðrÞ; ð22Þ

where Dirac’s brackets are denoted by ð·j and j·Þ, as
opposed to h·j and j·i reserved for the main quantum states
of our present discussion based on quantum field theory.
Comparing Eqs. (8) and (21), we see that

Īijðωn − ωn0 Þ ¼
m
3
ðn0jQijjnÞa†n0an ð23Þ

Ī†ijðωn − ωn0 Þ ¼
m
3
ðn0jQijjnÞ�a†nan0 ð24Þ

for ωn > ωn0.
Let us apply the above general setup to a two-level atom

model with states j1i ¼ jn1; l1; m1i and j2i ¼ jn2; l2; m2i
having respective eigenenergies E1 ¼ ℏω1 and E2 ¼ ℏω2

and the transition frequency ω0 ¼ ω2 − ω1 > 0. It is useful
to denote these two states by

j1i ¼ a†1j0i; j2i ¼ a†2j0i

with the ladder operators

σþ ¼ j2ih1j ¼ a†2a1; σ− ¼ j1ih2j ¼ a†1a2:

Introducing the transition quadrupole moment

qij ¼ ð1jQijj2Þ; ð25Þ

we can express Eqs. (23) and (24) as

Īijðω0Þ ¼
m
3
qija

†
1a2 ¼

m
3
qijσ− ð26Þ

Ī†ijðω0Þ ¼
m
3
qija

†
2a1 ¼

m
3
q�ijσ

þ: ð27Þ

Substituting Eqs. (26) and (27) into Eq. (14), we obtain the
dissipator for the two-level atom to be
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Dρ ¼ Γ0ðNgwðω0Þ þ 1Þ
h
σ−ρσþ −

1

2
fσþσ−; ρg

i
þ Γ0Ngwðω0Þ

h
σþρσ− −

1

2
fσ−σþ; ρg

i
; ð28Þ

where we have introduced the gravitational spontaneous
emission rate

Γ0 ¼
2Gm2ω5

0q
2

45ℏ
ð29Þ

in terms of the coupling coefficient related to the squared
modulus of the quadrupole moment of the two-level atom

q2 ¼ q�ijqij; ð30Þ

subject to the following selection rules [33,67],

l1 þ l2 ≥ 2; Δl ¼ 0;�2; Δm ¼ 0;�1;�2; ð31Þ

where Δl ¼ l2 − l1, Δm ¼ m2 −m1, outside of which we
have q2 ¼ 0.
An alternative derivation of Eq. (28) based on a more

conventional quantum mechanical treatment is given in
Appendix A. Quantum field theory as the main approach of
this work has the advantage of describing an arbitrary
number of bosonic and fermionic particles and their
collective behaviors more naturally and effectively.

IV. GRAVITATIONAL WAVE INTERACTIONS
WITH CORRELATED TWO-LEVEL ATOMS

An N-particle two-level state is given by

jN1; N2i ¼
a†N1

1ffiffiffiffiffiffiffiffi
N1!

p a†N2

2ffiffiffiffiffiffiffiffi
N2!

p j0i ð32Þ

with N1 þ N2 ¼ N. There are N þ 1 such states, which can
be represented with

jpi ¼ jN − pþ 1; p − 1i ð33Þ

for p¼1;2;…Nþ1, so that j1i¼ jN;0i; j2i¼ jN−1;1i;…
jNþ1i¼ j0;Ni. It follows from

hN0
1; N

0
2ja†1a2jN1; N2i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN1 þ 1ÞN2

p
δN0

1
;N1þ1δN0

2
;N2−1

hN0
1; N

0
2ja†2a1jN1; N2i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N1ðN2 þ 1Þ

p
δN0

1
;N1−1δN0

2
;N2þ1

that

hp0ja†1a2jpi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp − 1ÞðN − pþ 2Þ

p
δp0;p−1

hp0ja†2a1jpi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðN − pþ 1Þ

p
δp0;pþ1:

Using the above relations, we see that Eqs. (23) and (24)
become

Īijðω0Þ ¼
m
3
qijΣ− ð34Þ

Ī†ijðω0Þ ¼
m
3
q�ijΣþ ð35Þ

using the (N þ 1)-dimensional ladder operators

Σþ
p0p ¼ Σ−

pp0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðN − pþ 1Þ

p
δp0;pþ1: ð36Þ

Substituting Eqs. (34) and (35) into Eq. (14), we obtain the
dissipator for the correlated N two-level atoms

Dρ ¼ Γ0ðNgwðω0Þ þ 1Þ
h
Σ−ρΣþ −

1

2
fΣþΣ−; ρg

i
þ Γ0Ngwðω0Þ

h
ΣþρΣ− −

1

2
fΣ−Σþ; ρg

i
: ð37Þ

For N ¼ 1, we have the reduction Σ� ¼ σ�. However, in
general, we see that

Σ�
p�1p ≈

N
4
; for p ≈

N
2

ð38Þ

with a large N, providing an N2 amplification for Eq. (37)
compared with Eq. (28).
Consider a diagonal density matrix

ρpq ¼ ρpδp;q ð39Þ

with the normalization

XNþ1

p¼1

ρp ¼ 1; ð40Þ

from which we can calculate the following:

ðΣþΣ−ρÞpq ¼ ðp − 1ÞðN − pþ 2Þρpδp;q
ðΣ−ΣþρÞpq ¼ pðN − pþ 1Þρpδp;q
ðΣ−ρΣþÞpq ¼ pðN − pþ 1Þρpþ1δp;q

ðΣþρΣ−Þpq ¼ ðp − 1ÞðN − pþ 2Þρp−1δp;q
ðρΣ−ΣþÞpq ¼ pðN − pþ 1Þρpδp;q
ðρΣþΣ−Þpq ¼ ðp − 1ÞðN − pþ 2Þρpδp;q:

Substituting the above relations into Eq. (37), we have

ðDρÞpq ¼ Γ0Dpδp;q; ð41Þ

where
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Dp ¼ ð1þ Ngwðω0ÞÞpðN − pþ 1Þρpþ1

− ð1þ Ngwðω0ÞÞðp − 1ÞðN − pþ 2Þρp
þ Ngwðω0Þðp − 1ÞðN − pþ 2Þρp−1
− Ngwðω0ÞpðN − pþ 1Þρp: ð42Þ

The trace of Eq. (41) vanishes

TrðDρÞ ¼
XNþ1

p¼1

ðDρÞpp ¼ 0; ð43Þ

as required for the consistency of Eq. (40) under time
evolution. Denoting by ρðsÞ ¼ Nρp, DðsÞ ¼ NDp using
s ¼ ðp − 1Þ=N and ϵ ¼ 1=N with 0 ≤ s ≤ 1, we see that
Eq. (42) becomes

Dðsþ ϵÞ ¼ ½ðsþ ϵÞð1− sÞρðsþ 2ϵÞ
− sð1− ðs− ϵÞÞρðsþ ϵÞ�=ϵ2
þNgwðω0Þ½ðsþ ϵÞð1− sÞðρðsþ 2ϵÞ− ρðsþ ϵÞÞ
− sð1− ðs− ϵÞÞðρðsþ ϵÞ− ρðsÞÞ�=ϵ2:

For a large particle number N ≫ 1 and hence ϵ ≪ 1, the
above tends to the continuous limit

DðsÞ ¼ fsð1 − sÞ½NρðsÞ þ Ngwðω0Þρ0ðsÞ�g0; ð44Þ

where ð 0Þ ¼ ∂s. Then, the discrete dissipator (37) becomes
the following continuous “diffuser,”

DρðsÞ ¼ Γ0fsð1 − sÞ½NρðsÞ þ Ngwðω0Þρ0ðsÞ�g0; ð45Þ

with possible collective amplification by a factor up to N2

represented by ð 0Þ ∼ N and ð 00Þ ∼ N2. In terms of Eq. (44),
the traceless condition (43) then becomes

Z
1

0

DðsÞds ¼ 0: ð46Þ

For a stationary finite solution with Dρ ¼ 0 and
Ngwðω0Þ > 0, Eq. (45) reduces to

Ngwðω0Þρ0ðsÞ ¼ −NρðsÞ; ð47Þ

yielding

ρðsÞ ¼ e−s=w

wð1 − e−1=wÞ ; ð48Þ

where w ¼ Ngwðω0Þ=N. See Fig. 3 for illustrative numeri-
cal examples of dynamical relaxations into the stationary
states described above.

V. OPTIMAL GRAVITATIONAL WAVE
INTERACTIONS WITH
CORRELATED ATOMS

In this section, we would like to relate the above
theoretical description to physically relevant values. To
this end, let us first relate the distribution function NgwðωÞ
to the spectral function ΩgwðfÞ for gravitational waves.
The gravitational wave energy density

ρgw ¼ 1

32πG
h _hij _hiji

is related to NgwðkÞ by [68]

ρgw ¼ ℏ
π2

Z
∞

0

dωω3NgwðωÞ:

On the other hand, the energy density spectral function
ρgwðωÞ of the gravitational waves is also given by

dρgw ¼ ρgwðωÞdω:

Comparing the above two relations, we see that

ρgwðωÞ ¼
ℏ
π2

ω3NgwðωÞ:

Using the wave frequency f ¼ ω=2π, Planck constant
h ¼ 2πℏ, and dρgw ¼ ρgwðfÞdf, we can write the above as

ρgwðfÞ ¼ 8πhf3NgwðωÞ:

Then, by using the critical energy density ρc in cosmology,
we see that the dimensionless spectral function ΩgwðfÞ for
gravitational waves is given by

ΩgwðfÞ ¼
1

ρc

dρgw
d ln f

¼ 8πh
ρc

f4NgwðωÞ: ð49Þ

To recover NgwðωÞ from given ΩgwðfÞ, we can invert
Eq. (49) to get

NgwðωÞ ¼
ρc
8πh

ΩgwðfÞ
f4

; ð50Þ

which is the sought relation between the distribution
function NgwðωÞ and spectral function ΩgwðfÞ.
Let us now consider an estimate of the single atom

transition rate Γ0 with states j1i ¼ jn1; l1; m1i and j2i ¼
jn2; l2; m2i where n2 ≥ n1
In terms of the Bohr radius a0, we can make the

following approximations,
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ðRn1;l1 jr2jRn1;l1Þ ≈ n21a
2
0

ðRn2;l2 jr2jRn2;l2Þ ≈ n22a
2
0;

and hence [33]

ðRn1;l1 jr2jRn2;l2Þ2 ≈ n21n
2
2a

4
0: ð51Þ

Substituting Eq. (51) into Eq. (30) and using the related 3-j
symbols described in Appendix B, we can therefore
approximate

q2 ≈ n21n
2
2a

4
0; ð52Þ

subject to the selection rules (31). Then, the gravitational
spontaneous emission rate for a single atom given by
Eq. (29), with the speed of light c restored, reads

Γ0 ¼
2Gm2n21n

2
2a

4
0ω

5
0

45ℏc5
; ð53Þ

also subject to the selection rules (31).
To take advantage of an N2 amplification factor for the

transition rate discussed in Sec. IV, we will take as an initial
state a spikelike profile specified by

ρp ¼ δp;p0
ð54Þ

with 1 ≤ p0 ≤ N þ 1; then, Eq. (42) becomes

Dp ¼ ð1þ Ngwðω0ÞÞpðN − pþ 1Þδpþ1;p0

− ð1þ Ngwðω0ÞÞðp − 1ÞðN − pþ 2Þδp;p0

þ Ngwðω0Þðp − 1ÞðN − pþ 2Þδp−1;p0

− Ngwðω0ÞpðN − pþ 1Þδp;p0
: ð55Þ

The transition rate of the initial state follows as

Dp0
¼ −ð1þ Ngwðω0ÞÞðp0 − 1ÞðN − p0 þ 2Þ
− Ngwðω0Þp0ðN − p0 þ 1Þ; ð56Þ

whereas the transition rate of the state above the initial state
follows as

Dp0þ1 ¼ Ngwðω0Þp0ðN − p0 þ 1Þ: ð57Þ

For a large N, to maximize the absolute values of Eqs. (56)
and (57), we choose p0 ≈ N=2, and then we have

Dp0
¼ −

N2

4
ð1þ 2Ngwðω0ÞÞ ð58Þ

and

Dp0þ1 ¼
N2

4
Ngwðω0Þ ð59Þ

to the leading order in N. The short-time evolutions of such
“favorable states” under gravitational waves and spacetime
fluctuations are illustrated in Figs. 3 and 4.
Using Eqs. (41), (53), (58), and (59), it is convenient to

introduce the effective scale transition rates

Γgw ¼ N2

4
Γ0Ngwðω0Þ ð60Þ

Γvac ¼
N2

4
Γ0Nvacðω0Þ ð61Þ

and the associated relaxation times

τgw ¼ 1

Γgw
; τvac ¼

1

Γvac
ð62Þ

FIG. 4. Simulations of short-time collective transitions due to
vacuum fluctuations of spacetime and additional stochastic
gravitational waves with a chosen Ngwðω0Þ ¼ 1. In plot (a) with
N ¼ 100 atoms, the initial state corresponds to the spike of height
1 at ðp; tÞ ¼ ð50; 0Þ. While this state decays similarly to the
descriptions in Fig. 4, its adjacent higher state with p ¼ 51 is
excited with an initial time scale of τgw ¼ 4=ðN2Γ0Ngwðω0ÞÞ ¼
0.0004=Γ0 according to Eqs. (60) and (62). In plot (b) with
N ¼ 200 atoms, the initial state corresponds to the spike of height
1 at ðp; tÞ ¼ ð100; 0Þ. For a doubled N, its adjacent higher state
with p ¼ 101 is excited with a quarter of the preceding initial
time scale with τgw ¼ 4=ðN2Γ0Ngwðω0ÞÞ ¼ 0.0001=Γ0.
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due respectively to stochastic gravitational waves and
vacuum fluctuations, in terms of the constant vacuum
distribution function

NvacðωÞ ¼ 1: ð63Þ

Equations (49) and (63) allow us to give an analogous
spectral function for vacuum fluctuations as a quartic
function of frequency to be

ΩvacðfÞ ¼
8πhf4

c3ρc
ð64Þ

with the speed of light c restored.
If we envisage an off-resonant high-Q cavity of volume

L3, then the number of contained atoms N is limited by

N ≲ L3

4πðn22a0Þ3=3
: ð65Þ

Substituting Eqs. (53), (60), (62), and (65) into Eq. (49), we
have

Ωðf0Þ≳ 160ℏ2c2a20n
10
2

GL6ρcm2τω0n21
ð66Þ

which applies to Ω ¼ Ωgw and Ωvac for given τ ¼ τgw and
τvac for the stochastic gravitational waves and vacuum
spacetime fluctuations respectively. Considering the tran-
sition frequency given by

ω0 ¼
�
1

n21
−

1

n22
þ ϵ

�
ER

ℏ
; ð67Þ

where ϵ indicates an energy shift due to, e.g., quantum
defects or Lamb/Zeeman shifts, it is clear that the lower
bound of the spectral function Eq. (66) is minimized for
f0 ≲ THz with ϵ ≪ 1 by small principal quantum numbers
n2 ¼ n which is as close to 1 as possible, with n1 equal to
or as close to n as possible.
Subject to further experimental constraints to be inves-

tigated further, Eq. (66) provides theoretical lower bounds
on their spectral functions for detection, as preluded in
Sec. I with Fig. 1, where specific numerical examples using
an ensemble of heliumlike atoms are studied with
n1 ¼ n2 ¼ n ¼ 2, l1 ¼ l2 ¼ 1, −m1 ¼ m2 ¼ 1, satisfying
the selection rules (31) with l1 þ l2 ¼ 2, Δl ¼ 0, Δm ¼ 2,
and 0 < ϵ≲ 0.003, which could be induced by a Zeeman-
type shift.

VI. CONCLUSION AND DISCUSSION

Recent developments in gravitational and quantum
physics have not only enriched applications with emerging
prospects but also escalated the quest for a unified theory of

quantum gravity that in turn has important bearing on the
structure and evolution of the Universe. The growing
availabilities for quantum matter exemplified by ultracold
atoms with higher excitations, more correlations, better
controls, and in larger quantities promise valuable tools in
this scientific endeavor.
In this work, we have carried out new theoretical analysis

describing how a large number of correlated atoms could
interact and sense gravitational waves of fundamental and
cosmological origins to go beyond the physical capacities
of conventional detectors. We have reported theoretical
results within generic physical constraints but not fully
taken onboard experimental implementations, which are a
subject of future work.
Nonetheless, apart from extending the conceptual frame-

work, building up theoretical tools and guiding possible
viable detection of gravitational waves outside existing
windows including zero-point fluctuations, our findings
can already be used to rule out potential claims of effects
that can be mapped to below our theoretical lower bounds
on measurable gravitational wave spectral function values
using quantum techniques, as noted in the caption of Fig. 1,
unless new inputs in addition to considerations adopted
here are supplied.
In going forward, it would also be worth exploring the

effects of the interaction HamiltonianHint in Eq. (1), which
we neglect at present for simplicity, to accommodate atom-
atom interactions, external control of atoms, and inter-
actions with regular and nonstochastic gravitational waves
for their quantum sensing based our framework.
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APPENDIX A: ALTERNATIVE DERIVATION
OF THE QUANTUM DISSIPATOR OF THE

TWO-LEVEL ATOM

The quantum mechanical interaction Hamiltonian
between a mass m and gravitational waves [33,39] is
given by

HI ¼
1

2
mR0i0jrirj: ðA1Þ

Using the weak gravitational wave relation [64]

R0i0j ¼ −
1

2
ḧTTij ;

we see that Eq. (A1) becomes
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HI ¼ −
1

12
mQijḧ

TT
ij ; ðA2Þ

where Qij is the quadrupole moment tensor given by
Eq. (7).
It is useful to write Eq. (A2) in the standard form of the

interaction Hamiltonian for open quantum systems [66],

HI ¼
X
α

AαBα; ðA3Þ

with the following identifications,

α → ði; jÞ ðA4Þ

Aα → Aij ¼ mQij ðA5Þ

Bα → Bij ¼ −
1

12
ḧTTij ; ðA6Þ

yielding in our two-level case the following Lindblad
operators,

AijðωÞ ¼ j1Þð1jAijj2Þð2j ¼ mqijσ− ðA7Þ

Aijð−ωÞ ¼j2Þð2jAijj1Þð1j ¼ mq�ijσ
þ; ðA8Þ

using Eq. (25) and

σþ ¼ j2Þð1j; σ− ¼ j1Þð2j:

Clearly, AijðωÞ satisfies

A†
ijðωÞ ¼ Aijð−ωÞ; AkkðωÞ ¼ 0 ðA9Þ

for ω → �ω.
Using the rotating wave approximation, we have the

following dissipator,

Dρ ¼
X
ω→�ω

X
α;α0

Γα;α0 ðωÞ½AαðωÞρA†
α0 ðωÞ − A†

α0 ðωÞAαðωÞρ�

þ H:c:; ðA10Þ

with the spectral correlation tensor

Γα;α0 ðωÞ ¼
1

ℏ2

Z
∞

0

dseiωshB†
αðsÞBα0 ð0Þi ðA11Þ

using a Gaussian stationary bath of gravitational waves.
This expression can be evaluated by using Eq. (A6) with
the field expansion for hTTij . To evaluate Eq. (A11), consider
the wave expansion for the gravitons,

hTTij ¼
Z

d3k

ffiffiffiffiffiffiffi
Gℏ
π2k

r
eλijðkÞaλkeikx þ H:c:; ðA12Þ

with the relations

½aλk; aλ
0†
k0 � ¼ δλλ0δðk; k0Þ

½aλ†k ; aλ
0†
k0 � ¼ ½aλk; aλ

0
k0 � ¼ 0:

To proceed, consider the discrete momentum k of the
atom in a box of volume V expressed in terms of the
Cartesian wave numbers ni ¼ 1; 2;… as follows:

k ¼
�
2πn1
V1=3 ;

2πn2
V1=3 ;

2πn3
V1=3

�
:

In order to write the field in this box, we use

Z
d3k ↔

ð2πÞ3
V

X
k

ðA13Þ

with the modes inside the box normalized such that

Z
V
d3xeikre−ik

0r ¼ Vδkk0 :

Along with the following representation for the delta
function in a finite volume,

δðr − r0Þ ¼ 1

V

X
k

eikðr−r0Þ:

The Dirac delta function maps to the Kronecker delta as
follows:

δðk − k0Þ ↔ V
ð2πÞ3 δkk0 :

Ladder operators for free fields are related by

ak ↔

ffiffiffiffiffiffiffiffiffiffiffi
V

ð2πÞ3
s

ak

a†k ↔

ffiffiffiffiffiffiffiffiffiffiffi
V

ð2πÞ3
s

a†k

so that

½ak; a†k0 � ¼ δðk − k0Þ
½ak; a†k� ¼ δkk0 :

Then, the discrete version of (A12) takes the form

hTTij ¼
X
k

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGℏ
Vk

r
eλijðkÞaλkeikx þ H:c: ðA14Þ

For an equilibrium environment [66], we have
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haλ†k aλ
0
k0 i ¼ δλλ0δk;k0NgwðkÞ

haλkaλ
0†
k0 i ¼ δλλ0δk;k0 ð1þ NgwðkÞÞ

haλ†k aλ
0†
k0 i ¼ haλkaλ

0
k0 i ¼ 0

for some distribution function NgwðkÞ with the quantum
ensemble average h·i. Then, using Eqs. (A6), (A14), and
the above, Eq. (A11) becomes

Γij;klðωÞ¼
πGk3

9ℏV

X
k

PijklðkÞ

×
Z

∞

0

ds½ð1þNgwðkÞÞe−iðk−ωÞsþNgwðkÞeiðkþωÞs�:

Then by using Eq. (A13), the above returns to the
continuous momentum case as follows:

Γij;klðωÞ¼
G

72π2ℏ

Z
∞

0

dkk5
Z

dΩPijklðkÞ

×
Z

∞

0

ds½ð1þNgwðkÞÞe−iðk−ωÞsþNgwðkÞeiðkþωÞs�:

Substituting the relation (13) into the above, we have

Γij;klðωÞ¼
Gð3δikδjlþ3δilδjk−2δijδklÞ

270πℏ

Z
∞

0

dkk5

×
Z

∞

0

ds½ð1þNgwðkÞÞeiðω−kÞsþNgwðkÞeiðωþkÞs�:

Using the Sokhotski-Plemelj theorem [66]Z
∞

0

dse−iϵs ¼ πδðϵÞ − iP
1

ϵ
; ðA15Þ

where P denotes the Cauchy principal value, the above
becomes

Γij;klðωÞ¼
Gð3δikδjlþ3δilδjk−2δijδklÞ

270πℏ

×
Z

∞

0

dkk5
�
ð1þNgwðkÞÞ

�
πδðω−kÞþ iP

1

ω−k

�

þNgwðkÞ
�
πδðωþkÞþ iP

1

ωþk

��
:

Neglecting P terms as they do not contribute to quantum
decoherence and dissipation, we see that the above
reduces to

Γij;klðωÞ ¼
Gð3δikδjl þ 3δilδjk − 2δijδklÞ

270ℏ

Z
∞

0

dk

× k5½ð1þNgwðkÞÞδðω− kÞ þNgwðkÞδðωþ kÞ�;

yielding

Γij;klðωÞ¼
Gω5

270ℏ
ð3δikδjlþ3δilδjk−2δijδklÞðNgwðωÞþ1Þ

Γij;klð−ωÞ¼
Gω5

270ℏ
ð3δikδjlþ3δilδjk−2δijδklÞNgwðωÞ:

Substituting these two relations into the dissipator (A10)
and using (A9), we have

Dρ ¼ Gω5

90ℏ

X
ij;kl

ðδikδjl þ δilδjkÞ

× fðNgwðωÞ þ 1Þ½AijðωÞρA†
klðωÞ − A†

klðωÞAijðωÞρ
þ AklðωÞρA†

ijðωÞ − ρA†
ijðωÞAklðωÞ�

þ NgwðωÞ½A†
ijðωÞρAklðωÞ − AklðωÞA†

ijðωÞρ
þ A†

klðωÞρAijðωÞ − ρAijðωÞA†
klðωÞ�g;

which yields the following dissipator of the Lindblad form:

Dρ ¼ 2Gω5

45ℏ

X
ij

�
ðNgwðωÞ þ 1Þ

×
h
AijðωÞρA†

ijðωÞ −
1

2
fA†

ijðωÞAijðωÞ; ρg
i

þ NgwðωÞ
�
A†
ijðωÞρAijðωÞ −

1

2
fAijðωÞA†

ijðωÞ; ρg
��

:

Finally, by using Eqs. (A7) and (A8), we can further
simplify the above to the same form as Eq. (28).

APPENDIX B: EVALUATION OF THE
TRANSITION QUADRUPOLE MOMENT

To evaluate qij in Eq. (25), let us consider the compo-
nents of Qij given by Eq. (7), noting that Qij has five
independent components for being traceless. For l ¼ 2, we
can express Qij in terms of the spherical harmonics
Ym
l¼2ðθ;ϕÞ as follows:

Q11 ¼
ffiffiffiffiffiffi
6π

5

r
r2ðY−2

2 þ Y2
2Þ −

ffiffiffiffiffiffi
4π

5

r
r2Y0

2 ðB1Þ

Q22 ¼ −
ffiffiffiffiffiffi
6π

5

r
r2ðY−2

2 þ Y2
2Þ −

ffiffiffiffiffiffi
4π

5

r
r2Y0

2 ðB2Þ

Q33 ¼
ffiffiffiffiffiffiffiffi
16π

5

r
r2Y0

2 ðB3Þ

Q12 ¼ i

ffiffiffiffiffiffi
6π

5

r
r2ðY−2

2 − Y2
2Þ ðB4Þ

Q13 ¼
ffiffiffiffiffiffi
6π

5

r
r2ðY−1

2 − Y1
2Þ ðB5Þ
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Q23 ¼ i

ffiffiffiffiffiffi
6π

5

r
r2ðY−1

2 þ Y1
2Þ: ðB6Þ

Denoting by

ðRn1;l1 jfðrÞjRn2;l2Þ ¼
Z

∞

0

drr2fðrÞRn1;l1ðrÞRn2;l2ðrÞ;

we can evaluate the matrix elements of the above Qij in
terms of Wigner’s 3-j symbols through the relation

ðn1; l1; m1jr2Ym
l¼2ðθ;ϕÞjn2; l2; m2Þ

¼ ðRn1;l1 jr2jRn2;l2Þð−1Þm1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2lþ 1Þð2l2 þ 1Þ

4π

r

×

�
l1 l l2
0 0 0

��
l1 l l2

−m1 m m2

�
ðB7Þ

with l ¼ 2.
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