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Abstract 
This work presents a porous crystal plasticity model which incorporates the necessary 
mechanisms of deformation and failure in single crystalline porous materials. Such models 
can play a significant role in better understanding the behaviour of inherently porous 
materials which could be an artefact of manufacturing process viz. 3d metal printing. The 
presented model is an extension of the conventional crystal plasticity model. The proposed 
model includes the effect of mechanics based quantities, such as stress triaxiality, initial 
porosity, crystal orientation, void growth and coalescence, on the deformation and failure of a 
single crystalline material. A detailed parametric assessment of the model has been presented 
to assess the model behaviour for different material parameters. The model is validated using 
uniaxial data taken from literature. Lastly, model predictions have been presented to 
demonstrate the model’s ability in predicting deformation, and failure in polycrystalline sheet 
materials.  

Keywords Porous crystal plasticity, Void growth and coalescence, Metal Forming, Porous 
single metal crystals 

1. Introduction 
Depending upon the manufacturing process a metal can have inherent microvoids which can 
play a significant role during material deformation and failure. In the last two decades, 
researchers and scientists have worked on developing phenomenological theories that can be 
used to predict failure in metals during different loading conditions (for details please see ref 
[1]–[3] and therein). Based on the experimental findings [4], [5], a range of constitutive 
models have been developed in the past to account for void growth and coalescence to predict 
ductile failure in metals [1], [6], [7]. Siddiq et al. [1] presented a variational void coalescence 
model that includes all the essential ingredients of deformation and failure in ductile metals, 
i.e. elastic deformation, plastic deformation including deviatoric and volumetric (void 
growth) plastic deformation followed by damage initiation and evolution due to void 
coalescence. The model in general is an extension of variational J2-plasticity theory. 
McClintock [8] and Rice and Tracey [9] proposed void growth model for cylindrical and 
spherical voids, respectively. Gurson [10] proposed a model for spherical void with porosity 
the only microstructural variable. Koplik and Needleman [11], Tvergaard [12], Pardoen et al. 
[13] modified Gurson’s model to define the damage initiation criterion based on maximum 
effective stress or the critical porosity. As discussed above, there is a whole family of 
constitutive models available that account for void growth and coalescence. All such models 
are based on the assumption that voids are present in the isotropic matrix and do not take into 
account crystalline anisotropy inside the individual grain due to different grain orientations.  
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Recent crystal plasticity based representative volume element (RVE) simulations of single 
crystalline material with microvoids have shown the significant role played by crystal 
orientation during void growth under different types of loading [14]–[19]. Also, recent 
discrete dislocation simulations [20] and atomistic simulations [21] have shown that it is 
necessary to account for the effect of crystal anisotropy on void growth and coalescence. The 
above works suggests it is necessary to develop a crystal plasticity based constitutive model 
that accounts for the effect of mechanics based quantities, such as stress triaxiality, initial 
porosity, and crystal orientation inside individual grains, on the overall deformation and 
failure.  
There has been significant research performed in this area in the recent past, these works have 
been thoroughly reviewed and discussed in the literature, for example by incorporating  
crystallographic aspect for anisotropic behaviour ([14], [22]–[26] and references there in) or 
anisotropy through phenomenological plasticity models (for details see [26]–[28]). These 
works are based on Gurson type approach (for details see [25]–[28] and references therein), 
and homogenisation approaches ([14], [22]–[24]).     
In the proposed work, an approach similar to [1] has been used to incorporate the void growth 
and coalescence effect in a crystal plasticity based constitutive model in a phenomenological 
context. The model is capable of predicting the microstructure evolution during deformation 
and is also able to predict the onset and evolution of failure due to void growth and 
coalescence inside individual grains, i.e. intragranular ductile failure. The model accounts for 
the effects of crystal orientation, porosity, void growth and coalescence. 
The paper is organised into 5 sections. Section 2 presents the void growth and coalescence 
model in crystal plasticity framework. Section 3 presents a detailed parametric assessment of 
the proposed model. Section 4 present the model validation and finite element based 
application. Final conclusions and future directions are presented in section 5. 

2. Crystal Plasticity Framework 

2.1. Kinematics 
Conventional crystal plasticity theory has been extended to account for the elastic-plastic 
response due to crystallographic slip and void growth. The total deformation gradient is 
described through multiplicative decomposition of the deformation gradient (𝑭𝑭) into elastic 
(𝑭𝑭𝒆𝒆) and a plastic (𝑭𝑭𝒑𝒑) component. 

𝑭𝑭 = 𝑭𝑭𝒆𝒆𝑭𝑭𝒑𝒑 ( 1 ) 

Based on Figure 1, the elastic part (𝑭𝑭𝒆𝒆) can be decomposed into the symmetric left elastic 
stretch tension (𝑼𝑼𝒆𝒆) and the rotation tension (𝑹𝑹𝒆𝒆). 

𝑭𝑭𝒆𝒆 = 𝑼𝑼𝒆𝒆𝑹𝑹𝒆𝒆  ( 2 ) 

Thus kinematics of the single crystal is given by 

𝑭𝑭 = 𝑼𝑼𝒆𝒆𝑹𝑹𝒆𝒆𝑭𝑭𝒑𝒑  ( 3 ) 

Here 𝑹𝑹𝒆𝒆𝑭𝑭𝒑𝒑 is the denoted by 𝑭𝑭∗ representing the plasticity and rotation of the lattice and 
based on Figure 1 is given by 
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𝑭𝑭∗ = 𝑹𝑹𝒆𝒆𝑭𝑭𝒑𝒑 = 𝑹𝑹𝒆𝒆𝑭𝑭𝒔𝒔
𝒑𝒑𝑭𝑭𝒗𝒗

𝒑𝒑 ( 4 ) 

where 𝑭𝑭𝒔𝒔
𝒑𝒑 is the plastic deformation gradient due to plastic slip while 𝑭𝑭𝒗𝒗

𝒑𝒑 is the plastic 
deformation gradient due to void growth. 

 

Figure 1: Elastic-plastic deformation kinematics of single crystals with voids by crystallographic slip and void growth 

The velocity gradient (𝑳𝑳) in current configuration 𝔅𝔅𝑓𝑓 is given by 

𝑳𝑳 = �̇�𝑭𝑭𝑭−𝟏𝟏 = 𝑼𝑼𝒆𝒆̇ (𝑼𝑼𝒆𝒆)−𝟏𝟏 + 𝑼𝑼𝒆𝒆𝑳𝑳�∗(𝑼𝑼𝒆𝒆)−𝟏𝟏 ( 5 ) 

Where 𝑳𝑳∗� is velocity gradient in 𝔅𝔅�3 configuration and is given by 

𝑳𝑳�∗ = �̇�𝑭∗𝑭𝑭∗−𝟏𝟏 = �̇�𝑹𝒆𝒆𝑹𝑹𝒆𝒆𝑻𝑻 + 𝑹𝑹𝒆𝒆𝑳𝑳�𝒑𝒑𝑹𝑹𝒆𝒆𝑻𝑻 ( 6 ) 

with 𝑳𝑳�𝒑𝒑 = 𝑳𝑳�𝒔𝒔
𝒑𝒑 + 𝑳𝑳�𝒗𝒗

𝒑𝒑 being the plastic velocity gradient in 𝔅𝔅�2 configuration and �̇�𝑹𝒆𝒆𝑹𝑹𝒆𝒆𝑻𝑻 is the 
spin of the crystal. 

The plastic velocity gradient (𝑳𝑳�𝒔𝒔
𝒑𝒑) in 𝔅𝔅�1is related to the slip rate (�̇�𝛾𝛼𝛼) of the individual slip 

system by 

𝑳𝑳�𝒔𝒔
𝒑𝒑 = �̇�𝑭𝒔𝒔

𝒑𝒑𝑭𝑭𝒔𝒔
𝒑𝒑−𝟏𝟏 = ∑ �̇�𝛾𝛼𝛼 (𝒎𝒎�𝜶𝜶 ⊗ 𝒏𝒏�𝜶𝜶)𝑁𝑁

∝=1  ( 7 ) 

with 𝒎𝒎�𝜶𝜶 and 𝒏𝒏�𝜶𝜶 define the orientation of the slip system 𝛼𝛼 in 𝔅𝔅�1 through Schmidt tensor 
(𝑺𝑺�𝛼𝛼 = 𝒎𝒎� 𝛼𝛼 ⊗ 𝒏𝒏�𝛼𝛼). 

For plastic velocity gradient in 𝔅𝔅�2 due to the void growth only, we use the following 
relationship  

𝑳𝑳�𝒗𝒗
𝒑𝒑 = 𝐴𝐴�̇�𝛽𝑔𝑔 �

1
3
� 𝑰𝑰 ( 8 ) 
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with �̇�𝛽𝑔𝑔 ≥ 0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑓𝑓𝑒𝑒 while �̇�𝛽𝑔𝑔 ≤ 0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑐𝑐𝑓𝑓𝑒𝑒𝑐𝑐𝑓𝑓𝑒𝑒𝑐𝑐𝑐𝑐𝑒𝑒𝑓𝑓𝑒𝑒 and 𝐴𝐴 is a material constant which 
scales the 𝛽𝛽𝑔𝑔. It must be noted that plastic velocity gradient due to void growth is assumed to 
be purely hydrostatic which is based on the assumption that void growth in FCC crystals is 
very small for deviatoric part of the deformation (see for example [29]) and previous 
constitutive models ([1], [7]). It must be noted that the effect of void growth on plastic slip 
(deviatoric part of plastic strain) is not demonstrated here. However, it will be shown later in 
section 2.3.2 that model does incorporate the effect of the presence of void and its growth on 
the plastic slip activity due to a combine effect of local stress concentrations, triaxialities and 
shape change as reported in literature (see for example [19], [24], [29]). 

Substituting equations ( 7 ) and ( 8 ) into ( 6 ) and mapping the Schmidt tensors 𝑺𝑺�𝛼𝛼 in 𝔅𝔅�1 and 𝑺𝑺�𝛼𝛼 in 
𝔅𝔅�2 to 𝔅𝔅�3 through forward transformation as  𝑺𝑺�𝜶𝜶 = 𝑹𝑹𝒆𝒆𝑺𝑺�𝜶𝜶(𝑹𝑹𝒆𝒆)𝑻𝑻 = 𝑹𝑹𝒆𝒆𝑺𝑺�𝜶𝜶(𝑹𝑹)𝑻𝑻 will yield 

𝑳𝑳�∗ = �̇�𝑹𝒆𝒆𝑹𝑹𝒆𝒆𝑻𝑻 + ∑ �̇�𝛾𝛼𝛼𝑺𝑺�𝜶𝜶𝑁𝑁
∝=1 + 𝐴𝐴�̇�𝛽𝑔𝑔 �

1
3
� 𝑰𝑰 ( 9 ) 

Hence 𝑳𝑳�∗ describes the plastic flow due to crystallographic slip, the rotation of the lattice and 
void growth as referred to the unloaded configuration𝔅𝔅�3. 

The velocity gradient (𝑳𝑳) in the current state (𝔅𝔅𝑓𝑓) can be decomposed as  𝑳𝑳 = �̇�𝑭𝑭𝑭−𝟏𝟏 = 𝑫𝑫 + 𝑾𝑾 
where 𝑫𝑫 = 𝑒𝑒𝑠𝑠𝑠𝑠(𝑳𝑳) and 𝑾𝑾 = 𝑒𝑒𝑠𝑠𝑒𝑒𝑠𝑠(𝑳𝑳) are deformation and spin rate tensors, respectively.  We can 
write the symmetric and skew parts of the velocity gradient (𝑳𝑳) as 

𝑫𝑫 = 𝒔𝒔𝒔𝒔𝒎𝒎��̇�𝑼𝒆𝒆𝑼𝑼𝒆𝒆−𝟏𝟏� + 𝑼𝑼𝒆𝒆−𝑻𝑻𝑫𝑫�∗𝑼𝑼𝒆𝒆−𝟏𝟏 ( 10 ) 

𝑾𝑾 = 𝒔𝒔𝒔𝒔𝒆𝒆𝒔𝒔��̇�𝑼𝒆𝒆𝑼𝑼𝒆𝒆−𝟏𝟏� + 𝑼𝑼𝒆𝒆−𝑻𝑻𝑾𝑾�∗𝑼𝑼𝒆𝒆−𝟏𝟏 ( 11 ) 

with 𝑫𝑫�∗ and 𝑾𝑾�∗ in 𝔅𝔅�3  configuration are defined as 𝑫𝑫�∗ = 𝑒𝑒𝑠𝑠𝑠𝑠�𝑪𝑪�𝒆𝒆𝑳𝑳�∗� and 𝑾𝑾�∗ = 𝑒𝑒𝑠𝑠𝑒𝑒𝑠𝑠(𝑪𝑪�𝒆𝒆𝑳𝑳�∗).    

Using equation (6), 𝑫𝑫�∗ and 𝑾𝑾�∗ can be given by 

𝑫𝑫�∗ = 𝒔𝒔𝒔𝒔𝒎𝒎�𝑪𝑪�𝒆𝒆𝛀𝛀�𝒆𝒆� + 𝑹𝑹𝒆𝒆𝑫𝑫�𝒑𝒑𝑹𝑹𝒆𝒆𝑻𝑻  ( 12 ) 

𝑾𝑾�∗ = 𝒔𝒔𝒔𝒔𝒆𝒆𝒔𝒔�𝑪𝑪�𝒆𝒆𝛀𝛀�𝒆𝒆� + 𝑹𝑹𝒆𝒆𝑾𝑾�𝒑𝒑𝑹𝑹𝒆𝒆𝑻𝑻  ( 13 ) 

with 𝜴𝜴�𝒆𝒆 = �̇�𝑹𝒆𝒆𝑹𝑹𝒆𝒆𝑻𝑻 is the spin of the lattice and 𝑪𝑪�𝒆𝒆 = 𝑼𝑼𝒆𝒆𝑻𝑻𝑼𝑼𝒆𝒆 is right Cauchy-Green elastic 
strain tensor in configuration 𝔅𝔅�3. 

2.2 Constitutive Model 
In the present work, a similar approach as proposed by [30] and later used by [31] has been used, i.e. 

the relationship between the deformation rate (𝑫𝑫𝒆𝒆) and the Jaumann rate of Cauchy stress (𝝈𝝈⏞
𝛁𝛁𝒆𝒆

), which 
is given by 

𝝈𝝈⏞
𝛁𝛁𝒆𝒆

+ 𝝈𝝈(𝑰𝑰:𝑫𝑫𝒆𝒆) = 𝑪𝑪�:𝑫𝑫𝒆𝒆 ( 14 ) 
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where 𝑪𝑪� is the symmetric elastic tensor with 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. It must be noted 

that (𝝈𝝈⏞
𝛁𝛁𝒆𝒆

) rotate with the crystal lattice, which is  related to corotational stress rate on axes 
rotating with the material (for details see [31]).  

Using the same analogy as [30], [31], the resolved shear stress in slip system 𝛼𝛼 can be related 
to the conjugate strain measure (plastic slip) for finite deformation as 

𝜏𝜏𝛼𝛼 =  𝝈𝝈: 𝑒𝑒𝑠𝑠𝑠𝑠�𝑺𝑺�𝜶𝜶� ( 15 ) 

Substitution and simplification of equation ( 14 ) into ( 15 ) would give the relationship for the rate of 
change of resolved shear stress in slip system 𝛼𝛼. 

�̇�𝜏𝛼𝛼 = �𝝈𝝈⏞
𝛁𝛁𝒆𝒆

+ 𝝈𝝈(𝑰𝑰:𝑫𝑫𝒆𝒆) −𝑫𝑫𝒆𝒆𝝈𝝈 + 𝝈𝝈𝑫𝑫𝒆𝒆� : 𝑒𝑒𝑠𝑠𝑠𝑠�𝑺𝑺�𝜶𝜶� ( 16 ) 

2.3 Specific Constitutive Relations 
Based on the discussion in the previous section, one now requires to prescribe the evolution 
equations for the slip (𝛾𝛾𝜶𝜶) in slip system 𝛼𝛼, Evolution of the strength 𝜒𝜒𝑠𝑠𝛼𝛼 of the slip system, 
hardening laws for lattice strain (ℎ𝛼𝛼𝛼𝛼), and void growth (𝛽𝛽𝑔𝑔). 

2.3.1 Evolution of Plastic Slip  
Plastic slip rate in slip system 𝛼𝛼 in a rate dependent material can be estimated using the well-
known power law 

�̇�𝛾𝛼𝛼 = �̇�𝛾0𝛼𝛼 �
|𝜏𝜏𝛼𝛼|
𝜒𝜒𝑠𝑠𝛼𝛼
�
𝑚𝑚1
𝑒𝑒𝑠𝑠𝑒𝑒(𝜏𝜏𝛼𝛼) ( 17 ) 

with �̇�𝛾0𝛼𝛼 is the reference strain rate and 𝜒𝜒𝑠𝑠𝛼𝛼 is the flow strength (strength of the slip system). 

2.3.2 Strength of Slip System Evolution 
Evolution of the strength of the slip system 𝛼𝛼 is given in terms of plastic slip rate 

�̇�𝜒𝑠𝑠𝛼𝛼 = ∑ ℎ𝛼𝛼𝛼𝛼��̇�𝛾𝛼𝛼�𝛼𝛼  ( 18 ) 

with ℎ𝛼𝛼𝛼𝛼 denotes the hardening moduli, and sum ranges over all activated slip systems.  

A range of hardening functions (moduli) are available in the literature [3], [31], [32]. For the 
present work, a modified form a simple hardening moduli [32], [33] is used by including the 
early activation of single crystalline slip systems due to stress concentrations and void 
growth. 

ℎ𝛼𝛼𝛼𝛼 = 𝜑𝜑ℎ0𝑒𝑒𝑒𝑒𝑐𝑐ℎ2 �
ℎ0𝛾𝛾
𝜏𝜏𝑠𝑠−𝜏𝜏0

� (19) 
ℎ𝛼𝛼𝛼𝛼 = 𝑞𝑞ℎ𝛼𝛼𝛼𝛼  

Where ℎ𝛼𝛼𝛼𝛼 is self-hardening moduli, ℎ0 the initial hardening, 𝜏𝜏0 the initial value of current 
strength, 𝜏𝜏𝑠𝑠 is the strength after which large plastic flow starts, 𝛾𝛾 is the Taylor cumulative 
shear strain on all slip systems (𝛾𝛾 = ∑ ∫ |�̇�𝛾𝜶𝜶|𝑑𝑑𝑐𝑐𝑡𝑡

0𝛼𝛼 ), and 𝑞𝑞 is latent hardening constant. 𝜑𝜑 is 
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activation of slip systems due to void growth and stress concentration. For the present study, 
it is assumed to be 𝜑𝜑 = 𝑒𝑒−𝑠𝑠𝛼𝛼𝑔𝑔 with 𝑒𝑒 being the material parameter characterising the slip 
system strength reduction or in other words stress concentration effect.  

2.3.2 Void Growth Rate 
For void fraction evolution we use a relationship motivated from representative volume element 
(RVE) based simulations [2] where evolution of a strain like internal variable (𝛽𝛽𝑔𝑔) due to void growth 
is given by 

�̇�𝛽𝑔𝑔 = 𝐵𝐵
𝜀𝜀ℎ0𝑚𝑚2

. �1 + 𝑠𝑠2 �1 − 𝜀𝜀ℎ
𝜀𝜀𝑒𝑒𝑒𝑒
�� � 𝜀𝜀ℎ

𝜀𝜀𝑒𝑒𝑒𝑒
�
𝑚𝑚2

 ( 20 ) 

where 𝐵𝐵,  𝜀𝜀ℎ0 and 𝑠𝑠2 are the material parameters. 𝐵𝐵 can be considered as the initial reference 
volumetric plastic strain due to void growth and for spherical voids can be given by 

𝐵𝐵 = 𝑓𝑓0𝛽𝛽0̇ = 4
3
𝜋𝜋𝑓𝑓03.𝑁𝑁0.𝛽𝛽0̇ ( 21 ) 

with 𝑓𝑓0 is the initial porosity and is given by 𝑓𝑓0 = 4
3
𝜋𝜋𝑓𝑓03 for spherical voids, while 𝑁𝑁0 is the 

initial void density and 𝛽𝛽0̇ is a parameter which represents the rate of void growth with 
reference to uniaxial loading and is assumed to be 𝛽𝛽0̇ = 𝐶𝐶 𝜺𝜺𝒆𝒆𝒆𝒆

𝜺𝜺𝒉𝒉
. Also, 𝜀𝜀ℎ = 𝑙𝑙𝑓𝑓𝑠𝑠(𝑑𝑑𝑒𝑒𝑐𝑐𝑭𝑭)  is the 

hydrostatic strain, and 𝜀𝜀𝑒𝑒𝑒𝑒 is the equivalent strain. Both 𝜀𝜀ℎ and 𝜀𝜀𝑒𝑒𝑒𝑒 account for total 
deformation, i.e. elastic and plastic strains. 𝜀𝜀ℎ0 is the reference hydrostatic strain. For zero 
stresses or strains 𝛽𝛽𝑔𝑔 is set to be zero. 

2.3.3 Void Coalescence 
There has been models developed in the past which can simulate void coalescence using 
micromechanics based yield criterion which account for void coalescence by internal necking 
or internal shearing (see references [34]–[37] and there in). It has been reported in the 
literature [38] that onset of coalescence strongly depends on the initial orientation of the 
crystal with respect to loading axis. The orientation effect has been included in the void 
growth part and will be shown later that initial orientation governs how fast or slow 𝛽𝛽𝑔𝑔 
grows. In this work a void coalescence model similar to [1] is used, it is assumed that as soon 
as 𝛽𝛽𝑔𝑔 reached to a critical value (𝛽𝛽𝑔𝑔𝑔𝑔) the void growth will be taken over by void coalescence, 
i.e. 𝛽𝛽𝑔𝑔 is replaced by 𝛽𝛽𝑔𝑔𝑐𝑐𝑐𝑐𝑖𝑖 throughout. In the mathematical terms, the strain like internal 
variable due to void coalescence (𝛽𝛽𝑔𝑔𝑐𝑐𝑐𝑐𝑖𝑖) is given by  

𝛽𝛽𝑔𝑔𝑐𝑐𝑐𝑐𝑖𝑖 = 𝛽𝛽𝑔𝑔𝑔𝑔 + 𝛼𝛼1�𝛽𝛽𝑔𝑔 − 𝛽𝛽𝑔𝑔𝑔𝑔�
𝛼𝛼2 ( 22 ) 

where 𝛼𝛼1, 𝛼𝛼2, and 𝛽𝛽𝑔𝑔𝑔𝑔 are material parameters to be identified from experiments. 

2.4 Numerical Implementation 
This section presents an incremental solution procedure for the time integration of the constitutive 
equations of the porous crystal plasticity. Similar to [31], forward gradient time integration scheme is 
implemented in this work. 

Plastic slip increment ∆𝛾𝛾𝛼𝛼 within the time increment ∆𝑐𝑐 can be defined as 
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∆𝛾𝛾𝛼𝛼 = 𝛾𝛾𝛼𝛼(𝑐𝑐 + ∆𝑐𝑐 ) − 𝛾𝛾𝛼𝛼(𝑐𝑐 ) ( 23 ) 

Using linear interpolation within ∆𝑐𝑐 would yield 

∆𝛾𝛾𝛼𝛼 = ∆𝑐𝑐 [(1 − 𝜃𝜃)�̇�𝛾𝑡𝑡𝛼𝛼 + 𝜃𝜃�̇�𝛾𝑡𝑡+∆𝑡𝑡𝛼𝛼 ] ( 24 ) 

Subscript of �̇�𝛾𝑡𝑡𝛼𝛼 is the time at which it is computed. 𝜃𝜃 is integration parameter and ranges from 
0 to 1. For details please see ref [31]. 

As slip rate is a function of both resolved shear stress and strength of the slip system using Taylor 
expansion would lead 

∆𝛾𝛾𝛼𝛼 = ��̇�𝛾𝑡𝑡𝛼𝛼 + 𝜃𝜃 𝜕𝜕�̇�𝛾
𝜕𝜕𝜏𝜏𝛼𝛼

∆𝜏𝜏𝛼𝛼 + 𝜃𝜃 𝜕𝜕�̇�𝛾
𝜕𝜕𝜒𝜒𝑠𝑠𝛼𝛼

∆𝜒𝜒𝑠𝑠𝛼𝛼� ∆𝑐𝑐 ( 25 ) 

Increments of current strength of slip system (∆𝜒𝜒𝑠𝑠𝛼𝛼), resolve shear stress (∆𝜏𝜏𝛼𝛼) and void fraction due 
to growth (∆𝛽𝛽𝑔𝑔) are given by 

∆𝜒𝜒𝑠𝑠𝛼𝛼 = ∑ ℎ𝛼𝛼𝛼𝛼𝛼𝛼 ∆𝛾𝛾𝛼𝛼 ( 26 ) 

∆𝜏𝜏𝛼𝛼 = �𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖𝛼𝛼 + 𝜔𝜔𝑖𝑖𝑖𝑖
𝛼𝛼 𝜎𝜎𝑖𝑖𝑖𝑖 + 𝜔𝜔𝑖𝑖𝑖𝑖𝛼𝛼 𝜎𝜎𝑖𝑖𝑖𝑖��∆𝜀𝜀𝑖𝑖𝑖𝑖 − ∑ 𝜇𝜇𝑖𝑖𝑖𝑖

𝛼𝛼∆𝛾𝛾𝛼𝛼𝛼𝛼 �  ( 27 ) 

∆𝛽𝛽𝑔𝑔 = 𝛽𝛽𝑔𝑔,𝑡𝑡+∆𝑡𝑡 − 𝛽𝛽𝑔𝑔,𝑡𝑡 ( 28 ) 

 The co-rotational stress increment (∆𝜎𝜎𝑖𝑖𝑖𝑖) is finally given by 

∆𝜎𝜎𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∆𝜀𝜀𝑖𝑖𝑖𝑖 − 𝜎𝜎𝑖𝑖𝑖𝑖∆𝜀𝜀𝑖𝑖𝑖𝑖 − ∑ �𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖𝛼𝛼 + 𝜔𝜔𝑖𝑖𝑖𝑖
𝛼𝛼 𝜎𝜎𝑖𝑖𝑖𝑖 + 𝜔𝜔𝑖𝑖𝑖𝑖𝛼𝛼 𝜎𝜎𝑖𝑖𝑖𝑖�𝛼𝛼 ∆𝛾𝛾𝛼𝛼 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 �𝐴𝐴∆𝛽𝛽𝑔𝑔 �

1
3
𝛿𝛿𝑖𝑖𝑖𝑖��   

  ( 29 ) 

where 𝜇𝜇𝑖𝑖𝑖𝑖
𝛼𝛼 = 𝑒𝑒𝑠𝑠𝑠𝑠�𝑺𝑺�𝜶𝜶� and 𝜔𝜔𝑖𝑖𝑖𝑖

𝛼𝛼 = 𝑒𝑒𝑠𝑠𝑒𝑒𝑠𝑠�𝑺𝑺�𝜶𝜶�. 

For a given strain increment (∆𝜀𝜀𝑖𝑖𝑖𝑖), the increments of void growth (∆𝛽𝛽𝑔𝑔) is computed using ( 
28 ) while the increments of shear strain (∆𝛾𝛾𝛼𝛼) in the slip systems are uniquely calculated by 
substituting equation  ( 26 ), ( 27 ) and ( 28 ) into ( 25 ). Once ∆𝛾𝛾𝛼𝛼 and (∆𝛽𝛽𝑔𝑔) are known 
in terms of the strain increments (∆𝜀𝜀𝑖𝑖𝑖𝑖), all the other increments can be found through 
equations ( 26 ), ( 27 ) and ( 29 ).   

3. Parametric Assessment of the Model 
Parametric assessment of the model is being presented in this section. Aim of this assessment 
is to present the effect of individual model parameters on the stress-strain response for 
different types of loading. As discussed in the previous section, total deformation of single 
crystal comprises of the elastic part due to lattice stretching, plastic deformation due to plastic 
slip in individual slip system and void growth contributions, and lastly the damage initiation 
and evolution due to void coalescence. Parametric studies have been carried for uniaxial and 
volumetric (triaxiality = 1, 3) loading to understand the effect of void growth and coalescence 
parameters on stress –strain response. 
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Table 1: Material parameters associated with void growth and coalescence used for parametric assessment 

B 𝜀𝜀ℎ0 m2 s A 𝛽𝛽𝑔𝑔𝑔𝑔 𝛼𝛼1 𝛼𝛼2 

0.0001 3.0 5.0 1000 1.0 0.0001 1.0 1.0 

 

Numerical tests have been performed systematically by varying (one by one) firstly the five 
material parameters (𝐴𝐴,𝐵𝐵, 𝜀𝜀ℎ0,𝑠𝑠2, 𝑒𝑒) associated with void growth. Later on the three material 
parameters (𝛼𝛼1,𝛼𝛼2,𝛽𝛽𝑔𝑔𝑔𝑔) which account for void coalescence are assessed. The rest of the 
material parameters are kept constant and are given in Table 1. 

Figure 2 shows the effect of different material parameters (𝐴𝐴,𝐵𝐵, 𝜀𝜀ℎ0,𝑠𝑠2, 𝑒𝑒) associated with 
void growth for uniaxial test case, where volumetric stress is 𝑐𝑐𝑓𝑓(𝝈𝝈) and volumetric strain is 
𝑙𝑙𝑓𝑓𝑠𝑠(𝑑𝑑𝑒𝑒𝑐𝑐𝑭𝑭). Figure 2(a) shows the effect of 𝐴𝐴 on the stress-strain response. 𝐴𝐴 is first 
introduced in equation (8) for transforming and scaling the internal variable (𝛽𝛽𝑔𝑔)  associated 
with void growth into a strain like variable. Presented model has been assessed for a range of 𝐴𝐴 
values from 0.1-10. It can be inferred from Figure 2(a) that the increasing value of 𝐴𝐴 reduces the slope 
of the softening part of the stress-strain response. It is also found that the softening initiates earlier as 
the value of 𝐴𝐴 is increased. Effect of variation of parameter 𝐵𝐵 on stress-strain response is shown in 
Figure 2 (b). 𝐵𝐵 is the initial reference volumetric plastic strain and was introduced in equation 
(23). It is found that increasing value of 𝐵𝐵 also reduces the slope of the softening part of the stress-
strain response along with the reduction of damage initiation strain and strength. Overall, for both 𝐴𝐴 
and 𝐵𝐵 resulted into the softer stress-strain response and earlier softening due to void growth 
with increasing values. 

𝜀𝜀ℎ0 and 𝑠𝑠2 were material parameters first introduced in equation (23) with 𝜀𝜀ℎ0 being the 
reference hydrostatic strain. Effect of 𝜀𝜀ℎ0 and 𝑠𝑠2 is presented in Figure 2 (c) and (d), 
respectively. It is found that as the value of 𝜀𝜀ℎ0 is increased the softening effect diminishes 
and damage initiation (void growth) strength and strain increases. For 𝑠𝑠2 as the value is 
increased the slope of the softening part of the stress-strain curves increase without 
significantly effecting the strength at which void growth becomes significant causing faster 
softening. 𝑒𝑒 being the material parameter characterising the slip system strength reduction or 
in other words stress concentration effect was first introduced in the context of equation (22). 
It is found from Figure 2 (e) that as the value of 𝑒𝑒 is increased the stress-strain response seems 
to be unaffected, however 𝛽𝛽𝑔𝑔 evolved faster and its critical value (𝛽𝛽𝑔𝑔𝑔𝑔) was reached earlier 
with increasing value of parameter 𝑒𝑒.  
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Figure 2: Parametric study for the case of uniaxial loading with void growth only: Effects of (a) 𝑨𝑨, (b)  𝑩𝑩, (c) 𝜺𝜺𝒉𝒉𝒉𝒉, (d) 
𝒎𝒎𝟐𝟐, (e) 𝒔𝒔 
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Figure 3: Effect of Triaxiality on the stress-strain response and plastic strain due to void growth 

 

 

Figure 4: Parametric study for the case of uniaxial loading with void growth and coalescence: Effects of (a) 𝜶𝜶𝟏𝟏, (b)  
𝜶𝜶𝟐𝟐, (c)  𝜷𝜷𝒈𝒈𝒈𝒈 

Parametric assessment was performed for different triaxialities. The effect of individual 
parameters is found to be the same as uniaxial loading and has not been repeated here for 
brevity. Figure 3 shows the model assessment for the different types of loading triaxialities 
with the set of parameters discussed in Table 1. It can be inferred from Figure 3 that the 
proposed model captures the effect of triaxiality, i.e. as the triaxiality is increased the material 
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shows softer response. Model is also able to capture the effect of earlier initiation of softening 
due to void growth with increasing triaxialities and this is due to the increased rate of the void 
growth with increasing triaxialities (as shown in Figure 3 (b)). 

Figure 4 shows the parametric assessment of the model once 𝛽𝛽𝑔𝑔 reaches to a critical value 
(𝛽𝛽𝑔𝑔𝑔𝑔), i.e. the void growth will be taken over by void coalescence. There are three material 
parameters which control the coalescence part of the stress-strain curve (𝛼𝛼1, 𝛼𝛼2, 𝛽𝛽𝑔𝑔𝑔𝑔) which 
in general should be identified from experiments. It is found that variation in 𝛼𝛼1 and 𝛼𝛼2 
values affect the damage evolution part of the stress-strain curves. It can be inferred from 
Figure 4 (a) that as the value of 𝛼𝛼1 is increased the slope of the damage evolution part of the 
stress-strain curve increases. This indicates that increasing the value of 𝛼𝛼1 makes the void 
coalescence process more sensitive to strain. Figure 4 (b) shows the effect of 𝛼𝛼2 on the stress-
strain curves. It is found that with increasing values of 𝛼𝛼2 the slope of the damage evolution 
part decreases. It is also found that below certain values of 𝛼𝛼2 the void coalescence become 
highly sensitive to the strain and material failure becomes almost brittle in a relative sense. 
As discussed above, 𝛽𝛽𝑔𝑔𝑔𝑔 is the critical value for the onset of the coalescence. Figure 4 (c) 
shows that increasing the 𝛽𝛽𝑔𝑔𝑔𝑔 increases the strain at which void coalescence begin. 

4. Finite Element based Numerical Simulations and Validation  
To check model capability of capturing actual failure phenomena, the presented material 
model has been implemented in a user defined material subroutine (VUMAT) and interfaced 
with ABAQUS finite element software. For validation purposes, material parameters are 
identified for the uniaxial stress-strain data reported in [38] and shown in Figure 5. The 
results are for [0 0 1] oriented copper crystals (Table 3) while the identified set of parameters 
are given in Table 2. The orientation of single crystal is defined using the same analogy as in 
[3], [31], [39], i.e. by giving components of two non-parallel vectors in local and global 
system. Results show a good agreement between experiments and simulations (Figure 5).  

Table 2: Material parameters identified for porous copper single crystal through inverse modelling 

B 𝜀𝜀ℎ0 m2 s A 𝛽𝛽𝑔𝑔𝑔𝑔 𝛼𝛼1 𝛼𝛼2 

0.000013 1.0 1.0 43000. 1.0 0.0000018 0.1 0.95 

 
Table 3: Crystal orientation relationship (1st and 2nd vectors to determine crystal orientation in global system) 

Orientation  Direction in local system Global system 

[0 0 1] 1st Vector 1 0 0 1 0 0 
2nd Vector 0 0 1 0 0 1 

A 1st Vector 1 0 0 0.7071 0.7071 0 
2nd Vector 0 0 1 -0.7071 0.7071 0 

B 1st Vector 1 0 0 0 0 1 
2nd Vector 0 0 1 0 -1 0 
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Figure 5: Model predictions after parameter identification of single crystal RVE model with void growth and 
coalescence for [0 0 1] orientation (Ha and Kim, 2010) 

 

Figure 6: Orientation effect on uniaxial stress-strain curve 

It has been reported in the previous representative volume element based studies ([2] and 
references there in) that initial crystal orientation has a significant effect on void growth and 
stress-strain curves. In order to demonstrate the model capability of capturing the orientation 
effect on stress-strain response two different orientations (A and B as shown in Table 3) were 
selected and model predictions are plotted in Figure 6. It can be inferred from Figure 6 that 
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model is clearly able to capture the orientation effect not only in the hardening part but also 
in the softening part of the stress-strain curves. Model is also able to show the effect of 
orientation on the final failure (strain to fracture) which has been reported in the literature in 
the past ([2] and references there in). 

 

Figure 7: Effect of crystal orientation on the overall stress strain behaviour for three different orientations under uniaxial 
loading 

Further orientations from literature, namely orientation [123] from  Ha and Kim [38] and 
orientations [210] and [1�25] from Ling et al. [40], are simulated to understand and 
demonstrate model’s response. It is found that peak stress depends on the orientation and 
qualitatively agrees with unit cell calculations presented in Ha and Kim [38] and Ling et al. 
[40]. It is found that orientation [123] manifests clearly the highest peak stresses and is also 
higher than the peak stress for orientation [001] in Figure 5 which was also reported by Ha 
and Kim [38]. Also, it can be inferred from Figure 7 that softening regime starts earlier for 
orientation [1�25] than orientation [210] which is also in conjunction with the results reported 
by Ling et al. [40]. 

5. Conclusions and Future Directions 
A crystal plasticity based constitutive model has been developed which accounts for the 
damage due to the void growth and coalescence in the single crystalline framework. A 
detailed parametric assessment has been performed to understand and clarify the effect of 
individual parameter on material response during deformation. Finite element based 
applications have been presented by identifying material parameters for available data from 
literature. It is found that model shows a good agreement with the experiments. The same has 
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then been utilised to verify the experimental findings through finite element based modelling 
of the representative microstructure of the material by predicting fracture due to void growth 
and coalescence inside the microstructure. As an outlook, there exists a complex relationship 
among matrix anisotropy (slip, twinning, transformation) and microstructure which is under 
investigation in the group and will be reported in the future. Further directions for this work 
will include the application of the proposed constitutive model on sheet metal forming 
process. This will also include a detailed investigation of the material behaviour for various 
deformation triaxialities during sheet metal forming processes and look for the ways to 
develop analytical forming limit curves for a specific material to save time and cost, which is 
an ongoing work in the research group. 
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